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ABSTRACT. Diffusion models have achieved remarkable success in generating samples from
unknown data distributions. Most popular stochastic differential equation—based diffusion
models perturb the target distribution by adding Gaussian noise, transforming it into a
simple prior, and then use denoising score matching, a consequence of Tweedie’s formula,
to learn the score function and generate clean samples from noise. However, non-Gaussian
diffusion models with state-dependent diffusion coefficient have been largely underexplored,
as have the corresponding Tweedie’s formulae. In this work, we extend Tweedie’s formula to
important non-Gaussian processes, including geometric Brownian motion (GBM), squared
Bessel (BESQ) processes, and Cox-Ingersoll-Ross (CIR) processes, thereby yielding the cor-
responding denoising score-matching objectives. We then apply the derived formulae to
image and financial time series generation using GBM- and CIR-based diffusion models,
and to empirical Bayes estimation under the BESQ setting. The reported experimental
results demonstrate the potential of non-Gaussian models.

Key words: Bessel processes, denoising score matching, diffusion models, empirical Bayes,
financial time series, geometric Brownian motion, Tweedie’s formula.

1. INTRODUCTION

Diffusion models are a family of generative models that genuinely create samples from
unknown target distributions [31] 65 66]. They underpin the recent success in text-to-image
creators such as DALL-E 2 [53], Stable Diffusion [58], and Flux [5], in text-to-video generators
such as Sora [49], Make-A-Video [64], Seedance [23], and Veo [24], and in diffusion large
language models such as Mercury [38], LLaDA [47], Dream [74], and WeDLM [43]. Recently,
diffusion models have also been applied to other fields, including operations research [44] [75]
and finance [I], 22 27] for tabular data generation.

The idea of diffusion generative models relies on a forward-backward procedure:

e Forward process: starting from a training sample of the target distribution Xg ~
Ddata(*), the model gradually adds noise to transform the signal into noise Xy —
e XT ~ pnoise(')'

e Backward process: start with the noise X7 ~ ppoise(-), and reverse the forward process
to recover the signal from noise X7 — -+ — Xo ~ pgata(-)-

The backward process is also termed as diffusion generative sampling or inference. In this
paper, we adopt the continuous-time formulation, where the forward process {X;}o<t<7 is
governed by a stochastic differential equation (SDE):

dXt = b(t,Xt) dt+ O'(t,Xt) th, XQ diata(')-
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As will be detailed in Section [2] the key to diffusion generative sampling hinges on the score
Sfunction ﬂ

d
Vlogp(t,z) := Vlog <da:]P)(Xt € dx)) .

Learning or estimating this score function is often referred to as score-matching.

For most existing diffusion generative models, e.g., variance exploding (VE) and variance
preserving (VP) models [66], the diffusion coefficient o (¢, x) = o(¢)I is only time-dependent,
and the drift parameter b(t,z) = f(¢)x is linear in the state (or space) Variableﬂ In this case,
the process {X; fo<i<7 is Gaussian, and there is a systematic way to learn the score function
Vlogp(t, z) via Tweedie’s formula [15], 56].

Now we briefly explain Tweedie’s formula, which first appeared in correspondence between
Herbert Robbins and Maurice Tweedie, and was rediscovered in various contexts [45] 46, 50,
52]E| It was later popularized by Bradley Efron in the context of empirical Bayes estimation
to tackle selection bias in genome analysis [I5], [17]; see [33] for comprehensive discussions of
empirical Bayes and Tweedie’s formula. Let

U~v() and V|U~N(U, o), (1.1)
where N(u,Y) denotes a Gaussian random vector with mean p and covariance matrix .
Denote by py (-) the (marginal) distribution of V. Then Tweedie’s formula yields

E(U|V =v) =v+ o*Viogpy(v). (1.2)
Notably, the equation (1.2]) does not involve the “prior” v(-), and can be used to learn the
score function of Gaussian diffusion models. To illustrate, consider the VE model dX; =
o(t) dWs, Xo ~ Pdatal-). Specializing to U = Xg and V = X; (so v(-) and o2 in (I.1]) are
Pdata(+) and fot 02(s) ds, respectively) yields
E(Xo| X:) — Xt

fg o2(s)ds

under suitable integrability conditions on Xg ~ pgata(-). Next, we sample (X, X;) according
to Xo ~ Patalr), X¢|Xo ~ N(XO,(fOt o2(s) ds)I)7 and regress Xy over X; to learn the

score function because E(Xq | X;) is the L? projection of Xg over X; (see [60] for related
discussions). More precisely, letting {sy(-,-)}¢ be a parametrized family approximating the
score function, we aim to solve the problem:

Viegpve(t, Xy) = a.s., (1.3)

X — Xo
fg o2(s)ds
where U[0,T] denotes the uniform distribution over [0,77], and (X, X;) is sampled as de-

scribed. The optimization problem is known as denoising score-matching, which a priori
chooses the L? loss to achieve E 0.7, x, |55, (t, Xt) — Vlog pye(t, X)|? = 0 if {sy"(-,)}e

S;/E (ta Xt) +

Irlgn ]E’tNu [07T]7 (XO 7Xt)

n other words, the score function is the logarithmic derivative of the probability density of X;.

2For the VE model, b(t,z) = 0 and o(t,z) = o(t)I, with o(t) = av/t or ab® for some a,b > 0. For the VP
model, b(t,z) = —a(t)r and o (¢, x) = v/2a(t)1, with a(t) = at + b for some a,b > 0. In both cases, while the
state X, is typically high-dimensional, noises are independently added to each component of X;.

3The formula is also known as Eddington-Tweedie formula [33] or Masreliez’s theorem [45].
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is sufficiently richﬁ It is worth noting that Tweedie’s formula suggests that the L? loss is
a natural choice for denoising score matching, since the conditional expectation corresponds
to the optimal L? regression estimator. Tweedie’s formula and the corresponding denoising
score-matching for other diffusion models with o(t,z) = o(t) and b(t,z) = f(t)x can be
derived similarly. In fact, the score function of any such model can be obtained from that of
the VE model with o(t) = /2t by a space-time reparametrization [36]; see also [70}, Section
5.1] and [71} Section 4.2].

