
Academic Editor: Steve Drekic

Received: 10 August 2026

Revised: 31 August 2026

Accepted: 3 September 2026

Published: 10 September 2026

Copyright: © 2026 by the author.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

Finite and Infinite Weighted Exchangeable Sequences
Wenpin Tang

Department of Industrial Engineering and Operations Research, Columbia University, New York, NY 10027, USA;
wt2319@columbia.edu

Abstract

Motivated by recent interest in predictive inference under distribution shifts, we study
the problem of approximating finite weighted exchangeable sequences by a mixture of
finite sequences with independent terms. Two different approaches are developed: a
combinatorial approach and a probabilistic approach. Various bounds are derived in terms
of weight functions, extending previous results on finite exchangeable sequences. As a
byproduct, we obtain a version of de Finetti’s theorem for infinite weighted exchangeable
sequences, recovering an instance of Barber, Candes, Ramdas and Tibshirani 1 (Bernoulli,
30 (2024), pp. 3004–3028) in the Polish space with bounded and continuous weights.
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1. Introduction
Exchangeability is a fundamental concept in probability theory and statistics, alongside

the notion of independent and identically distributed (i.i.d.) random objects. It features
a variety of research topics, including exchangeable random graphs and networks [1–3],
random walk with exchangeable increments [4,5], exchangeable random partitions and
clustering [6,7], and Bayesian inference [8–10], to name just a few. Perhaps the best known
result is de Finetti’s representation of an infinite exchangeable binary sequence [11]: an
exchangeable sequence X1, X2, . . . ∈ {0, 1} can be constructed by

sample p ∼ µ, then draw X1, X2, . . . i.i.d.∼ Bernoulli(p),

for some distribution µ on [0, 1]. In other words, any infinite exchangeable binary sequence
is a mixture of i.i.d. Bernoulli sequences. The result was extended by Hewitt and Savage [12]
to a general space X . See [13,14] for a comprehensive review on the topic of exchangeability.

Recently, refs. [15–17] proposed the notion of weighted exchangeability to deal with
covariate shifts in predictive inference. Roughly speaking, the sequence X1, . . . , Xn on X is
weighted exchangeable with respect to the weight functions λ1, . . . , λn if the probability
mass/density function fn (if X is discrete/continuous) can be factorized as:

fn(x1, . . . , xn) =

(
n

∏
i=1

λi(xi)

)
gn(x1, . . . , xn), (1)

where gn : X n → (0, ∞) is symmetric, i.e., gn(x1, . . . , xn) = gn(xσ(1), . . . , xσ(n)). For
instance, if λi ≡ 1, then we are in the exchangeable setting. The form (1) also appeared
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in the context of extremal families of a statistical model, where X = {0, 1} [18]. See
Definition 1 for details, and an (obvious) extension to infinite sequences.

Among many possible questions on weighted exchangeability, a natural first one is
whether there is a de Finetti-like theorem for weighted exchangeable sequences. That is,
can a weighted exchangeable sequence be represented or approximated by a mixture of
weighted i.i.d. (i.e., independent but not necessarily identically distributed) sequences?
Intuitively, the weight functions λ1, λ2, . . . should play a role in the answer to this question.

• In [18], it was proved that for X = {0, 1}, de Finetti’s theorem for infinite weighted
exchangeable sequences holds if and only if

∞

∑
i=1

min(λi(0), λi(1))
max(λi(0), λi(1))

= ∞. (2)

• In [15], it was shown that for a fairly general X , de Finetti’s theorem for infinite
weighted exchangeable sequences holds if

∞

∑
i=1

r̃i = ∞, where r̃i :=
infX λi(x)/λ∗(x)
supX λi(x)/λ∗(x)

, (3)

for a reference weight λ∗. It is unknown whether the condition (3) is necessary except
when X = {0, 1}.

The proofs in [15] rely heavily on measure-theoretic machinery, and that paper also
explores the connection between different concepts, including the weighted de Finetti
property, the weighted zero-one law (see also [19]), and the weighted law of large numbers.

This paper aims to provide a “quantitative” approach to de Finetti’s representation of
weighted exchangeable sequences, and the perspective is different from that of [15,18]. To
this end, we consider finite weighted exchangeable sequences in the spirit of Diaconis and
Freedman [20]. See also [21,22] for the theory of finite exchangeability. It is known that a fi-
nite (weighted) exchangeable sequence is not a mixture of finite (weighted) i.i.d. sequences,
and the goal is to understand how close the former can be approximated by the latter.
We will establish various estimates of the difference between sampling with and without
replacement, and show how they can be used to derive bounds in terms of the weight func-
tions. Two different approaches will be developed: one is purely combinatorial, involving
the oscillation of the likelihood ratio between sampling with and without replacement, and
the other is probabilistically based on a thinning argument and stochastic comparisons. As
a corollary, we obtain a version of de Finetti’s theorem for infinite weighted exchangeable
sequences by taking limits. As we will see, the probabilistic bound is sharper than the com-
binatorial one in most cases. We also present the combinatorial argument for pedagogical
purposes, as a direct generalization of the Diaconis–Freedman approach. We point out that
the problem of quantifying the approximation of finite weighted exchangeable sequences
by a mixture of weighted i.i.d. sequences is of interest in its own right.

