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Sample Complexity of Transfer Learning: an Optimal Transport

Approach
Haoyang Cao, Xin Guo, Wenpin Tang, Guan Wang

Abstract—Transfer learning is an essential technique for many
machine learning/AI models of complex structures such as large
language models and generative AI. The essence of transfer
learning is to leverage knowledge from resolved source tasks for a
new target task, especially when the sample size m of the training
data for the latter is low. In this work, we rigorously analyze the
potential benefit of transfer learning in terms of sample efficiency.
Specifically, taking an optimal transport viewpoint of transfer
learning, we find that when the data dimension d is higher than
3, the sample complexity for transfer learning is O(m−(α+1)/d),
with α indicating the smoothness of the data distribution, as
opposed to the O(m−p/d) sample complexity for direct learning
with p indicating the smoothness of the optimal target model.
Our finding theoretically supports a better sample efficiency for
transfer learning, when the target task is optimizing over a family
of not-so-smooth models (i.e., highly complex networks with the
possible use of non-smooth activation functions). Using image
classification as an example, we numerically demonstrate the
sample efficiency for transfer learning, that is, in the data hungry
regime, the model performance can be significantly improved by
transfer learning.

Index Terms—Transfer learning, sample complexity, optimal
transport, nonparametric estimation, image classification.

I. INTRODUCTION

TRANSFER learning is a machine learning technique
where a model developed for a resolved task is incor-

porated into the training for a model on a new and related
task. The key idea is to leverage knowledge from the resolved
learning problem for which the data is abundant to improve the
learning outcome in the new learning task where the data are
scarce. For example, it has now become a common practice
in image classification to reuse models such as ResNet-50
pretrained over a large dataset of generic images (e.g., Ima-
geNet). Transfer learning has demonstrated empirical success
across different fields and is particularly useful when the target
domain has limited labeled data, and when source and target
tasks share underlying structure (e.g., image features, language
patterns), including medical image analysis [1]–[3], natural
language processing [4]–[6], large multimodal models [7]–[9],
and biomedicine [10], [11].

a) Transfer learning and sample complexity.: Sample
complexity refers to the number of training examples needed
for a model to learn a task to a desired level of accuracy. Math-
ematically, this can be framed using PAC learning with prior
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knowledge [12], [13], Bayesian approaches [14], or domain
adaptation bounds [15]. The empirical success has demon-
strated that transfer learning can reduce sample complexity
if the source task helps constrain the hypothesis space for the
target task. In particular, if the source and target tasks are well-
aligned, fewer samples are needed to achieve generalization.
Theoretically, there has been a line of works analyzing the
sample complexity for various transfer learning scenarios. In
distributional transfer, the authors of [16] introduce transfer
exponents to measure the target-relevant value of source sam-
ples, while [17] and [18] derive minimax and adaptive rates for
classification under source–target drift. These works formalize
transfer as an effective sample-size improvement where the
source contribution depends on problem-specific relatedness.
Complementary lower-bound results show that such gains are
not automatic: without appropriate distributional information,
multitask or transfer procedures may fail to improve over
target-only learning, and adaptive transfer can be substantially
harder than oracle transfer [19], [20]. Recent robust methods
therefore aim to identify useful sources or avoid negative trans-
fer. For example, the authors of [21] study unreliable source
data through an “ambiguity level” between source and target
regression functions and propose Transfer Around Boundary,
which selectively uses source information near the decision
boundary while retaining risk-improvement guarantees. The
authors of [22] provide statistical guarantees for transfer
learning from a representation learning perspective. Taking
a similar representation learning perspective, the authors of
[23] establish few-shot bounds that reduce target dependence
from the ambient dimension d to an intrinsic representation
dimension k once the representation is learned. The authors
of [24] provide related upper and lower bounds for meta-
learning linear representations. More recent work relaxes exact
sharing assumptions by allowing similar but non-identical
representations or outlier tasks [25], [26]. Casting multi-task
bandit problems into representation learning, the authors of
[27] derive instance-specific lower bounds for sample com-
plexity. The authors of [28] show that the sample complexity
can be significantly reduced by applying transfer learning
across multiple reinforcement learning tasks with unknown
Markov decision processes; such advantage was also shown in
[29]. The authors of [30] analyze representational transfer in
reinforcement learning and showed that source tasks can help
learn features that allow target-task algorithms to approach
the sample complexity achievable with known ground-truth
representations. In contextual bandits, the authors of [31]
derive minimax regret rates under covariate shift and quan-
tified how auxiliary source data contribute to target-domain
learning. The authors of [32] establish rigorous bounds for the