Contributions. As discussed earlier, Tweedie’s formula is formulated for Gaussian
distributions, and denoising score matching for existing diffusion models predominantly re-
lies on their Gaussian structure, which enables the direct application of Tweedie’s formula.
However, using non-Gaussian models, such as (time-dependent) geometric Brownian motion
(GBM) and Bessel-type processes, may be advantageous in certain generative Al tasks, which
calls for a study on Tweedie’s formula and the corresponding denoising score matching be-
yond Gaussian, especially for those with state-dependent diffusion coefficients. The main
contribution of this paper is to carry out this study. Taking the one-dimensional setting
for instance, the key to generalize Tweedie’s formula is the following simple observation (see

Proposition [2.3):
1
o?(t,z)Vlog p(t, z) + 20(t, x)0.0(t, ) = b(t,z) + lin% EE (Xie = X¢ | Xt =12). (1.4)
e—

The identity enables us to derive Tweedie’s formula for non-Gaussian diffusion models
with state-dependent diffusion coefficients and, consequently, the corresponding denoising
score-matching objectives. Table [1| summarizes explicit Tweedie’s formulae for several non-
Gaussian models we derive in this paper which, to our best knowledge, is novelE| Notably, we
emphasize that the flexible choice of time-dependent drift and diffusion coefficients is crucial
to the empirical success of the corresponding diffusion models. In particular, specializing
to t = 1 provides further extensions to Efron’s generalization of Tweedie’s formula to the
exponential family with linear sufficient statistics and in the canonical form [15]E| As for
applications, we use non-Gaussian models (with score matching via Tweedie’s formula) to
perform image generation, financial time series generation, and empirical Bayes estimation,
which have been largely underexplored in prior work.

4Denoising score-matching requires to solve:

meinEmu[o,T], (X0,X¢) ‘39(157 Xt) - Vlogp(t, Xy ‘ XO)‘Q ,

which can be shown to be equivalent to the problem ming E¢ 0,1, x, |50 (t, X¢) — V log p(t, X2 [7a, [73).
While Tweedie’s formula provides a theoretical justification for denoising score-matching, the reverse is not
true: denoising score-matching does not inherently imply Tweedie’s formula. Another consequence is the
sample complexity of denoising score-matching: the classical result [67), [68] shows that if Vlogp(t,z) is
p-times differentiable, then Eq 0,7y, x, |s0. (t, X¢) — Viogp(t, X:)|* < m_%, where m is the number of
samples. Refer to [10, [19] 48] for sharper results on diffusion score estimation via low-dimensional adaptation.

5As mentioned earlier, as noises are added component-wise to a multi-dimensional diffusion process, we
only need those formulae in a scalar space.

6The exponential family is of the form p(V |U) = h(V) exp(T(V)n(U) — A(U)), where T(V) is the sufficient
statistics. It is said to be in the canonical form if n(U) = U. Efron [15] generalizes Tweedie’s formula to the
exponential family with T'(V') o< V and n(U) = U, which however does not include GBM and Bessel processes.
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TABLE 1. Tweedie’s Formulae for Gaussian and Non-Gaussian Models

Process b(t,x) o(t,z)  Score function Vlog p(t,z)
VE 0 o(t) S2)(E(Xo | Xy = x) — x)
VP —a(t)x 2a(t) (1 —e240) e ADE(Xy| X} = 2) — )
GBM  pu(t)w oe (St - L) Lo 8 4 1 (log Xo| X, = x)
BESQ 2(v+1) 2V Y—gt Qt\[ E(vXoly+1(¥ “)/L/( “) | X, = z) = sBP5Q, 2)
CIR  a(t)(u(t) —z) o()va e'Os ?5%‘%) oy Ja% el ds, A0z
®
CEV  pu(t)e o(t)e? 2L - APNEE TN R (5 1)2 [1 2(s)e2 DU ds, 20U
2(6 1)
BES(3) 1/x 1 14 lE((XO —x) coth(zxﬂ) | X, =)
Here, for all t > 0, Z3(t fo s)ds, A(t fo s)ds, and U (¢ fo

I,,() denotes the modlﬁed Bessel functlon of the first kmd of order v.

VE and VP are Gaussian models; GBM, BESQ, CIR, CEV and BES(3) are (positive) non-Gaussian models.

Related Works. SDE/score-based continuous diffusion models are formally introduced in
[66]. Their empirical success across various applications relies on the careful design of the drift
and diffusion coefficients in the forward SDE. State-of-the-art VE and VP models [36] [66] are
Gaussian-based: they progressively add Gaussian noise to the original data distribution, use
state-independent diffusion coefficients for simplicity and numerical stability, and generate
the reverse sampling process from a Gaussian noise distribution.

Non-Gaussian SDE-based diffusion models are often associated with modeling discrete or
categorical data on the probability simplex. [55] proposes a multi-dimensional CIR process
as the forward noising process for simplex diffusions, which leads to a Dirichlet prior after
normalizing the limiting multivariate Gamma distribution. Though the authors note that the
CIR process is well suited for simplex diffusions over categorical data due to its positivity and
the existence of a limiting distribution and comment on numerical simulations, they do not
actually conduct numerical experiments. [21] applies an additive logistic transformation to
the Ornstein—Uhlenbeck process to construct a positive forward SDE for simplex diffusions,
derives the corresponding score-matching objective, and demonstrates their approach using
MNIST images with pixels discretized into three categories. [3] proposes a Dirichlet diffusion
score model for discrete and categorical data by constructing a multivariate diffusion process
on the probability simplex. The forward process converges to a Dirichlet distribution and is
built from independent univariate Jacobi diffusion processes via a stick-breaking construction.
Inspired by Dale’s law, [61] considers GBM with constant coefficients as a multiplicative
forward process to model non-negative data and proposes a new multiplicative score-matching
loss to train the model, showing the promise and applicability of the non-Gaussian models
to datasets and domains where multiplicative noise is preferred. Their multiplicative score-
matching loss for GBM differs from ours in that it is obtained by directly multiplying the
state variable with the classical denoising score-matching loss while we focus on deriving such
objectives for a broader class of non-Gaussian models in a systematic way. [39] puts forward
a diffusion-based generative framework for financial time series that incorporates GBM into
the forward process in the price space. Although the authors observe that, under a balance
between the drift and diffusion coefficients, the model reduces to additive Gaussian noise
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injection (i.e, a VE formulation) in the log-price space, they do not derive the corresponding
score matching objectives for general GBM-based diffusion models.

Our primary goal is to derive Tweedie’s formulae as denoising score matching objectives
for various (important) diffusion models beyond Gaussian. That is, we express the score
function Vlog p(t, x) in terms of the conditional expectation E(g(t,z, Xo) | Xy = x) for some
explicit function g. Upon the completion of this paper, we noted a recent preprint [72] that
calculated E(Xy|X; = z) for additive models beyond Gaussian via some transformations
(such as differentiation and integration) of the density function p(t, z). This type of “Tweedie
calculus” (see also [26, 62] for special cases) is different from our results because it only
applies to additive models whereas GBM and Bessel processes are not additive, and it goes
“the other way around” by seeking an expression involving the density function for the
conditional expectation rather than seeking a conditional expectation representation for the
score function.

Organization of the Paper. The remainder of the paper is organized as follows. Section
provides background on diffusion models, where a proof of is given. In Section (3| we
derive Tweedie’s formulae for various non-Gaussian diffusion models, including GBM and
(squared) Bessel processes. Numerical experiments are reported in Section 4 We conclude
in Section [bl Additional results on GBM-based Bayes estimation and experiments specifics
are placed in the appendix.