The remainder of the paper is organized as follows. In Section 2, we provide back-
ground on weighted exchangeability. We develop the combinatorial approach to the
weighted de Finetti results in Section 3, and the probabilistic approach is presented in
Section 4. Concluding remarks are given in Section 5.

2. Background of Weighted Exchangeability
Throughout this paper, we consider random variables on a Polish space X , equipped

with the Borel σ-algebra B = B(X ). Furthermore, define X n and X∞ to be the n-fold
and countably infinite product spaces, with respective Borel σ-algebras Bn = B(X )n and
B∞ = B(X )∞. Denote by Λ the set of measurable functions X to (0, ∞), and Λn and
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Λ∞ the corresponding n-fold and countably infinite product spaces. Let Sn be the set of
permutations on [n] := {1, . . . , n}, and for σ ∈ Sn, we denote σ[i, j] := (σ(i), . . . , σ(j)) for
1 ≤ i ≤ j ≤ n.

Below, we define the notion of weighted exchangeability for a sequence of random
variables.

Definition 1 ([15,17]).

1. (Finite weighted exchangeability). Let n be a positive integer, and Pn be the distribution of
(X1, . . . Xn) ∈ X n. We say that Pn is weighted exchangeable if there is λ = (λ1, . . . , λn) ∈
Λn such that the measure Pn, defined by

Pn(B) =
∫

B

dPn(x1, . . . , xn)

∏n
i=1 λi(xi)

, for B ∈ Bn, (4)

is an exchangeable probability measure. The sequence (X1, . . . Xn) or the distribution Pn is
called λ-exchangeable.

2. (Infinite weighted exchangeability). Let P be the distribution of (X1, X2, . . .) ∈ X∞, and Pn

be the marginal measure of P on (X n,Bn) defined by Pn(B) := P(B × X × X × . . .) for
B ∈ Bn. We say that P is weighted exchangeable if there is λ = (λ1, λ2, . . .) ∈ Λ∞ such that
for each n ≥ 1, the distribution Pn is λn-exchangeable, where λn := (λ1, . . . , λn) ∈ Λn. The
sequence (X1, X2, . . .), or the distribution P, is called λ-exchangeable.

Let us make a few remarks. First, Definition 1 is a slight adaptation of [15] (Definitions
3 and 4), where the notion of weighted exchangeability is defined for general measures
in the following obvious way. A measure Qn on (X n,Bn) is called λ-exchangeable if the
measure Qn, defined by

Qn(B) =
∫

B

dQn(x1, . . . , xn)

∏n
i=1 λi(xi)

, for B ∈ Bn,

is exchangeable in the sense that Qn(B1 × . . . × Bn) = Qn(Bσ(1) × . . . × Bσ(n)) for any
B1, . . . , Bn ∈ B and any permutation σ ∈ Sn. Similarly, a measure Q on (X∞,B∞) is
λ-exchangeable if for each n, its marginal measure Qn is λn-exchangeable. Here, we focus
on weighted exchangeable probability measures, which are useful for practical purposes.
Most results can be easily extended to finite measures.

Second, the key ingredient (4) in the definition of weighted exchangeability is basically
the factorization (1). In other words, weighted exchangeable sequences can be viewed as a
change in measure of exchangeable sequences, with separable Radon–Nikodym derivatives.

Finally, the weights λ are not unique for a weighted exchangeable sequence.
For instance, consider (X1, X2) with density f (x1, x2) = x1x2 on [0, 1]2. Note that
x1x2 = x1 · x2 · 1 = 1 · 1 · x1x2, so (X1, X2) is λ-exchangeable with λ1(x) = λ2(x) ≡ 1 or
λ1(x) = λ2(x) = x. For λ ∈ Λn and θ = (θ1, . . . , θn) ∈ (0, ∞)n, define λθ := θ · λ =

(θ1λ1, . . . , θnλn). Obviously, if Pn is λ-exchangeable, then Pn is λθ-exchangeable provided
∏n

i=1 θi = 1. Thus, the notion of λ-exchangeability is defined up to equivalence classes on λ.
To illustrate, consider the three-point space X = {a, b, c} and the probability mass function:

p(x1, x2) ∝ λ1(x1)λ2(x2) on X 2,

where (λ1(a), λ1(b), λ1(c)) = (1, 2, 3) and (λ2(a), λ2(b), λ2(c)) = (3, 2, 1). Clearly, this
probability distribution is (λ1, λ2)-exchangeable. The same distribution is also (λ′

1, λ′
2)-

exchangeable, where (λ1(a), λ1(b), λ1(c)) = (2, 4, 6) and (λ2(a), λ2(b), λ2(c)) = ( 3
2 , 1, 1

2 ),
by taking θ = (2, 1

2 ), so λ′
1(x1)λ

′
2(x2) = λ1(x1)λ2(x2).
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For a probability measure µ on X , let Tiµ(dx) ∝ λi(x)µ(dx). We say that a probability
measure Q on X is a (λ-)mixture of weighted i.i.d. if

Q =
∫
P(X )

n⊗
i=1

Tiµ Π(dµ), (5)

for some probability measure Π on P(X ). The definition extends to infinite sequences
whenever the probability measures Tiµ are well defined. Here, we use the terminology
“weighted i.i.d.” following [15]. It refers to independent coordinates obtained by applying
the coordinate-dependent tilts Ti to a common base distribution µ, and does not mean that
the resulting coordinates are identically distributed.