2

sample efficiency advantage by employing transfer learning for
linear reinforcement learning problems. Transfer has also been
studied in structured high-dimensional models, where source
data can estimate a shared component and target data need
only estimate a sparse or low-dimensional correction [33]–
[36]. In modern pretraining settings, recent theory shows that
unlabeled or source-task data can reduce downstream labeled
sample complexity when they recover reusable features [37]–
[39]. Related sample-efficiency guarantees have also been
developed for conditional diffusion models [40]. The authors
of [41] adopt an entropic optimal transport approach to solve
domain adaptation problems and established the corresponding
sample complexity. The authors of [42] derive the sample
complexity for domain adaptation for neural networks training.
The authors of [43] provide guarantees on error rates and
sample requirements in the presence of domain adaptation via
importance sampling-based corrections.

b) Statistical optimal transport (OT).: It has emerged
as a powerful framework to compare, align, and analyze
probability distributions. Building on the foundational work of
[44], which formalized OT theory and its geometric structure,
a growing body of research has focused on statistical aspects
such as estimation, convergence rates, and computational effi-
ciency. Especially, to address the computational challenges of
OT, regularized approaches such as entropic OT [45] and sliced
OT [46] have been developed, yielding scalable algorithms
with statistical guarantees. Applications span a wide range of
domains, including generative modeling [47], domain adapta-
tion [48], and causal inference [49], where OT provides both a
metric for distributional comparison and a tool for constructing
statistically principled estimators. Recent directions explore
robust OT, and connections with kernel methods [50], further
cementing OT’s role as a unifying statistical framework for
modern data analysis. Refer to [51] for a textbook account.

c) Our work.: We take an optimal transport viewpoint of
transfer learning to analyze its impact on sample complexity.
We interpret transfer learning as properly transporting the
feature extraction mechanism from an resolved learning task
to a new one. By casting direct learning as nonparametric
estimation, we are able to provide the sample efficiencies
for both approaches. In particular, we find that when the
dimension of the input data is fixed, what influences the sample
complexity the most is the smoothness of the optimal target
model for direct learning, or the smoothness of input data
distribution for transfer learning; a better smoothness condition
implies a better sample complexity.

We conduct numerical experiments on image classifica-
tion in two settings: the standard Office-31 dataset and the
diagnosis of retinopathy of prematurity (ROP). The results
show that transfer learning consistently outperforms direct
learning across all levels of data availability and under all
evaluation metrics, aligning with our theoretical analysis on
sample complexity. The advantage of transfer learning be-
comes particularly pronounced as the amount of available data
decreases.

d) Organization of the paper.: We present the transfer
learning problem setting and preliminary analysis in Section II,
where the general setup of nonparametric estimation can be

found in Section II-A and the corresponding transfer learning
formulation is in Section II-B. The theoretical result is in
Section III and the numerical experiments in Section IV.

e) Notations.: Throughout the paper, we specify the
following notations.

• For a random variable X , PX denotes the probability
distribution of X , and EX denotes its expectation.

• For f a function on U , and µ a probability distribution
on U , f#µ denotes the pushforward of µ by f .

• For a function f : Rd → R, ∇f := (∂1f . . . .∂df)
denotes the gradient of f .

• For α > 0, let [α] the integer part of α. We say that
a function f is of class Cα if f is [α]-times continuous
differentiable, and the [α]th derivatives of f is (α− [α])-
Hölder continuous.

II. PROBLEM SETTING AND PRELIMINARY ANALYSIS

In this section, we fix a problem setting for transfer learning,
as in [52]. For simplicity and without much loss of generality,
we focus on a supervised learning framework.