2. DIFFUSION MODELS AND TWEEDIE’S FORMULAE

This section provides background on diffusion models, and presents a simple yet general
approach to derive Tweedie’s formulae in the context of diffusion models. We follow closely
the presentation of [70].

Consider a forward SDE:
dXy = b(t, Xy)dt + o(t, Xy) AWy, Xo ~ pdatal-), (2.1)

where {W;};>¢ is n-dimensional Brownian motion, and b : R, x R — R? and o : Ry x R? —
R are drift and diffusion coefficients, respectively. Some conditions on b(-,-) and o (-, -) are
required to ensure that is well-posed (i.e. having existence and uniqueness of solution);
see standard textbooks e.g., [35] [69] for details about the well-posedness of SDEs.

For ease of presentation, we assume that X; has a (suitably smooth) probability density
function p(t,-). The following theorem gives the time-reversal of the SDE , which lays
the foundation of diffusion generative models.

Theorem 2.1. [2, 29] Denote by a(t,z) = o(t,z)o(t,x)". Under suitable conditions on
b('?'); U('v ) and {p(ta ')}OStST7 we define

_ B - B V(T —-t,x)a(T —t,x))
a(t,x) =o(T —t,x), b(t,x)=—-bT —t,x)+ DT —t.0) ,

as well as the process {Yiyo<i<T by
dY; = b(t,Y;) dt + o (t,Y;) dBy, Yo ~ p(T, ),

where { Bt }o<t<T is a copy of Brownian motion. Then {Y;}o<i<r and {Xr1_t}o<i<T have the
same marginal distribution, i.e., Y is the time reversal of X in law.
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As mentioned earlier, the high-level idea of diffusion models is to recreate samples of the
hidden target distribution from noise. However, the initialization Yy ~ p(T),-) depends on
the unknown pgata(-) in each sample generation. One way to resolve this issue is to replace
the initialization Yy ~ p(T,-) with some noise pyoise(*):

dY; = b(t,Y;) dt + 5 (¢, Y;) dBy, Yo ~ Proise(*)- (2.2)

The choice of phoise(+) is model-specific. For instance, pyoise(-) is taken as N’ (O, ( fOT o(s)ds)I )

for the VE model, and N (0, 1) for the VP model. It is expected that the closer the distribu-
tions p(7T', -) and ppeise(+) are, the closer the distribution of Y7 sampled from is t0 pdata(-);
see [4} [6],[7, 411, [42] and [70], Section 6] along with references therein for the convergence theory
of diffusion models.

Since b(+,-) and o(+,) are chosen in advance, all but the term V log p(T —¢,Y;) in are
available. So in order to sample the backward process , we need to learn or estimate the
score function V log p(t,x), known as score-matching, via a parameterized family {sq(t, ) }s.
There are several existing score-matching methods, among which the most widely used one is
denoising score matching [32][73]. As explained in the introduction, denoising score-matching
is essentially equivalent to Tweedie’s formula for Gaussian models. However, Tweedie’s
formulae for non-Gaussian processes are absent, leaving out important examples such as
GBM and Bessel processes. The goal of this paper is to develop a systematic approach
to generalize T'weedie’s formula to include a wider class of diffusion models for potential
applications, premised upon the following result.

Proposition 2.2. Under suitable conditions on b(-,-), o(-,-) and {p(t,-)}o<t<T, we have for
almost every x,

1
a(t,z)Viegp(t,x) + V -a(t,x) =b(t,z) + li_I)I(l) EE (Xi—e = Xt | Xt =2). (2.3)
£

Proof. By Theorem [2.1, we have:

T—t+e
YT—t+€ - YT—t = / (_b(T - S’}/s) + a(T - S, Y'S)Vlogp(s,Ys) +V- CL(T - S, Y;)) ds
T—t

T—t+e
+/ o(T —s,Ys)dBs.
T—t

By the Lebesgue differentiation theorem, we get for almost every =,

1
lim —-E (Yr_iye — Yr—4 | Yr—t = 2) = —b(t,z) + a(t,x)Viogp(t,x) + V - a(t, x). (2.4)

e—=0 ¢

Identifying the left side of (2.4 with lim._,o éE (Xi—e — X¢ | Xy = z) yields the desired result.
O

The identity (2.3 provides a systematic way to derive Tweedie’s formulae for general
diffusion models via the computation of lim._ . %JE (Xit—e — Xy | Xy = 2):

Vlegp(t, z) = a(t, :c)*l (b(t,x) + lin% éE (Xp—e = X¢| Xy =2) -V - a(t,x)) ,
e—
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when a(t, x) is invertible. As shown in Section |3| this quantity has a closed-form expression
for many important models. Also note that the “almost everywhere” identity (2.3 is suitable
for denoising score matching, which is defined as an L? loss.

3. TWEEDIE’S FORMULAE

In this section we derive Tweedie’s formulae for various diffusion processes. Although the
SDE is formulated in R? with an n-dimensional Brownian motion, as discussed earlier
diffusion generative models (including the VE and VP) always noises/denoise independently
to each component of the vector state. Therefore, throughout this section we assume that
d=n=1.

3.1. Variance Exploding/Preserving Processes. We start with deriving the formulae
for the processes in the Gaussian family most commonly used by the current generative
diffusion models.

3.1.1. Variance Exploding Processes. Consider the VE process:
dXt - U(t) thu XO ~ pdata(')a

where o(+) is positive, continuous and bounded away from 0. Then we have

t
X =Xo+ /UQ(S)dS-Z, Z ~N(0,1). (3.1)
0

Our goal is to compute the conditional expectation E(X;_. | Xo=2,X; =z) for 0 <e <.
Let ps(x) = \/% exp <—%) be the probability density of a Gaussian random variable

with mean zero and variance ¥ > 0. Set

t—e t
¥ ::/ o?(s)ds, %o ::/ o?(s) ds.
0 t

—&

It is known (see [20]) that the probability density of (X;—. | Xo = 2z, X; = x) is given by

dP(X;—c € dy|[Xo =2, Xy = 2)/dy = P, (2 = y)ps, (2 — y)
p21+22($ - Z)

~ o X+ 2o X1 + 2X9 2
X — — .
Pl e, U7 s 1,

That is, (X¢—-|Xo = 2, Xy = z) is a Gaussian random variable with mean x%iig? and
. D>
variance 211222. Thus,
x4 239
EX, | Xo=2X,=2)= ——

and
1

lim SE(X, . — X, | Xo = 2, X, = 2) = (2 — 2)02(1) < /0 " o2(s) ds)

e—0 ¢

This recovers the standard Tweedie’s formula:
—1

Vlog pyE(t, ) = </0 o?(s) ds) (E(Xo| Xt =2) —x). (3.2)
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3.1.2. Variance Preserving Processes. For the VP process

dX, = —a(t) Xy dt + /20(t) AW, Xo ~ Daatal),

where «a(+) is a increasing positive function, we know that

X, = e Joo)ds X0+\/1—e_2f0°‘(5 ds. 7z Z~N(0,1).
Hence, by (3.1) and , we get Tweedie’s formula for the VP process:
Vlog ng(t, ) = (1— e 2o ds) =1l ds (x| X, = ) — ). (3.3)

3.2. Geometric Brownian Motion. We consider b(t,z) = p(t)x and o(t,x) = o(t)x with
o(t) > 0. The forward process is the time-dependent geometric Brownian motion:

dXy = p(t) X dt + o(t) X, AW, Xo ~ pdatal(s),

which has a closed form solution

X, = Xoexp </Ot <,u(s) - 202(s)> ds + /Ot(f(s) dWs> >0

It is easy to see that
E(X, o Xo =2 X, =) = zeh )=o) ds g (M | M, = k(1))

where

M, = /Ota(s)dWS, and k(1) = log(i)—/ot <u(s)—;a2(s)> ds, V> 0.