De Finetti’s theorem states that any infinite exchangeable sequence is a mixture of i.i.d.
sequences (sampling with replacement); see [13] (Section 3) and [14] (Theorem 1.1). A finite
exchangeable sequence needs not be a mixture of i.i.d. sequences; instead it is a mixture of
urn sequences (sampling without replacement); see [14] (Proposition 1.8) and [20]. Recall
that an element in a convex set is called extreme if it cannot be expressed as a strict mixture
of the elements in the set. The following proposition records some useful results on finite
weighted exchangeable sequences.

Proposition 1. Let λ ∈ Λn, and (X1, . . . , Xn) ∈ X n be λ-exchangeable.

1. The conditional distribution of (X1, . . . , Xn) given the empirical measure P̂n := 1
n ∑n

i=1 δXi

(or its possibly repeated values UX := {X1, . . . , Xn}) is

(X1, . . . , Xn | P̂n)
d
= ∑

σ

∏n
i=1 λi(Xσ(i))

∑σ ∏n
i=1 λi(Xσ(i))

δXσ(1),...,Xσ(n)
, (6)

where σ ∈ Sn and the sum is over all permutations in Sn. Denote by PUX ,n the conditional
distribution given by (6).

2. The set of λ-exchangeable sequences is convex, and each extreme λ-exchangeable distribution is
of form (6) for some non-random empirical measure 1

n ∑n
i=1 δxi . Consequently, the distribution

of (X1, . . . , Xn) is a unique mixture of extreme points:

Pn(·) =
∫

PUx ,n(·)Π(dUx), (7)

for a probability measure Π on the space of multisets.

Proof. (1) It was proved in [15] (Proposition 6) that the conditional (marginal) distribution
of Xi given 1

n ∑n
i=1 δXi is

(Xi | P̂n)
d
=

n

∑
j=1

∑σ(i)=j ∏n
i=1 λi(Xσ(i))

∑σ ∏n
i=1 λi(Xσ(i))

δXj , (8)

and the Formula (6) is an easy extension that can be read from the proof. Furthermore,
note that the joint distribution (6) is consistent with (8) by summing over all permutations
σ ∈ Sn with σ(i) = j.

(2) The fact that the set of λ-exchangeable distributions is convex is straightforward
from Definition 1; see [15] (Proposition 2). The characterization of extreme λ-exchangeable
distributions follows from the general machinery as in [14] (Proposition 1.4 and 1.8).

Several remarks are necessary.
First, it is clear from Formula (6) that the conditional distribution of (X1, . . . , Xk) for

k ≤ n given 1
n ∑n

i=1 δXi is

https://doi.org/10.3390/math14183291

https://doi.org/10.3390/math14183291


Mathematics 2026, 14, 3291 5 of 15

(X1, . . . , Xk | P̂n)

d
= ∑

j1,...,jk

∑σ(1)=j1,...,σ(k)=jk ∏n
i=1 λi(Xσ(i))

∑σ ∏n
i=1 λi(Xσ(i))

δXj1
,...,Xjk

,

d
= ∑

j1,...,jk

(
k

∏
i=1

λi(Xji )

)
∑σ[k+1,n]=[n]\{j1,...,jk} ∏n

i=k+1 λi(Xσ(i))

∑σ ∏n
i=1 λi(Xσ(i))

δXj1
,...,Xjk

,

(9)

where j1, . . . , jk take k distinct values from [n], and σ[k + 1, n] = [n] \ {j1, . . . , jk} as sets.
Denote by PUX ,k the conditional distribution in (9). There are (n)k := n!/(n − k)! terms in
the sum ∑j1,...,jk , and (n− k)! terms in ∑σ[k+1,n]=[n]\{j1,...,jk}. The second part of Proposition 1
implies that each extreme point of the k-marginal λ-exchangeable distributions is of form
PUx ,k for some non-random 1

n ∑n
i=1 δxi . This way, the Formula (9) will be very useful in

deriving an error bound between the distribution of (X1, . . . , Xk) and its closest mixture of
i.i.d. sequences.

Second, if λi ≡ 1 for all i (exchangeable), then the Formulas (6) and (9) specialize to

(X1, . . . , Xk | P̂n)
d
=

1
(n)k

∑
j1,...,jk

δXj1
,...,Xjk

, k ≤ n, (10)

which is exactly sampling without replacement from the “urn” UX . So (X1, . . . , Xn) given
the urn UX can be sampled sequentially: pick Xj1 uniformly at random from UX , and pick
Xj2 uniformly at random from UX \ {Xj1}, and so on. However, for general weights λ, there
does not seem to be an easy way to sample (X1, . . . , Xn) from UX .

Finally, the extreme points of k-marginal exchangeable distributions can be made
explicit. By [23] (Theorem 4.5), each extreme point is of the form

nk

(n)k
P̂⊗

n + εn,k(P̂n) = P̂⊗
n +

((
nk

(n)k
− 1

)
P̂⊗

n + εn,k(P̂n)

)
, (11)

where εn,k(P̂n) is a “polynomial” involving alternating sums of pushforward and sym-

metrization of P̂n (see [23] (4.10), and also [24]). The term
(

nk

(n)k
− 1
)

P̂⊗
n + εn,k(P̂n) gives

the difference between the distribution (10) and k i.i.d. samples from the empirical measure
P̂n. It is also possible to derive a formula analogous to (11) for weighted exchangeable
distributions, but we do not pursue this here, and leave it to the readers.