We denote (XT , YT ) for the pair of input and output random
variables taking values in XT ×YT for a target task T , where
XT is assumed to be compact subset of Rd with d ∈ N+

and YT = R. The loss for any admissible target model fT
is denoted as LT (fT ) = EXT ,YT

[LT (fT (XT ), YT )]. Here the
loss function LT : YT × YT → [0,+∞) with LT (y, y) = 0
for any y ∈ YT . Note that the target loss LT is subject to
the joint distribution of (XT , YT ), and we assume this joint
distribution to admit an absolutely continuous density.

Let f∗
T be an optimal target model among the set of

admissible target models AT ⊂ {f |f : XT → YT } that
minimizes the loss LT , then one may assume that the optimal
target model is given by

f∗
T (x) = E(YT |XT = x), x ∈ XT . (II.1)

This holds under a general class of loss functions LT :
YT ×YT → R called Bregman loss function, including mean
squared error and (generalized) Kullback-Leibler divergence
[53].

Under a direct learning approach, f∗
T is estimated using m ∈

N+ i.i.d. samples of (XT , YT ) available in the dataset DT =
{(Xi

T , Y
i
T )}mi=1. In contrast, transfer learning is to construct an

estimate of f∗
T by exploiting some already resolved problem,

called the source task. Let (XS , YS) ∈ XS × YS be the pair
of input and output random variables for S with XS = XT

and YS = YT , let f∗
S : XS → YS be the optimal source

model, called the pretrained model, that minimizes some loss
LS which is subject to the joint distribution of (XS , YS). We
also assume that the joint distribution of (XS , YS) admits an
absolutely continuous density function.

When the source task is sufficiently similar to the target
task, the pretrained model f∗

S is believed to contain a feature
extractor unit that is suitable for both tasks, in the following
sense:

f∗
T ≈ T Y∗

S→T ◦ f∗
S ◦ T X∗

T→S ; (II.2)

here, T X∗
T→S : XT → XS aims to transport Law(XT ) to

Law(XS), and T Y∗
S→T aims to transport Law(f∗

S(XS)) to
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Law(f∗
T (XT )). It is thus natural to adopt an optimal transport

viewpoint to analysis sample efficiency of such a transfer
learning approach. (See [44], [54] for more details). We refer
to (II.3) as an illustration of this transfer learning framework.

XS ∋ XS
Pretrained model f∗

S============⇒ f∗
S(XS) ∈ YS

T X∗
T→S

~ww ww�T Y∗
S→T

XT ∋ XT
Direct learning− − − − − − − − →

f∗
T∈argminf∈AT

LT (fT )
f∗
T (XT ) ∈ YT

(II.3)

A. Nonparametric Estimation in Direct Learning

In direct learning, it is to characterize the optimal relation
f∗
T : XT → YT prescribed in (II.1) between XT and YT using

the sample data DT = {(Xi
T , Y

i
T )}mi=1. Such an estimation can

be done by parametric or nonparametric methods. A classical
result of Stone [55], [56] shows how well the regression
function f∗

T can be estimated with respect to the number of
sample data m.

Theorem II.1. [55], [56] Assume that f∗
T (·) in (II.1) is p-

times differentiable. Then there exists an estimate f̂m(·) (based
on m samples) such that

E|f̂m − f∗
T |L2 ≤ Cm− p

2p+d , (II.4)

for some C > 0 (independent of m). Moreover, the rate
m− p

2p+d on the right side of (II.4) is optimal in some asymp-
totic sense.

Refer to [56, p.1042] for the precise definition of optimality
stated in Theorem II.1. Note that the sample complexity (II.4)
of nonparametric estimation depends on:

• the dimension d of the target space XT ,
• the smoothness p of the regression function f∗

T (x) :=
E(YT |XT = x).

B. Transfer Learning via Optimal Transport

When data is scarce, adopting a direct learning approach
becomes challenging, especially when the training sample
size m is too small relative to the model’s complexity. In
such cases, transfer learning offers a powerful alternative, by
leveraging a pretrained model that has already been trained on
a much larger dataset.