By the Dubins—Schwarz theorem [13], there exists a copy of Brownian motion, denoted by
{Bi}i>0, such that M; = B,,, where 7 := (M), = f(f 02(s)ds. Then we have

tc _ _ . _ B € 62(s) ds 1 [t
E (e~ | M; = k(t)) =E <eB | B,, = m(t)) = exp (W (n(t) +5 /t_6 o2 (s) ds>> ’

where we have used the fact that (B,,__| By, = 6(t)) ~ N(k(t)Te—c/Tt, Tt—e(7t — Tt—c)/7t) In
the second equality. Consequently, we have

)" (uls) — 30%(s)) ds 1w
fo (,u — 50'2(8))(18 fot 0'2(3) ds z
(

f o*(s)ds o (u(s) = §0%(s))ds 1 by
fo o2(s)ds ( Ji_ o%(s)ds "3 /teo- (6) ds

1 2(t 2(t d
ii_I}(l)gE(Xt—s—XﬂXo:z,Xt:x) =ux (—U()logw—,u(t)+ (1) —|—a’2() o (5) S).

E(Xi | Xo=2X; =2) =xexp ((

and

fot o?(s)ds z 2 fo o?(s
We obtain Tweedie’s formula for time-dependent GBM:
t
ds 3 1 1 1 1
ViegpoM(t,z) = Jop(9)ds 3 7 (log Xo| X; = x).
t
fo o?(s)ds x f o?(s fo o?(s



3.3. Squared Bessel Processes. Here we take b(t,x) = 2(v+ 1) with v > 0, and o(t,z) =
2\/x. The forward process is governed by

dX; =2(v+1)dt + 2/ X; AWy, Xo ~ paatal(-), (3.5)

which is transient. It follows from [51) (2.i)] (see also [54, Chapter XI]) that the transition
density of the process {X;}i>¢ is

1 g T+ &
q(t,z,y) = dP( X4t € dy | Xyy = ) /dy = — <%> ? exp (— y) I, ( > ,

2t 2t t

where I,,(-) is the modified Bessel function of the first kind of order v. So the probability
density of (X;_.| Xo = z, X; = z) is given by

Q(t — &%, y)q(Ev Y, l‘)
q(t, z, )

_ exp (—ﬁ) I, (;/_Zzy) I, (@) |
Ji<exp (o) 1 (1) 1 (427 o

dP(X;—c e dy| Xo =2, Xy =x)/dy =

By letting
e OF
F(a,b,c;v) := / e I, (avu)l,(by/u)du and G(a,b,c;v) := e (3.6)
0
we have
G (é’ g 2(ti€)€; V)
E(Xt_s ’X() = Z,Xt = .1‘) = . (37)
F (\/5 VT t I/)
t—e? € 7 2(t— 5)5’
According to [12, (10.43.28)] and by a change of variable /u — u, we get
1 a? + b? ab
F(a,b,c;v) = - L,{—]. 3.8
(@b = Lo (S0 ) 1 (5 (35)
Thus,
(3.9)

1 a? + b? a? + b? ab ab ab
bev) = = 1 L (¥ @
Gla,b, c;v) 2 P < 4c ) << T e > <20> oty (20))
1 a? 4 b? 1+a2+b2+u (9 ab, (ab
T 2o 4c "\ 2¢ 2c"" \2c) )’
where we use the fact that I},(u) = 21, (u) +I,41(u) (see [12] (10.29.2)]) in the last equation.

Combining (3.7} and (| . y1eld

N
2(t —¢)e 22+ (t—e)2x  Jzzlvh ( 7 )
E(Xt, |X0:Z,Xt:l’):7 14+v+ +
e t 2(t —e)et to, (x/zﬁ)
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which implies that

ot (F°
;g%gE(Xt ce—Xi|Xo=2,X;=2)=2 1+l/—7+ , Iy(\/a)

We obtain Tweedie’s formula for squared Bessel process:
sy 0t x) : = Vlog p ™t )

v 1 1 - \/XOIV+1< xth> X (310)
NG Lj(\/ﬂch) ‘ '
t

More generally, we take b(t,x) = p and o(t,z) = oy/z, with 0 > 0 and p > 0—22 The
forward process evolves as

dX; = pdt + o/ X AWy, Xo ~ paatal-)-

It is easy to see that {%Xt}tzo is a squared Bessel process with index v = i—“ — 1. Hence,

Tweedie’s formula is

2 2
BES g ES g xr
Vlogp Q(t,x)zzs% ?(t,4 >,

where sb¥ Q( ,+) is defined by (3.10)).

3.4. CIR Processes. We now consider the forward process of the form

dX; = a(t)(u(t) — Xy) dt + o () /X AWy, Xo ~ Daatal’)- (3.11)

This process is known as the CIR process [9], which has been used to model interest rate
[57,[63], as well as continuous-state branching processes with immigration as the scaling limit
of the Galton-Watson counterparts [37, [40].

3.4.1. Time-Independent Case. We first consider where «(t), u(t) and o(t) are time
independent ie. b(t,x) = a(p — z) and o(t,z) = o/x, with constants o > 0, o > 0, and
p > 5= It follows from [9, Equation (18)] (see also [34, Proposition 6.3.1.1]) that {X;}¢>0 is
a space-time-changed squared Bessel process:

d _
X;=e atzz(m 1y

2«

where {Z;}+>0 is squared Bessel process with index v = U—Q“ — 1. As a result, Tweedie’s

formula for CIR processes is

2
VlogpSt (¢, 2) = eafSEQEEQl <Za(e°‘t —1), e%> : (3.12)

where so¥ SQ( ,+) is defined by (3.10)).
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3.4.2. Time-Dependent Case. We now turn to the general time-dependent CIR (3.11)). We
choose a(t) > 0, pu(t) > 0, and o(t) > 0 such that %)(’;)(t) — 1 =wv. By [63, Corollary 3.1],

we have:

0'2(s)ef(3g a(u)du g

X, i e—fgoz(s)dszl .
1Jo

where {Z;}+>0 is squared Bessel process with index VE| Tweedie’s formula is then given by

1 [ s
\Y logpgﬁg(t, x) = efo o(®) ds sBESQ <4 / 02(5)6f0 a(u)du gg, elo o(®) d3x> , (3.13)
0

where SEESQ(~, -) is defined by (3.10).