3. A Combinatorial Approach
In this section, we present a combinatorial approach to approximating finite weighted

exchangeable sequences by a mixture of weighted i.i.d. (or independent but not identically
distributed) sequences. Recall that the total variation distance between two distributions
P and Q is |P − Q|TV := supA |P(A) − Q(A)| (In [20], the total variation is defined by
|P − Q|TV := 2 supA |P(A)− Q(A)|, so their bounds differ from ours by a factor of 2).

Theorem 1. Let Pn be the distribution of a λ-exchangeable sequence (X1, . . . , Xn) on X , and Pk be
the marginal distribution of (X1, . . . , Xk) for k ≤ n. Assume that

ri :=
infX λi(x)
supX λi(x)

> 0, for i ∈ [n]. (12)
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Then there exists a mixture of weighted i.i.d. distributions Qn on X n, with Qn,k the marginal
distribution on its first k coordinates such that

|Pk − Qn,k|TV ≤ k(k − 1)
2n

(
k

∏
i=1

ri

)−1

+
(∏n

i=k+1 ri)
− 1

2 − 1

(∏n
i=k+1 ri)

− 1
2 + 1

. (13)

Proof. By Proposition 1 (2), Pn is of form Pn =
∫

PUx ,nΠ(dUx), and Pk = PUx ,kΠ(dUx).
Define the probability measure QUx ,n on Ux by sampling Xi according to λi(·)

∑n
j=1 λi(xj)

, inde-

pendently for each i. So

QUx ,n = ∑
s(1),...,s(n)

(
n

∏
i=1

λi(xs(i))

∑n
j=1 λi(xj)

)
δxs(1),...,xs(n) , (14)

where the sum is over all s(1), . . . s(n) ∈ [n]. Observe that

QUx ,n =
n⊗

i=1

Ti P̂Ux , where P̂Ux =
1

|Ux| ∑
xi∈Ux

δxi ,

and hence, QUx ,n is a (λ-)weighted i.i.d. distribution. Then

Qn :=
∫

QUx ,nΠ(dUx) (15)

is a mixture of (λ-)weighted i.i.d. distributions in the sense of (5).
We have

|Pk − Qn,k|TV ≤ ess sup
Ux∼Π

|PUx ,k − QUx ,k|TV . (16)

The goal is to bound |PUx ,k − QUx ,k|TV for a given urn Ux. Note that the support of QUx ,k is
U k

x ; and the support of PUx ,k is by picking k elements without replacement from Ux, which
we denote by Ũ k

x . Importantly, PUx ,k is generally not QUx ,k conditioned on Ũ k
x .

Let q := QUx ,k(Ũ k
x ), and QS

Ux ,k := QUx ,k(· | S) for any S ⊂ U k
x . Since Ũ k

x ⊂ U k
x , we write

QUx ,k = qQŨ k
x

Ux ,k + (1 − q)Q(Ũ k
x )

c

Ux ,k .

By convexity of total variation, we obtain

|PUx ,k − QUx ,k|TV ≤ (1 − q) + q
∣∣∣∣PUx ,k − QŨ k

x
Ux ,k

∣∣∣∣
TV

≤ (1 − q) +
∣∣∣∣PUx ,k − QŨ k

x
Ux ,k

∣∣∣∣
TV

. (17)

Bounding (1 − q): Note that

1 − q = 1 − ∑
σ(1),...,σ(k)

k

∏
i=1

λi(xσ(i))

∑n
j=1 λi(xj)

=
∏k

i=1

(
∑n

j=1 λi(xj)
)
− ∑σ(1),...,σ(k) ∏k

i=1 λi(xσ(i))

∏k
i=1

(
∑n

j=1 λi(xj)
) , (18)

where the sum ∑σ(1),...,σ(k) is over all k-tuples picking without replacement from UX (or
equivalently the restriction of σ ∈ Sn to [k]). There are nk − (n)k terms in the numerator of
(18), each of which is bounded from above by ∏k

i=1 supX λi(x); and there are nk terms in
the denominator of (18), each of which is bounded from below by ∏k

i=1 infX λi(x). So
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1 − q ≤
(

k

∏
i=1

ri

)−1(
1 −

n(k)

nk

)
, (19)

where 1 − n(k)
nk is the total variation distance between sampling k elements uniformly from

[n] with and without replacement. By [25], we have 1 − n(k)
nk ≤ k(k−1)

2n , which implies

1 − q ≤ k(k − 1)
2n

(
k

∏
i=1

ri

)−1

. (20)

Bounding
∣∣∣∣PUx ,k − QŨ k

x
Ux ,k

∣∣∣∣
TV

: By (9) and (14),

dPUx ,k

dQŨ k
x

Ux ,k

∝ ∑
σ[k+1,n]=[n]\{j1,...,jk}

n

∏
i=k+1

λi(Xσ(i)) := H(j1, . . . , jk).