To formalize the transfer learning idea in (II.2), consider
the following optimization problem,

min
T X
T→S ,T Y

S→T

E
(
YT − T Y

S→T ◦ f∗
S ◦ T X

T→S(XT )

)2

, (II.5)

where T X
T→S (resp. T Y

S→T ) is a transfer map from XT to
XS (resp. from YS to YT ). The transfer learning (II.5) can
be viewed as a constrained optimization problem, with the
transfer map XS → YS set to be f∗

S . This transfer learning is
inherently different from optimal transport between different
dimensions [57], [58]. Second, it is possible to use a general
loss function LT (·, ·), which yields the objective:

min
T X
T→S ,T Y

S→T

ELT

(
T Y
S→T ◦ f∗

S ◦ T X
T→S(XT ), YT

)
.

The problem (II.5) corresponds to the quadratic loss
LT (y, y

′) = (y − y′)2 for any y, y′ ∈ YT , and other popular
choices of the loss includes LT (y, y

′) = |y − y′|q for q > 1.
For ease of presentation, we focus on the quadratic loss,
and the learning problem (II.5) in the sequel. Finally, for
implementation we need to replace the expectation in (II.5)
with the empirical average:

min
T X
T→S ,T Y

S→T

1

m

m∑
i=1

(
Y i
T −T Y

S→T ◦ f∗
S ◦ T X

T→S(X
i
T )

)2

. (II.6)

The following lemma gives an easy sufficient condition for
the problem (II.5) to have a solution.

Lemma II.2. Let f∗
T (·) be defined by (II.1), and assume that

there exist transfer maps T X∗
T→S , T Y∗

S→T such that

f∗
T = T Y∗

S→T ◦ f∗
S ◦ T X∗

T→S . (II.7)

Then (T X∗
T→S , T

Y∗
S→T ) is a solution to the problem (II.5).

Proof. The result follows from the fact that f∗
T (XT ) :=

E(YT |XT ) is the orthogonal projection of YT on the σ-field
generated by XT .

Lemma II.2 provides the existence of a solution to the
learning problem (II.5). In fact, there may be many (possibly
infinitely many) solutions to the problem (II.5), all of which
are equally “good” because they lead to the same optimal
prediction f∗

T (·). However, the non-uniqueness of solutions
makes the analysis subtle: we need to choose a “canonical”
solution as the ground truth for analysis. Here our idea is to
use optimal transport theory, by choosing (T X∗

T→S , T
Y∗
S→T ) that

are the (unique) solutions to some transportation problems. To
this end, we make the following assumption.

Assumption II.3. There exist transfer maps T X∗
T→S , T Y∗

S→T ,
and a random variable XS on XS such that:

1) The relation (II.7) holds.
2) The map T X∗

T→S solves the Monge problem:

min
PXS

=T#PXT

E(T XT −XS)
2. (II.8)

3) Denote ȲS := f∗
S(XS) and ȲT := f∗

T (X
∗
T ), so that

PȲS
:= f∗

S#PXS
and PȲT

:= f∗
T#PXT

. The map T Y∗
S→T

solves the Monge problem:

min
PȲT

=T#PȲS

E(T ȲS − ȲT )
2. (II.9)

With the above assumptions, the following proposition
resolves the non-uniqueness issue.

Proposition II.4. The transfer maps (T X∗
T→S , T

Y∗
S→T ) in As-

sumption II.3 solve the problem (II.5), and are unique almost
everywhere.

Proof. The fact that (T X∗
T→S , T

Y∗
S→T ) solve the problem (II.5)

follow from Lemma II.2. By Brenier’s theorem [54, Chapter
3], T X∗

T→S (resp. T Y∗
S→T ) is the unique (in the sense of almost

everywhere) optimal transport map to the Monge problem in
(2) (resp. in (3)).