3.5. (Time-Dependent) CEV Processes. We consider b(t,z) = u(t)r and o(t,z) =
o(t)z?, with p(t) > 0, o(t) > 0 and 8 > 1. The forward process i

AX, = p(O) X, dt + o ()X dWi,  Xo ~ Pdata(-)- (3.14)
It follows from [34, Lemma 6.4.3.1] that {X;};>0 is a time-change of a power of squared
Bessel process

1
4 o n(s)ds ;7 26-1)
Xy = elo Z(ﬂ_1)2 I 02(s)e2(F=1 J§ m(w) du g2

where {Z;}:>0 is squared Bessel with index ﬁﬂ As a result, Tweedie’s formula for
(time-dependent) CEV processes is given by

CEV. (4 ) — —26+1

Viogpy s s(t,x T

2B — 1)e2(B-1) fy u(s)ds t ,
_2(p )225—1 0 Sljils_?) ((5 B 1)2/0 o2 (5)e2(B=1) 5 mw) du g (281 J§ u(s) dsx—2(5—1)> 7

where sp9(-, ) is defined by (3.10).

3.6. Bessel Processes. Here we take b(t,z) = 2t and o(t,z) = 1, with v > 0. The
forward process is governed by

v+
t
By [51), (2.1")], the transition density of the process {X;}>0 is

_ 1 ry\v z? + 3 zy
G(t,z,y) = dP( X+t € dy | Xyy = @) /dy = n (;) Yy exp <— 57 1, <7> .

dX;

dt + dW;,  Xo ~ pdata(-)- (3.15)

7As shown in [63], the time-dependent CIR process, after space-time scaling, is squared Bessel process
with a “time-dependent” index v(t) := % — 1, being characterized by the Laplace transform. For our
generation purpose, we set this index to be constant/time-independent in order to apply the result from the
squared Bessel process.

8When pu(t) = p and o(t) = o are time-independent, this process is known as the constant elasticity of
variance (CEV) process [8] [111 [1§].

9n contrast with the CIR processes, the index does not depend on the time-dependent coeflicients p(t)

and o (t).
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So the probability density of (X;—. | Xo =z, X; = ) is
ty2 2Y Ty
Y exp (— - ) I, (T I, (%)
dP(X,. € dy| Xo = 2, X, = 2)/dy = — Q(ttyj)e t;) .
fO yexp (_ 2(t—5)5) 1y (§> 1, (?) dy

Note from (3.6)) that F(a,b,c;v) =2 [;° ue=I,,(au) I, (bu) du. Furthermore, let
H(a,b,c;v) ::/ uQefc“QIV(au)I,,(bu) du.
0

Then we have

t
2H (t E’z—:’2(t e)e’y>
t .\
F (2 st

Recall the expression of F'(a,b,c) from ({3.8]). However, for general v, there is no closed form
expression for H(a,b,c).

E(Xt_g ‘ X() =z, Xt = x) = (316)

Next, let us consider the special case v = %, which corresponds to the three dimensional

2 sinh u

Bessel process. Noting I1(u) = TS we have
2

H <a, b, c; 1>
2

“ vl

= W\}% </OOO ue= cosh((a + b)u) du — /OOO e~ cosh((a — b)u) du) (3.17)

1 a—i—b/oo 2. a—b/oo 2. )
= e sinh((a + b)u) du — e sinh((a — b)u) du
— (% (a+ vy (ta =)

(a+ b)exp ((a+) )erf <%) — (a—b)exp (( :) )erf (2\[)
4v/mabc3

where we use the formula [25] (3.546.1)] in the last equation, with erf(u f Yo dz
the error function of the standard normal. Combining (|3.16} -, and (| - y1elds

ez+(t —e)x et ez+(t —e)x
E(Xi—e| Xo=2,X;=2) = ( ) m) erf( ( ) )
t

ue v’ sinh(au) sinh(bu) du

2t sinh ( 2t(t — ¢)e
ez (t—e .e_T orf ez — (t—e)x
2t sinh (22) 2t(t —e)e
B e(z —x) xz 9
_x+7t coth(t)—i—()(e),

which implies

Z—X Tz
;%EE(th—Xt]XO_th_x) . oth(t)
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This leads to Tweedie’s formula for three-dimensional Bessel process:

1
2 2

1 1 X
sBES(t, 1) == Viog pB™(t,2) = = + %E <(X0 — x) coth <$to> ‘Xt = a:) . (3.18)
x

A slightly more general case than the above is to choose b(t, x) = %2 and o(t,z) = o, with
o > 0. The forward process is

2
o
dX; = X, dt +odWy,  Xo ~ pdata(-)-
t

It is easy to see that {%Xt}tz() is a three-dimensional Bessel process. As a result, Tweedie’s
formula is

\Y logpgis (t,x) = O'S];)ES (t,ox),

where sBFS(..) is defined by (3.18).
2

4. NUMERICAL EXPERIMENTS

4.1. Diffusion Models. This section provides numerical experiments using non-Gaussian
models, where we focus on GBM and CIR processes, to formulate the forward process of
SDE-based diffusion models. The experimental details are deferred to Appendix [B] For the
sake of comparison, we also presents the results generated by Gaussian models. We first
derive denoising score matching objectives for these models right from the Tweedie’s formula
established.

Variance Exploding Processes. From we know
E(Xo | X;) = X; + 22(t) - Viegpy " (1, Xy),
where we have denoted Y2(t) := f(f 02(s)ds. Thus, the denoising score matching objective is
minE | X, + X2(t) - 551, X;) - Xo|?
= min Bt td[0.71, Xo~paaa(), 2~N (0,15 (O () - 557 (8, Xo + (1) 2) + 2P,

where the equality is because X; = Xo+X(¢)Z with Z ~ N(0,1). One can alternatively adopt
the reparameterization ) ©(¢,z) := —X(t) - sy ¥(¢, ) to obtain a noise-prediction objective

min 0410, Xorpanea (), Z~N (0,0 - ()€ * (8, Xo + 2(1) Z) — Z[*.

Variance Preserving Processes. By (3.3]), we have

E(Xo | X;) = Ait)m 1+ 22(t) - ViogpY P (t, X,)),
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where A(t) := exp(— fo s)ds) and ¥2(t) := 1 — A%(t) = 1 —exp(—2 fo . Hence, the
correspondlng denoising score matchlng objective is given by

2
minE Att)(Xt +32(8) - VP (4 X)) — X
22 (t)

= W E20.7), Xompanea(), 2N O.1) 3y 20 sy’ (8, A(t)Xo+ (1) 2) + 2

. 1
= min EtNM[O,T],XOdiata(.),z~N(o,1))Tt|EXP(t, At)Xo +X(8)Z) - ZP,

where the first equality is because X; = A(t)Xog + X(¢)Z, Z ~ N(0,1), and in the second
inequality we let €} ¥ (t, ) :== —X(t) sy ¥ (t,x) be the noise-prediction reparameterization and
A\ == A2%(t)/¥2(t) the signal-to-noise ratio.