A standard likelihood ratio estimate gives∣∣∣∣PUx ,k − QŨ k
x

Ux ,k

∣∣∣∣
TV

≤
√

RH − 1√
RH + 1

, (21)

where RH := maxŨ k
x

H/ minŨ k
x

H is the oscillation of the likelihood ratio. Furthermore,
each term in H(j1, . . . , jk) is between Πn

i=k+1 infX λi(x) and Πn
i=k+1 supX λi(x). Thus,

RH ≤
n

∏
i=k+1

r−1
i . (22)

Combining (21) and (22) yields

∣∣∣∣PUx ,k − QŨ k
x

Ux ,k

∣∣∣∣
TV

≤
(∏n

i=k+1 ri)
− 1

2 − 1

(∏n
i=k+1 ri)

− 1
2 + 1

. (23)

Now, (17), (20) and (23) yields the bound (13).

If Pn is exchangeable (i.e., λi is constant for each i), the bound (13) reduces to the
Diaconis–Freedman bound ([14] (Proposition 1.9)) and [20] (Theorem 13), which was
shown to be sharp (see [20] (Section 4)). The bound (13) is stated for the first k coordinates
of Pn, which is easily extended to any k-subset S :

|PS − Qn,S |TV ≤ k(k − 1)
2n

(
∏
i∈S

ri

)−1

+
(∏i∈[n]\S ri)

− 1
2 − 1

(∏i∈[n]\S ri)
− 1

2 + 1
, (24)

where PS (resp. Qn,S ) is the marginal distribution of Pn (resp. Qn) on the coordinates S .
The condition (12) is required so that the bound (13) is finite. The bound (13) indicates

that the more spread the weights of λi are (or the smaller the ri ratios are), the larger
the error of approximation |Pk − Qn,k|TV may be. While we do not know if the factor
(∏k

i=1 ri)
−1 in the bound is sharp, the order of error k2/n is optimal for the exchangeable

case [20].
Next, we consider the special case where X is finite. The following result shows that a

better bound k/n can be obtained.
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Theorem 2. Assume that card(X ) = c < ∞. Let Pn be the distribution of a λ-exchangeable
sequence (X1, . . . , Xn) on X , and Pk be the marginal distribution of (X1, . . . , Xk) for k ≤ n.
Assume that (12) holds. Then there exists a mixture of weighted i.i.d. distributions Qn on X n, with
Qn,k the marginal distribution on its first k coordinates such that

|Pk − Qn,k|TV ≤ ck
n

3 − ∏k
i=1 ri

2 ∏k
i=1 ri

+
(∏n

i=k+1 ri)
− 1

2 − 1

(∏n
i=k+1 ri)

− 1
2 + 1

. (25)

Proof. We follow the notations as in the proof of Theorem 1. By (16), it suffices to bound
|PUx ,k − QUx ,k|TV . By triangle inequality and (23), we get

|PUx ,k − QUx ,k|TV ≤
∣∣∣∣PUx ,k − QŨ k

X
Ux ,k

∣∣∣∣
TV

+

∣∣∣∣QŨ k
X

Ux ,k − QUx ,k

∣∣∣∣
TV

≤
(∏n

i=k+1 ri)
− 1

2 − 1

(∏n
i=k+1 ri)

− 1
2 + 1

+

∣∣∣∣QŨ k
X

Ux ,k − QUx ,k

∣∣∣∣
TV

.
(26)

So it remains to bound
∣∣∣∣QŨ k

X
Ux ,k − QUx ,k

∣∣∣∣
TV

. Observe that

QŨ k
X

Ux ,k(dx) ∝
k

∏
i=1

λi(xi)Po,k(dx), QUx ,k(dx) ∝
k

∏
i=1

λi(xi)Qo,k(dx),

where Po,k (resp. Qo,k) denotes the k-marginal distribution of uniform sampling with-
out replacement (resp. with replacement). We need the following lemma to bound∣∣∣∣QŨ k

X
Ux ,k − QUx ,k

∣∣∣∣
TV

.

Lemma 1. Let µ, ν be two probability measures on X , and w : X → R be such that 0 < α ≤
w(x) ≤ 1 for all x. Define

µw(dx) ∝ w(x)µ(dx), νw(dx) ∝ w(x)ν(dx).

Then
|µw − νw|TV ≤ 3 − α

2α
|µ − ν|TV .

Proof. Denote by a :=
∫

w(x)µ(dx) and b :=
∫

w(x)ν(dx). We have

2|µw − νw|TV ≤ 1
a

∫
w(x)|µ(dx)− ν(dx)|+

∣∣∣∣1a − 1
b

∣∣∣∣ ∫ w(x)ν(dx)

=
1
a

∫
w(x)|µ(dx)− ν(dx)|+ |a − b|

a

≤ 2|µ − ν|TV
a

+
|a − b|

a
,

where the last inequality follows from w ≤ 1. Note that |a− b| =
∣∣∫ (w(x)− α)(µ(dx)− ν(dx))

∣∣
≤ (1 − α)|µ − ν|TV . As a result,

|µw − νw|TV ≤
(

1
a
+

1 − α

2a

)
|µ − ν|TV ≤

(
1
α
+

1 − α

2α

)
|µ − ν|TV .
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Now let us go back to the proof of Theorem 2. Applying Lemma 1 with w(x) =