Proposition II.4 shows that Assumption II.3 provides a
canonical optimal solution to the transfer learning problem



4

(II.5), with additional optimal transport constraints PXS
=

T X
T→S#PXT

and PȲT
= T Y

S→T#PȲS
. Note that the quadratic

costs in Assumption II.3 (2)-(3) can be replaced with
any strictly convex costs (see [59]). Moreover, each of
(T X∗

T→S , T
Y∗
S→T ), as optimal transport maps, can be expressed

as the gradient of a convex function that solves a Monge-
Ampère equation [60], [61]. See also [62]–[64] for the regu-
larity theory of optimal transport maps.

III. SAMPLE COMPLEXITY OF TRANSFER LEARNING

In this section, we consider the sample complexity of the
transfer learning problem. To establish the sample complexity
result, we need some further assumptions.

Assumption III.1. Let (T X∗
T→S , T

Y∗
S→T ) be specified by As-

sumption II.3.
1) There exist C > c > 0 such that c ≤ |∇f∗

S | ≤ C.
2) T Y∗

S→T is Lipschitz.

Generally, the optimal transport maps are not Lipschitz. A
sufficient condition for T Y∗

S→T to be Lipschitz is that both PYT

and PYS
are log-concave – this result is known as Caffarelli’s

contraction theorem [65], (see also [66], [67] for extensions).
Our main result is stated as follows. The proof relies on the

recently developed statistical theory of optimal transport, see
e.g., [50], [51].

Theorem III.2. Let Assumption II.3–III.1 hold. Suppose that
the densities of PXT

and PXS
are of class Cα for some α > 0.

Then there exist transfer maps (T̂ Y,m
S→T , T̂

X ,m
T→S) (based on m

samples) such that

E|T̂ Y,m
S→T ◦ f∗

S ◦ T̂ X ,m
T→S − f∗

T |L2 ≤ C(κm +m− 1
2 ), (III.1)

for some C > 0 (independent of m), where

κm :=


m− 1

2 for d = 1,√
logm/m for d = 2,

m− α+1
2α+d for d ≥ 3.

(III.2)

Proof. By Assumption II.3, we have:

f∗
T = T Y∗

S→T ◦ f∗
S ◦ T X∗

T→S ,

where T X∗
T→S (resp. T Y∗

S→T ) is the optimal transport map of
the problem (II.8) (resp. (II.9)). For the moment, let T̂ X ,m

T→S

(resp. T̂ Y,m
S→T ) be any empirical optimal transport map to the

problem (II.8) (resp. (II.9)), based on m i.i.d. samples from
the distribution P(XT ,XS) (resp. P(YS ,YT )). Denote by

f̂m := T̂ Y,m
S→T ◦ f∗

S ◦ T̂ X ,m
T→S , (III.3)

the prediction via transfer learning. By the triangle inequality,
we have:

E|f̂m − f∗
T |L2 ≤ (a) + (b), (III.4)

where

(a) := E|T Y∗
S→T ◦ f∗

S ◦ T̂ X ,m
T→S − T Y∗

S→T ◦ f∗
S ◦ T X∗

T→S |L2 ,

(b) := E|T̂ Y,m
S→T ◦ f∗

S ◦ T̂ X ,m
T→S − T Y∗

S→T ◦ f∗
S ◦ T̂ X ,m

T→S |L2 .

We proceed to estimating the terms (a) and (b).

Term (a) By the Lipschitz assumption on T Y∗
S→T and f∗

S ,
we get:

|T Y∗
S→T ◦f

∗
S◦T̂

X ,m
T→S−T Y∗

S→T ◦f
∗
S◦T X∗

T→S |L2 ≤ C1|T̂ X ,m
T→S−T X∗

T→S |L2 ,

for some C1 > 0. By [50, Theorem 18], there exists a (kernel)
transport map T̂ X ,m

T→S such that E|T̂ X ,m
T→S − T X∗

T→S |L2 ≤ C2κm

for some C2 > 0, where κm is defined by (III.2). This yields
the estimate:

(a) ≤ C3κm, for some C3 > 0 (independent of m).
(III.5)