Geometric Brownian Motion. It follows from (3.4) that

U(t 3
Bllog Xo | X0) = S0 X,V og o5, X) - £2(0) (05— 3 ) + loe Xe

where U (¢ fo s)ds and Y2(t) := fo o?(s) ds. Replacing the true score Vlog pGBM (¢, x)

GBM(
)

with parametemzed famﬂy {s x)}g, we get the denoising score matching objective:

Ui) 3 2
2 (1) — ) + log X; — log Xg

= min B (0,7, Xo~pasia (), 2N E2)Z®) (1 + Xesg M (8, X)) + 2,

min Y2() Xes§BM(t, Xp) — 22 (1) <

where X; = Xgexp(U(t) — 352(t) + (¢)Z) with Z ~ N(0,1).

We need to be mindful that naively applying the above score matching objective for training
leads to an excessively large initial loss due to the multiplicative exponential Gaussian noise
in the forward process. Moreover, even when the score network is well trained, sampling
from the reverse-time dynamics may suffer from numerical blow-up because of the state-
dependent diffusion coefficient. To improve both the training and sampling stability, we
choose a noise-prediction reparameterization:

e§BM(t, ) := =2 () (1 + 2s§PM(t, 2)),

under which the score-matching objective can be equivalently rewritten as:

e§BM <t, Xo exp <U(t) - %22(75) + z@)z)) -7
(4.1)

min /0.7 (E2(f) EXonpaea (), 2N (0,1)

Then the Euler-Maruyama sampler for the backward generation is given by
rrar =y + (203(T —t) — (T — )y + 0*(T — )y sg "M(T — £, 1)) At + o (T — t)yV Atz

=1y <1 + (02(T —t)— (T —1t)— MGSBM(T —t, yt)> At +o(T — t)\/Ezt> ,

oT—t

where z; ~ N(0,1) and yo ~ pSEM(-) = LogNormal(U(T) — $X%(T), £*(T)).
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CIR Processes. We set o(t) = \/2a(t) and u(t) = p, so that the stationary distribution is
CIR () = G(u, 1), a Gamma distribution. Let A(t) := fg a(s)ds. The conditional distribu-

Proise

tion X | X is 1_€;A(t>K, where K ~ x%(2p, 2Xoﬁ); see, e.g., [55]. Here, x%(k,m) is the
non-central chi-squared distribution with & degrees of freedom and non-centrality parameter
m. The denoising score-matching objective can be derived from (3.12) as follows:

2
mlu< 2V X Xo )

e*%A(t) (eAH) 1)

min B A(t) (eéf‘%/“” —1) (sEIR(t,Xt) + 1X‘“) + eéAm) VX, -
t

I 2V/X: X0 7
P\ le 340 (et _y)
(4.2)
where A(t) is the weighting function and the expectation is taken over ¢ ~ U[0,T], Xy ~
Paata(), K ~ x%(2u, 2Xoﬁ), and X; = P%MK. The Euler-Maruyama sampler for

the backward generation is given by

Yrear =y + (T — 1) 2uesg™ (T — t, ) + 2 — p+ y) At + /2a(T — )y Atz, (4.3)

where z; ~ N(0,1) and yo ~ pSIR (+). In our experiments below, we will set p = 1, A(t) =

e~ and adopt the reparameterization €™ (¢, z) := (1 — e~ A®)) . s§™R(¢, 2) + 1 to improve
training efficiency and stability.

4.1.1. Image Generation. We present experimental results on the MNIST dataset. A key
property of GBM and CIR processes is that, starting from a non-negative initial condition,
the process remains non-negative for all time. Motivated by this property, we consider simplex
diffusion models for categorical data [21} [55] which perform the diffusion process in the space
of probability simplex, leveraging the discrete nature of the data.

Following [2I], we create a discrete version of the MNIST dataset by mapping each
pixel value in {0,1,...,255} to three categories: dark (0-85), medium (86-170), and bright
(171-255). Each pixel is then represented as a 3-dimensional real vector. Specifically, we en-
code a dark/medium/bright pixel as (a+b, a, a), (a,a+b,a), or (a,a,a+b) in Ri, respectively,
for some a, b > 0, thereby constructing the training dataset consisting of “dimension-reduced”
MNIST images (see Figure . For generated samples, the pixel category is determined by
the index of the largest component of the resulting 3-dimensional vector: if the maximum
occurs in the first, second, or third dimension, the pixel is classified as dark, medium, or
bright, respectively.

Since both GBM and VE exhibit exploding variance and do not admit limiting distribu-
tions, whereas both CIR and VP have limiting distributions, we conduct a fair comparison
by grouping models with similar properties. Specifically, we compare GBM with VE and
CIR with VP, respectively. More details of the experiment can be found in Appendix [B]

The visualization results are presented in Figure[I] The GBM-based samples exhibit a nois-
ier background with moderate stroke clarity, where digits are recognizable but show some
irregularity in stroke width and curvature. By contrast, the VE-based samples demonstrate
cleaner digit boundaries and more uniform stroke thickness across the grid, suggesting that
the VE SDE provides a more stable diffusion trajectory that better preserves the structural
regularity of handwritten numerals. The sampling error for GBM-based models mainly stems
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FIGURE 1. Real and Generated MNIST Images
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TABLE 2. Relative FID Scores of Different Diffusion Models

Model VE GBM VP C(CIR
Relative FID | 1.00 1.28 1.24 0.80

from numerical instability in the SDE sampler during reverse-time sampling, as well as inef-
ficient mixing of the forward process. First, in contrast to the additive Gaussian noise in VE
models, the multiplicative exponential Gaussian noise in the GBM forward process can induce
large fluctuations in the sampling trajectories, leading to numerical instability. In addition,
the state-dependent diffusion coefficient o(¢)x introduces a multiplicative dependence on the
previous state, y;, in each iteration, which would further accumulate numerical errors. Nev-
ertheless, these adverse effects are partially alleviated by assigning pixel categories according
to the index of the maximum component. Second, the absence of a stationary distribution
of GBM leads to a mismatch between the true terminal distribution of the forward process,
p(T,-), and the initialization distribution used for reverse-time sampling, pSEM(.), thereby
introducing additional sampling error.