∏k
i=1 λi(xi) ≥ ∏k

i=1 ri, µ = Po,k and ν = Qo,k yields:∣∣∣∣QŨ k
X

Ux ,k − QUx ,k

∣∣∣∣
TV

≤ 3 − ∏k
i=1 ri

2 ∏k
i=1 ri

|Po,k − Qo,k|TV . (27)

Assume without loss of generality that X = {1, . . . , c}. It follows from [20] (Theorem 4) that

|Po,k − Qo,k|TV ≤ ck
n

. (28)

Combining (26), (27) and (28) yields (25).
Again, if Pn is exchangeable, then the bound (25) reduces to the Diaconis–Freedman

bound ([20] (Theorem 3)), which is sharp.
As a consequence of Theorem 1, we derive a version of de Finetti’s theorem for infinite

weighted exchangeable sequences, which is an analog to the Hewitt–Savage theorem [12]
(Theorem 7.2). A stronger statement is given in Corollary 2. The only difference in the proof
is that the bound (13) is replaced with the one in Theorem 3, yielding weaker assumptions.

Corollary 1. Let P be the distribution of a λ-exchangeable sequence (X1, X2, . . .) on X∞. Assume
that λi are bounded continuous functions such that

ri :=
infX λi(x)
supX λi(x)

> 0, for i = 1, 2, . . . , and
∞

∑
i=1

(1 − ri) < ∞. (29)

Then P is a mixture of weighted i.i.d. distributions on X∞.

Proof. The proof is standard, and we provide it here for completeness. Without loss of
generality, assume that supX λi(x) = 1 for each i, so ri ≤ λi(x) ≤ 1. The assumption

∞

∑
i=1

(1 − ri) < ∞ is equivalent to
∞

∏
i=1

ri > 0.

Step 1. Fix k ≤ n. Applying Theorem 1 to the n-marginal Pn yields

|Pk − Qn,k|TV ≤ k(k − 1)
2n

(
k

∏
i=1

ri

)−1

+
(∏n

i=k+1 ri)
− 1

2 − 1

(∏n
i=k+1 ri)

− 1
2 + 1

, (30)

for Qn,k, with some mixture of weighted i.i.d. laws on X k.

Step 2. Choose k j → ∞ such that

(
∏∞

i=kj+1 ri

)− 1
2
−1(

∏∞
i=kj+1 ri

)− 1
2
+1

≤ 1
j . For each j, choose nj > k j

sufficiently large that

k j(k j − 1)
2nj

 kj

∏
i=1

ri

−1

≤ 1
j
.

By (30), there exists Qj some mixture of weighted i.i.d. laws on X kj such that

|Pkj
− Qj|TV ≤ 2/j. (31)
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Recall from (5) that Tiµ(dx) ∝ λi(x)µ(dx), and write

Qj =
∫
P(X )

⊗kj
i=1Tiµ Πj(dµ).

for some probability measure Πj on P(X ).
Step 3. We claim that {Πj} is tight on P(X ). First, let Qj,1 be the first marginal of Qj.

We have |P1 − Qj,1|TV ≤ 2/j, and hence, {Qj,1} is tight. Since r1 ≤ λ1(x) ≤ 1, we get

µ(A) ≤ 1
r1

T1µ(A) for any Borel set A. (32)

Fix ε > 0. Because {Qj,1} is tight, we can choose increasingly compact sets Kℓ ⊂ X such
that

sup
j

Qj,1(Kc
ℓ) ≤ r1ε2−2ℓ.

By (32),
∫

µ(Kc
ℓ)Πj(dµ) ≤ 1

r1
Qj,1(Kc

ℓ) ≤ ε2−2ℓ. Markov’s inequality yields Πj

{
µ : µ(Kc

ℓ) > 2−ℓ
}

≤ ε2−ℓ. Set
K := ∩ℓ≥1

{
µ : µ(Kc

ℓ) ≤ 2−ℓ
}

.

We have Πj(K) ≥ 1 − ε. Thus, K is a uniformly tight set of probability measures on X ,
and hence is closed and relatively compact in P(X ) by Prokhorov’s theorem. This implies
the tightness of {Πj}. Passing to a subsequence, Πj converges weakly to some probability
measure Π on P(X ).

Step 4. Since λi are bounded continuous functions, µ → Tiµ is weakly continuous. So
for each fixed m,

µ → ⊗m
i=1Tiµ is weakly continuous.

Fix m. We have k j ≥ m for sufficiently large j. Let Qj,k be the first k marginal of Qj, so

Qj,m =
∫
P(X )

⊗m
i=1Tiµ Πj(dµ).

By (31), we get |Pm − Qj,m|TV ≤ 2/j. Thus, Qj,m converges to Pm as j → ∞. On the other
hand, the convergence of Πj to Π and the weak continuity of µ → ⊗m

i=1Tiµ yields

Qj,m converges to
∫
P(X )

⊗m
i=1Tiµ Π(dµ).

Therefore, Pm =
∫
P(X ) ⊗

m
i=1Tiµ Π(dµ) for each m. (The map µ → ⊗m

i=1Tiµ is measur-
able, because all of its finite-dimensional marginals are continuous.) By the Kolmogorov
extension theorem, P =

∫
P(X ) ⊗

∞
i=1Tiµ Π(dµ).