Term (b) Denote by gm := f∗
S ◦ T̂

X ,m
T→S . We can check that

infx |∂1gm| > C4 for some C4 > 0 (independent of m). Next
we complete gm(x) with (gm(x), x2, . . . , xn) to form a basis,
and obtain:

|T̂ Y,m
S→T ◦ f∗

S ◦ T̂ X ,m
T→S − T Y∗

S→T ◦ f∗
S ◦ T̂ X ,m

T→S |L2

= |T̂ Y,m
S→T ◦ gm − T Y∗

S→T ◦ gm|L2

≤ C5|T̂ Y,m
S→T − T Y∗

S→T |L2 ,

where the inequality follows from a change of variables x ↔
(gm(x), x2, . . . , xn), with the Jacobian matrix of form:

(∂1gm)−1 0 · · · 0
∗ 1 · · · 0
...

...
. . .

...
∗ 0 · · · 1

 ,

and the fact that XT is a compact subset of Rd. Again by [50,
Theorem 18] (specializing to d = 1), there exists a (kernel)
transport map T̂ Y,m

S→T such that E|T̂ Y,m
S→T−T Y∗

S→T |L2 ≤ C6/
√
m

for some C6 > 0. As a result,

(b) ≤ C7√
m
, for some C7 > 0 (independent of m). (III.6)

Combining (III.4), (III.5) and (III.6) yields the desired
result.

Remark on Theorem III.2. Of particular interest is the
high-dimensional case (d → ∞), where the bound (III.1) leads
to:

E|T̂ Y,m
S→T ◦ f∗

S ◦ T̂ X ,m
T→S − f∗

T |L2 ≤ Cm− α+1
2α+d . (III.7)

Note that the convergence rate depends on:
• the dimension d of the target space XT ,
• the smoothness α of the target distribution (not on the

smoothness p of the regressor E(YT |XT = x)).
Comparing with Theorem II.1, L2 errors for the learned
models are upper bounded by{

O
(
m− p

d

)
for direct approach,

O
(
m−α+1

d

)
for transfer learning approach.

(III.8)

So in the direct approach, the exponent is proportional to
p
d , where p is the smoothness of the regression kernel
E(YT |XT = x); while in the transfer learning case, only
the smoothness α of the source/target distribution matters.

A typical scenario where the transfer learning approach has
a better sample complexity is that the regressor E(YT |XT =
x) is lesser smooth, e.g., p = 1 that yields the rate m− 1

d ; while
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the source/target distributions are much smoother (α → +∞).
In particular, if

α+ 1 > p, (III.9)

then the transfer learning approach is advantageous over the
direct approach in terms of the sample complexity. In practice,
the above situation can occur when the goal of the target
task is to learn a highly complex network containing non-
smooth activation functions, while the input data distributions
are approximately of exponential family.

IV. NUMERICAL EXPERIMENTS

In this section, we use image classification to study sample
complexity between transfer learning and direct learning. We
analyze numerically two cases. The first is the classification
problem using the benchmark dataset, Office-31. The second
is the classification problem in diagosis for one of the eye dis-
eases for pre-mature infants called retinopathy of prematurity
(ROP). In both cases, we vary the amount of the corresponding
target data used for the training data, and compare the model
performance between direct learning and transfer learning.
Our experiments results are shown to be consistent with the
theoretical results presented in Sections III. In particular, when
data is scarce, the advantage of transfer learning over direct
learning becomes most pronounced.

a) Evaluation metrics and neural network setup.: For
both direct and transfer learning, we adopt the following four
performance metrics for the ROP diagnosis results:

1) AUROC evaluates classification models’ ability to dis-
criminate between positive and negative classes across
all thresholds,

2) Accuracy is the ratio of correct predictions out of all
predictions, i.e., TruePositives+TrueNegatives

All predictions ,
3) Precision is the ratio of true positives over all reported

positives, i.e., TruePositives
TruePositives+FalsePositives , and

4) Sensitivity is the number of true positives detected over
the total number of positive cases in the test dataset, i.e.,

TruePositives
TruePositives+FalseNegatives .