The CIR-based samples demonstrate a clear visual advantage over their VP-based counter-
parts, exhibiting sharper stroke definition, more consistent digit morphology, and a notably
cleaner background across the generated grid. The VP-based samples suffer from higher
background noise levels and less precise stroke boundaries, with several digits showing signs
of blurring or incomplete formation. These observations suggest the effectiveness of CIR-
based models. Notably, as pointed out by [55], using a CIR process as the forward process
for simplex diffusion models seems more natural than using VE or VP SDEs, since the nor-
malization of the CIR limiting Gamma distribution is a Dirichlet distribution, which serves
as the conjugate prior of the categorical distribution and plays a role somewhat analogous
to that of the Gaussian distribution in continuous diffusion models. We note that the Eu-
ler-Maruyama sampler for the CIR process may suffer from numerical instability in
the final few steps, due to the time-dependent diffusion coefficient \/2a(t)z, in contrast to
the VP formulation. Moreover, the VP framework is generally preferred in large-scale ex-
periments because of the simplicity of its score-matching objective, as well as the flexibility
in designing loss weighting functions and reverse-time samplers. Improving the training and
sampling efficiency and the stability of CIR-based models remains an important direction for
future work.

Table [2{ reports the relative FID [30] of the four diffusion models, computed based on 2000
generated samples for each model. Since our primary interest lies in the effectiveness of these
non-Gaussian models, we focus on relative sample quality rather than absolute performance.
Accordingly, we treat the VE model as the baseline by normalizing its FID score as 1.00 and
report the scores of the VP-, GBM-, and CIR-based models relative to this baseline. Lower
relative FID values indicate better performance. As shown, the CIR-based model achieves
the best performance in this context of simplex diffusion models and the FID results are
consistent with the visual quality presented in Figure[ll We note that further improvements
in overall sample quality would require more sophisticated network architectures and more
refined training and sampling strategies for different forward SDEs, which are beyond the
scope of this work.



18 WENPIN TANG, NIZAR TOUZI, ZIKUN ZHANG, AND XUN YU ZHOU

4.1.2. Financial Time Series for Portfolio Management. For financial time series, we consider
N = 4 stocks: AAPL, AMZN, JPM, and TSLA. Let ! denote the log return of stock i at
time t, ¢ € [N]. For a consecutive time window {t + 1,...,¢ 4+ L} of length L, we construct
a data point

(rip1s a7"tl+L37"t2+1>"' a7"z:2+L3"' STﬁH"" 7TﬁkL) e RVE.
We set L = 64 and let t range over all trading days since January 1, 2010. This yields a
dataset with 3,587 data points.

We present results generated by GBM- and VP-based diffusion models for their better
empirical performances and relative simplicity H To apply GBM as the forward process, we
exponentiate the log returns to obtain positive price ratios:

. (2
et = ft >0,
D1

where pi > 0 is the price of stock i at time ¢. The resulting data points take the form:

1 1 2 2 N N
r r LT r . .ol r NL
(e L R R 12 SR 2 N CL S NS t+L)€R+ .

Following [27, 28], we evaluate 64-day cumulative log-returns under three portfolio strate-
gies: the equal-weight portfolio, the Markowitz global minimum variance portfolio (GMVP),
and the risk-parity portfolio. After converting the generated price ratios to log-returns by
taking logarithm, we compare the distribution of the generated samples with that of the real
data in terms of mean, standard deviation, quantiles, and overall distributional shape.

TABLE 3. Real and Generated 64-Day Log-Return Statistics of GBM- and
VP-Based Models

Equal-Weight GMVP Risk-Parity
Statistics Real GBM VP Real GBM VP Real GBM VP
Mean 6.56% 6.52% 6.24% 6.29% 6.51% 6.28% 6.13% 6.14% 6.00%
Median 6.01% 6.54% 6.35% 6.96% 6.55% 6.40% 6.58% 6.15% 6.03%
Std Dev 11.65% 11.41%  8.99% 8.45% 11.41%  8.99% 9.73%  10.35%  7.96%

1% Quantile -25.20% -19.55% -16.83% -16.91% -19.55% -16.79% -21.02% -17.99% -14.06%
5% Quantile -11.74% -12.09% -8.73% -9.26% -12.09% -8.68% -10.61% -10.74% -7.55%
10% Quantile -6.31% -7.99% -5.03% -4.92% -7.99% -4.99% -5.21% -7.20% -3.95%
25% Quantile -0.08% -1.05% 0.61%  2.05% -1.05%  0.66% 1.07% -0.67% 1.08%

The statistical properties of samples generated by time-dependent GBM- and VP-based
models are summarized in Table 3| and Figure [2| presents the histograms of the real and
generated 64-day cumulative log-returns under the three portfolio constructions. We observe
that the GBM-based model generates log-returns that align more closely with the real data

10We also experimented with VE- and CIR-based models. For VE-based models, although the score network
can be well-trained, the explosive behavior of the VE process and the high sensitivity of financial data leads
to a shifted generated distribution. For CIR-based models, the score matching objective involves modified
Bessel functions and multiple exponential terms, leading to high computational complexity and numerical
instability, which makes the resulting sampling process unsuitable for this financial setting.
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FIGURE 2. Real and Generated 64-Day Sum Log-Returns of Three Portfolios
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in terms of mean and volatility than the VP-based model, particularly for the Equal-Weight
and Risk-Parity portfolios. Both models exhibit a modest mismatch with the real data in
the tail regions, which is largely attributable to the high sensitivity of financial time series
to numerical errors inherent in the simulation pipeline.

Overall, our results, if still preliminary, show that the CIR-based simplex diffusion model
excels in MNIST image generation while the GBM-based model outperforms in financial
data generation. These findings highlight the potentials and effectiveness of non-Gaussian
processes for formulating diffusion models in specific settings and tasks.

4.2. Empirical Bayes Estimation. Beyond its importance for diffusion models, Tweedie’s
formula is also a cornerstone of empirical Bayes methods [15]. Here, we present an applica-
tion to empirical Bayes estimation based on the BESQ version, which goes beyond Efron’s
generalized Tweedie’s formula. In Appendix[A] we also present an empirical Bayes estimation
based directly on the GBM, and compare it with Brownian motion (BM) models by taking
logarithm.

Suppose there are some large number N of possibly correlated noncentral chi-squared
variates z; > 0 have been observed, each with its own unknown noncentrality parameter u;,

Z¢~x2(3,ui), 1=1,2,---,N.
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We aim to estimate the corresponding u; values through an empirical Bayes approach. Sup-
pose that u has been sampled from a prior distribution g(-), and then z |u ~ x?(3, u):

Ul,"',UNNg(‘), aHdZiNX2(3,Ui), Z:L)N

Since X; ~ t-x2(2(v +1), Xo/t) for all t > 0 in BESQ (3.5]), by Tweedie’s formula (3.10) (in

which v = %, t =1, Xg = u, and X1 = z are specified), we obtain the posterior expectation

of f(u,z) given z as E(f(u,z2)|2) = (2s(z) + 1)y/z, where f(u,z) := y/ucoth/uz and s(-)
denotes the score function of the marginal density p(-) of z, i.e., s(z) = % logp(z). Thus,
the corresponding empirical Bayes formula is

f, zi) = (28(z) + 1)\/27Z fori=1,---, N, (4.4)
where §(-) is an estimator of the true score s(-), which can be obtained by leveraging the
observations zi,--- , zy through Lindsey’s method [14] [I5] [16] and 4, is an estimate of w;.