As mentioned in the introduction (see (3)), ref. [15] (Theorem 6) showed that if

∞

∑
i=1

ri = ∞, (33)

then P is a mixture of weighted i.i.d. distributions. Note that the condition (29) is more
restrictive than (33). Essentially, it implies that an infinite “nearly” exchangeable sequence
is a mixture of weighted i.i.d. sequences. This calls for a sharper bound away from the
exchangeable case (especially, to bypass the second term in (13)), so that de Finetti’s repre-
sentation for infinite weighted i.i.d. sequences can be derived from finite approximations
under broader sufficient (and possibly necessary) conditions such as (3). This is the goal
of the next section. Also, the assumption that X is a Polish space may be relaxed. How-
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ever, without any topological assumptions on X , de Finetti’s theorem for exchangeable
sequences fails [26,27].

4. A Probabilistic Approach
In this section, we present a probabilistic approach to the finite weighted de Finetti

theory. We rely on a thinning argument, together with stochastic comparisons.

Theorem 3. Let Pn be the distribution of a λ-exchangeable sequence (X1, . . . , Xn) on X , and Pk be
the marginal distribution of (X1, . . . , Xk) for k ≤ n. Assume that (12) holds. Then there exists a
mixture of weighted i.i.d. distributions Qn on X n, with Qn,k the marginal distribution on its first k
coordinates such that

|Pk − Qn,k|TV ≤ Ck(r)
k − 1 + ∑n

i=k+1 ri
, (34)

where Ck(r) := ∑1≤i<j≤k max(ri, rj)
−1.

Proof. Without loss of generality, assume that supx∈X λi(x) = 1 for each i, so ri ≤ λi(x) ≤ 1.
Fix k < n, and introduce i.i.d. Uk+1, . . . , Un ∼ Unif(0, 1) independent of (X1, . . . , Xn).

Define

Bi := 1
(

Ui ≤
ri

λi(Xi)

)
for i = k + 1, . . . , n and A := {i ∈ [k + 1, n] : Bi = 1}.

We claim that conditional on A, the “retained” coordinates J := [k] ∪ A are weighted
exchangeable with weights

λ1, . . . , λk, 1, . . . , 1︸ ︷︷ ︸
card(A) times

.

Recall that Pn(dx1 · · · dxn) = (∏n
i=1 λi(xi))Pn(dx1 · · · dxn), where Pn is some exchangeable

probability measure. Fixing A ⊂ [k + 1, n], the joint distribution of X and the event
{Bi = 1(i ∈ A)} is proportional to(

k

∏
i=1

λi(xi)

)(
∏
i∈A

ri

)(
∏
i∈Jc

(λi(xi)− ri)

)
Pn(dx1 · · · dxn).

Integrating out the “rejected” coordinates Jc, the retained coordinates have the distribution
of form(

k

∏
i=1

λi(xi)

)
PA(dxJ), where PA(dxJ) :=

∫
X Jc

(
∏
i∈Jc

(λi(xi)− ri)

)
Pn(dxJ , dxJc).

Clearly, PA is symmetric in the coordinates indexed by J, and the claim follows.
The next condition is on a (deterministic) retained urn, and by Proposition 1, it suffices

to consider the corresponding extremal weighted urn distribution PUy on

Uy := {y1, . . . , yk+card(A)}.

Because all weights after the first coordinates are equal to 1, the weights are all equal,
and there are (N − k)! completions. Therefore,

PUy ,k(j1, . . . , jk) ∝
k

∏
i=1

λi(yji ), j1, . . . , jk distinct. (35)
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Define the weighted sampling-with-replacement distribution QUy ,k by choosing labels
I1, . . . , Ik ∈ [k + card(A)] independently according to

P(Ii = j) =
λi(yj)

∑
k+card(A)
ℓ=1 λi(yℓ)

, j = 1, . . . , k + card(A).

As a result,

QUy ,k(j1, . . . , jk) =
k

∏
i=1

λi(yji )

∑
k+card(A)
ℓ=1 λi(yℓ)

. (36)

So QUy ,k =
⊗k

i=1 Ti P̂Uy is a (λ-)weighted i.i.d. distribution.
From (35) and (36), we see that PUy ,k has the same distribution as QUy ,k conditioned on

{I1, . . . , Ik distinct}. Therefore,

|PUy ,k − QUy ,k|TV ≤ QUy ,k({I1, . . . , Ik distinct}c)

≤ ∑
1≤i<j≤k

P(Ii = Ij),
(37)

where the last inequality is obtained by a union bound. Note that for i < j,

P(Ii = Ij) =
∑

k+card(A)
ℓ=1 λi(yℓ)λj(yℓ)(

∑
k+card(A)
ℓ=1 λi(yℓ)

)(
∑

k+card(A)
ℓ=1 λj(yℓ)

)
≤

min
{

∑
k+card(A)
ℓ=1 λi(yℓ), ∑

k+card(A)
ℓ=1 λj(yℓ)

}
(

∑
k+card(A)
ℓ=1 λi(yℓ)

)(
∑

k+card(A)
ℓ=1 λj(yℓ)

)
≤ 1

(k + card(A))max(ri, rj)
.

(38)

It follows from (37) and (38) that

|PUy ,k − QUy ,k|TV ≤ 1
k + card(A)

Ck(r).