For each metric, the numerical value ranges in [0, 1], with
higher values indicating better learning outcome. An AUROC
score of 1.0 indicates a perfect model, and 0.5 indicating
random guessing. We also report the average relative per-
formance differences between transfer learning and direct
learning, where

∆metric =
metricTL − metricdirect learning

metricdirect learning
× 100%.

The neural network for classification consists of three units:
the resizing unit, the feature extractor unit implemented via
ResNet50, and a classifier layer.

A. Image Classification on the Office-31 Dataset

To study the sample complexity for transfer learning versus
direct learning, we start with a standard image classification
problem with a benchmark dataset Office-31 [68].

In this dataset, there are three domains: Amazon (A),
Webcam (W), and DSLR (D), containing 4114 images of
31 categories of objects in an office environment. In this
experiment, images from domains D and W are seen as the

target data, with a total number of total = 1296. When
applying transfer learning, illustrated in Figure ??, the feature
extractor, with input dimension 3 × 244 × 244 and output
dimension 2048, is pretrained using either ImageNet (in which
case the weights are publicly available in [69]) or domain
A as the source data. The resizing unit and the classifier
layer are retrained as the input and output transport mappings,
respectively.

By the direct learning approach, the neural network is
trained with a random initialization. We vary the percentage
of the target data (i.e. D+W Data %) being used for both
the training in direct learning and the fine-tuning in transfer
learning, so that m = total× D+W Data %.

a) Results. : The average performance evaluation for
both direct and transfer learning is summarized in Table I. It is
clear that transfer learning, either using ImageNet or domain A
as source data, outperforms direct learning across all metrics,
and at any given level of target data availability. At the data-
scarce regime, i.e., D+W Data % ≤ 30%, transfer learning
significantly dominates direct learning. In the extreme case
with 10% of the target data in the training set, direct learning
achieves only 0.3 in Precision, while the transfer learning
achieves over 0.6.

To further demonstrated the benefit of transfer learning,
Table III reports the average relative performance differences
between transfer learning (ImageNet version) and direct learn-
ing. Here the benefit of transfer learning become increasingly
more prominent as the target data becomes increasingly scarce.
Our numerical analysis also shows that the choice of different
source task and data may affect the quality of transfer learning.

The numerical results align with the theoretical findings in
Section III. From Figure ??, we see that the target classifi-
cation model employs a ResNet-50-based feature extractor,
containing multiple layers with ReLU as the activation func-
tions; such an architecture reduces the smoothness p of the
optimal target model, i.e., p ≤ 1. The distribution of images
can be approximated as a Gaussian mixture model [70] which
is smooth, i.e., α = +∞. These settings make (III.9) hold.

B. Detecting ROP from Detections of DR

We now study the problem of detecting an eye disease called
retinopathy of prematurity (ROP). To analyze the sample
efficiency of transfer learning compared with direct learning,
we compare the diagnosis performances of T̂ Y,m

S→T ◦f∗
S ◦ T̂

X ,m
T→S

and f̂m as we vary the sample sizes m of ROP training data.
a) Classification problem for ROP.: ROP is a common

retinal vascular disease primarily affecting prematurely-born
infants or infants with low birth weight [71], which is one
of the leading causes of infant blindness globally [72]–[74].
To build an efficient, e.g., deep-learning based, ROP detector,
the major obstacles are the lack of sufficient data and the high
accuracy requirement due to the specific case of ROP involving
infants.

Technically, the ROP detection problem is a binary clas-
sification problem, with f∗

T being the optimal classifier. By
direct learning, the classifier is trained entirely on the ROP
dataset which contains 9727 anonymized images in total,
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TABLE I: Office-31 Classification Performance Evaluation

D+W Data % (m) AUROC Accuracy Precision Sensitivity

Direct Transfer-A Transfer-ImageNet Direct Transfer-A Transfer-ImageNet Direct Transfer-A Transfer-ImageNet Direct Transfer-A Transfer-ImageNet