Note that f(u,z) is strictly increasing w.r.t. u for any fixed z > 0; so there exists a unique
u; satisfying (4.4) for a given z;.

FIGURE 3. Gamma Example
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We randomly sample N = 5000 values of u; from Gamma distribution I'(12, 10). Figure
shows the frequency of 5000 generated z;’s, where there are 63 bins. Denote the center of the
k-th bin by x; and the corresponding bar height by y; for £ = 1,...,63. Figure shows
log y;. against zj, with bins satisfying yr = 0 excluded, and a natural spline with 10 degrees
of freedom is fitted to the points. The derivative of this spline provides a score estimator
5(+). Figure [4] presents empirical Bayes estimation curve f(u,z) = (25(z) + 1)4/z for the
Gamma example data, along with the actual {(2;, f(u;, 2;))}; plotted. One can see that
the points are closely centered around the estimated curve, even for large and small values
of z;, indicating the effectiveness of the empirical Bayes approach for observations under
noncentral chi-squared noise.

5. CONCLUSION

We derive analytically Tweedie’s formulae for several important non-Gaussian processes,
including geometric Brownian motion, squared Bessel processes and CIR processes, which
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FIGURE 4. Empirical Bayes Estimation Curves for BESQ
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directly yields denoising score matching objectives for diffusion models based on the corre-
sponding processes. Empirically, we employ Tweedie’s formulas derived from GBM and CIR
processes for MNIST image generation and financial time series modeling, demonstrating the
effectiveness of the resulting denoising score-matching methods. We also apply Tweedie’s for-
mula under the BESQ framework to estimate the noncentrality parameter from the noncentral
chi-squared noise for empirical Bayes estimation. To sum, we extend original Tweedie’s for-
mula to non-Gaussian processes and showcase the promise of non-Gaussian diffusion models
for practical applications, opening the gate to their adoption in task-specific domains.
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APPENDIX A. EMPIRICAL BAYES ESTIMATION BASED ON GBM

Suppose some large number N of possibly correlated log normal variates z; > 0 have been
observed, each with its own unobserved parameter u;:

2 ~ LogNormal(u,-,UQ), i=1,2,---,N.

We estimate the corresponding u; values through an empirical Bayes approach. Suppose that
u has been sampled from a prior distribution g(-), and 2z |u ~ LogNormal(u,o?) observed
with o2 known:

uy, - ,uny ~g(-), and z ~exp(u; +oN(0,1)), i=1,--- /N.

By Tweedie’s formula (3.4)) (in which p = 02/2,t =1, Xg = u, and X = z are specified), we
obtain the posterior expectation of u given z as E(u|z) = 0%z - s(2) + 02 4 log 2, where s(-)
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denotes the score function of the marginal density p(-) of z, i.e., s(z) = % logp(z). Thus,
the corresponding empirical Bayes formula is
;= 0%z - §(z) + 0> +logz; fori=1,--- N,

where §(-) is an estimator to the true score s(-).

F1GURE 5. Exponential Example
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Following the experimental setting in [I5], we set N = 5000 u; values as 10 repetitions

each of
500

u; = loglog ———, i=1,---,500.
1—0.5

The empirical distribution of e“ closely matches an exponential distribution with rate 1.
Then z; is generated via LogNormal(u;, c?) for each i. Here, we take o = 0.1. Figure
shows the frequency of 5000 generated z;’s, where there are 63 bins. Denote the center of the
k-th bin by xj and the corresponding bar height by y; for £ = 1,...,63. Figure shows
log yi against x, with bins satisfying y; = 0 excluded, and a natural spline with 10 degrees
of freedom is fitted to the points. The derivative of this spline provides a score estimator
5(+). Figure @ presents empirical Bayes estimation curve 4(z) = 02z - 8(2) + o2 + log z for
the exponential example data with o = 0.1, along with the actual {(z;,u;)}}¥; plotted. One
can see that the points are closely centered around the estimated curve, even for large values
of z;, indicating the effectiveness of the empirical Bayes approach for observations under
log-normal noise.

We also consider directly applying Tweedie’s formula in the (log z)-space to estimate wu;.
Let z; = log z; for all i € [N]. Then, equivalently, we observe:
Z ~N(u0%), i=1,---,N,
and aim to estimate u;. Therefore, we can apply Tweedie’s formula for the Gaussian case in
the Z-space to obtain an estimate of u;:
G =02-5(%)+% fori=1,---,N,
where 3(-) is the score function of the marginal of Z and §(-) is an estimator to 5(-). Estimating

3(+) from (%), is similar to the procedure described earlier for estimating s(-) from () ;.
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The estimation results of both models are presented in Figures [6] [7, and [§ for o = 0.1,0.5,
and 1.0, respectively. We observe that when o is larger, the z values can take more extremely
small or large values due to the exponential Gaussian noise multiplied on u, which makes
fitting a smooth spline directly in the z-space difficult and can lead to substantial estimation
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errors, particularly for large and small z. By contrast, in the (log z)-space, Gaussian noise is
added to uw and thus the points are more compactly distributed, making the spline easier to
fit. Therefore, for relatively large values of o (e.g., o > 0.3), it is preferable to use Tweedie’s
formula based on the BM model rather than the GBM model for empirical Bayes estimation.
On the other hand, for small ¢ (e.g., 0 < o < 0.3), both BM and GBM models perform
adequately. When o is very large (e.g., 0 > 2), both models yield poor estimates for both
large and small z values due to the high noise variance.

APPENDIX B. EXPERIMENTAL DETAILS

This section provides implementation details of the experiments reported in Section
Our score networks are parameterized using a U-Net architecture [59] with approximately 1
million parameters, adapted from the implementation available at https://colab.research.
google.com/drive/120kYYBOValiOTD85R j1EKF jaWDxSFUx37usp=sharing. For training, we
employ the Adam optimizer with a learning rate of 1 x 10™%, along with an exponential
moving average with a decay rate of 0.9999.

For the MNIST image generation in Section [4.1.1] we choose the model parameters:

e o(t) = 0.01 + 1.99t32 u(t) = o(t)?/2, T = 1, a = 1.5, and b = 0.5 for GBM
(Figure [1D));

e o(t)=25', T=1,a=0,and b =1 for VE (Figure ;

e a(t) = 0.06 +4.95t, u(t) =1, T =1, a = 0.5, and b = 1.5 for the CIR process
(Figure [Ld));

e a(t) =0.054+995, T =1,a =0, and b =1 for VP (Figure [Lé]).

Samples are generated by the Euler—-Maruyama scheme with 1000 uniform denoising steps.
For the financial data generation in Section we choose:

e o(t) = 0.001 + 1.999¢t, u(t) = o(t)?/2 — 0.25, and T' = 1 for GBM (Figure [2al);
e at) =0.05+ 1.575¢ and T =1 for VP (Figure [2b).

Samples are generated by Euler—Maruyama with 500 uniform denoising steps.
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