Averaging first over the retained-urn mixture and then over the thinning pattern yields a
mixture Qn,k of weighted i.i.d. laws such that

|Pk − Qn,k|TV ≤ Ck(r)E
(

1
k + card(A)

)
. (39)

Recall that ri
λi(Xi)

≥ ri. Define the coupling Zi := 1(Ui ≤ ri) with the same Ui, so Zi are
independent Bernoulli(ri) and Zi ≤ Bi almost certainly. Thus, card(A) ≥ ∑n

i=k+1 Zi is
almost certain, with the sum ∑n

i=k+1 Zi being Poisson binomial. Consequently,

E
(

1
k + card(A)

)
≤ E

(
1

k + ∑n
i=k+1 Zi

)

=
∫ 1

0
tk−1

n

∏
i=k+1

(1 − ri + rit) dt

≤
∫ 1

0
tk−1 exp

(
−(1 − t)

n

∑
i=k+1

ri

)
dt

≤
∫ 1

0
exp

(
−(1 − t)

(
k − 1 +

n

∑
i=k+1

ri

))
dt

=
1 − e−(k−1+∑n

i=k+1 ri )

k − 1 + ∑n
i=k+1 ri

,

(40)
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where the second equality follows from the identity 1
k+z =

∫ 1
0 tk+z−1dt and the probability-

generating function of Poisson binomial ([28] (16)), and the fourth inequality is from the
fact that t ≤ e−(1−t) for 0 ≤ t ≤ 1. Combining (39) and (40) yields (34).

The key to Theorem 3 is the probabilistic bound (39). If Pn is exchangeable, then this
bound reduces to the Diaconis–Freedman bound k(k−1)

2n . This is slightly stronger than the

bound k(k−1)
2(n−1) in (34), and the loss comes from the last two inequalities in (40).

Now let us compare the bounds obtained from the two approaches in Sections 3 and 4.
Neither bound uniformly dominates the other.

• The bound (34) is typically sharper away from the exchangeable regime. Indeed,

(34) ≤ k(k − 1)
2 mini≤k ri

(
k − 1 + ∑n

i=k+1 ri
) ,

which is of order k2

n if the ri are uniformly bounded away from zero. In contrast,
the second term in (13) can be close to one when ∏n

i=k+1 ri is small, even though
∑n

i=k+1 ri is large. For instance, if n = 10, k = 2 and ri = 0.9 for all i, then

(13) ≈ 0.3311, (34) ≈ 0.1355.

• The bound (13) is advantageous when the weights are very close to one. For instance,
if n = 10, k = 2, and ri = 0.995 for all i, then

(13) ≈ 0.1110, (34) ≈ 0.1122.

In short, the probabilistic bound (34) is sharper over a broad range of non-exchangeable
weights, whereas the combinatorial bound (13) retains an advantage in the nearly exchange-
able regime.

Finally, following the same argument in Corollary 1 (from Theorem 1), we get the
weighted de Finetti theorem under the weaker assumption ∑∞

i=1 ri = ∞. Under the addi-
tional assumptions imposed here, i.e., X is Polish and the weights λi are bounded and
continuous, this recovers an instance of [15] (Theorem 6), corresponding to the choice
λ∗ ≡ 1 in the sufficient condition therein (see (3)).

Corollary 2. Let P be the distribution of a λ-exchangeable sequence (X1, X2, . . .) on X∞. Assume
that λi are bounded continuous functions such that

ri :=
infX λi(x)
supX λi(x)

> 0, for i = 1, 2, . . . , and
∞

∑
i=1

ri = ∞. (41)

Then P is a mixture of weighted i.i.d. distributions on X∞.

5. Conclusions
This paper developed two quantitative approaches to finite weighted exchangeabil-

ity. The combinatorial approach extends the classical Diaconis–Freedman argument by
comparing weighted sampling with and without replacement through a likelihood-ratio
estimate. The probabilistic approach uses a thinning construction to reduce the problem to
an urn with unweighted tail coordinates. The resulting bounds have different strengths.
The combinatorial bound can be sharper in the nearly exchangeable case, and recovers
the sharp Diaconis–Freedman bound for exchangeable sequences. Away from this regime,
however, the probabilistic bound is typically sharper: it depends on the tail weights through
∑n

i=k+1 ri, rather than through the product ∏n
i=k+1 ri. In particular, the probabilistic bound
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yields, by passing to the limit, a weighted de Finetti representation under the condition
∑∞

i=1 ri = ∞, subject to some regularity assumptions.
There are several directions to extend this work. First, the sharp dependence of

the finite approximation bounds on the weights is not fully understood. For instance, it
would be interesting to know whether the factors (∏k

i=1 ri)
−1 in (13) and Ck(r) in (34) are

optimal. Second, for infinite weighted exchangeable sequences, the condition ∑∞
i=1 ri = ∞

(in Corollary 2) is known to be sufficient [15], but its necessity remains open for general
X . Understanding whether this condition, or its more general formulation involving
a reference weight, is necessary appears to be a foundational question in the theory of
weighted exchangeability. Finally, since weighted exchangeability was motivated in part
by distribution shift and conformal prediction, it would be interesting to translate the finite
approximation bounds obtained here into quantitative guarantees for predictive inference
with finite calibration samples.
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