100% (1296) 1.00 1.00 1.00 0.97 0.99 1.00 0.98 0.99 1.00 0.97 0.99 1.00
50% (648) 1.00 1.00 1.00 0.90 0.94 1.00 0.91 0.95 1.00 0.90 0.95 1.00
20% (259) 0.95 0.98 0.99 0.57 0.71 0.85 0.56 0.68 0.88 0.56 0.70 0.86
10% (130) 0.87 0.94 0.96 0.35 0.60 0.72 0.30 0.60 0.72 0.34 0.59 0.73

TABLE II: ROP Detection Performance Evaluation

ROP Data % (m) AUROC Accuracy Precision Sensitivity

Direct Transfer Direct Transfer Direct Transfer Direct Transfer

100% (5838) 0.88 0.97 0.81 0.96 0.57 0.90 0.78 0.94
50% (2919) 0.85 0.97 0.82 0.95 0.60 0.88 0.71 0.90
10% (584) 0.81 0.95 0.80 0.91 0.56 0.80 0.67 0.84

1% (58) 0.72 0.84 0.73 0.83 0.44 0.63 0.49 0.67

TABLE III: Relative Improvement of Transfer Learning over Direct Learning for Office-31 Classification

D+W Data % ∆AUROC ∆Accuracy ∆Precision ∆Sensitivity

100% 0.02% 3.25% 2.07% 2.82%
50% 0.26% 11.40% 9.99% 10.98%
20% 4.56% 47.95% 55.62% 54.99%
10% 10.18% 109.09% 142.69% 111.77%

with 2310 positive samples and 7417 negative samples. The
corresponding classifier after direct learning is f̂m.

b) Transfer learning from DR to ROP.: By the transfer
learning approach, we leverage on the successes of the deep
learning approach for diagnosis of diabetic retinopathy (DR),
another retinal vascular disease for people with diabetes. The
pre-trained models for DP is our choice of source task for the
transfer learning study.

The DR dataset is much larger and contains 36126
anonymized images with 26548 positive samples and 9578
negative samples. Among all the 9727 ROP data, 1945 im-
ages (462 positive samples and 1483 negative samples) are
used as the validation data and 1944 images (461 positive
samples and 1483 negative samples) are reserved to be the
test data. The maximum number of training samples available
is total = 5838 (1387 positive samples and 4451 negative
samples).

With transfer learning, as shown in Figure 2, the feature
extractor is first pretrained on DR dataset, denoted by f∗

S .
Then, using the ROP dataset, this feature extractor is fine-
tuned with the resizing unit as the input transport mapping
T̂ X ,m
T→S and the classifier layer as the output transport mapping

T̂ Y,m
S→T .
In the experiment, we vary the percentage of ROP data being

used for both the training in direct learning and the fine-tuning
in transfer learning, so that m = total× ROP Data %.

c) Results. : Similar to the Office-31 example in Section
IV-A, the numerical findings for ROP problem detailed in
Tables II–IV are (again) consistent with the theoretical results
in Sections III.

As shown in Table II, transfer learning demonstrates con-
sistent performance improvements over direct learning across
all levels of ROP data availability and under all evaluation
metrics. Despite the relatively limited ROP dataset, transfer
learning achieves and surpasses the critical threshold of 90

percent in every category. Remarkably, it requires only 973
images, i.e, less than 10 percent of the available ROP data,
to attain AUROC and Accuracy values exceeding 0.9. In
particular, with limited ROP data, transfer learning achieves
impressive scores of 0.97 for AUROC and 0.96 for Accuracy.
By contrast, direct learning fails to reach the 0.9 threshold in
any category, even when nearly the full ROP dataset is utilized.
In the extreme data scarce regime with less than 10 percent
of ROP data, direct learning never reaches 0.5 under either
Precision or Sensitivity.

Table IV further compares the mean relative performance
difference between transfer learning and direct learning
∆metric. Here the advantage of transfer learning in the data-
scarce regime is even more striking across the board. When
the proportion of available ROP data is reduced to the extreme
case of one percent (i.e., fewer than 100 images), transfer
learning yields the most significant gains in both sensitivity
and AUROC. These observations suggest that when the train-
ing data becomes increasingly limited, the benefit of transfer
learning remains robust.
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