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We study Merton’s expected utility maximization problem in an incomplete market, characterized by a

factor process in addition to the stock price process, where all the model primitives are unknown. The agent

under consideration is a price taker who has access only to the stock and factor value processes and the

instantaneous volatility. We propose an auxiliary problem in which the agent can invoke policy randomization

according to a specific class of Gaussian distributions, and prove that the mean of its optimal Gaussian

policy solves the original Merton problem. With randomized policies, we are in the realm of continuous-time

reinforcement learning (RL) recently developed in Wang et al. (2020) and Jia and Zhou (2022a,b, 2023),

enabling us to solve the auxiliary problem in a data-driven way without having to estimate the model

primitives. Specifically, we establish a policy improvement theorem based on which we design both online

and offline actor–critic RL algorithms for learning Merton’s strategies. A key insight from this study is that

RL in general and policy randomization in particular are useful beyond the purpose for exploration – they

can be employed as a technical tool to solve a problem that cannot be otherwise solved by mere deterministic

policies. At last, we carry out both simulation and empirical studies in a stochastic volatility environment

to demonstrate the decisive outperformance of the devised RL algorithms in comparison to the conventional

model-based, plug-in method.

Key words : Merton’s problem; incomplete market; randomized policy; reinforcement learning; policy

evaluation; policy improvement; actor–critic learning

1. Introduction

Merton’s expected utility maximization model (Merton, 1969) and its subsequent rich variants

are central to continuous-time finance. The traditional paradigm for applying the Merton models

1



Dai et al.: Data-Driven Merton’s Strategies via Policy Randomization
2

to practice follows the so-called “separation principle” (separation between estimation and opti-

mization), also known as the “plug-in” method. Starting from a basic stock price model – be it

the simplest Black–Scholes, a stochastic volatility model, or a jump-diffusion – an econometrician

estimates the model parameters/primitives from historical data using statistical or machine learn-

ing methods and then passes on to an (optimization) theorist. The latter plugs in the estimated

values to the resulting stochastic control problem and solves it (rarely) analytically or (commonly)

numerically via solving Pontryagin’s maximum principle conditions or Hamilton–Jacobi–Bellman

(HJB) partial differential equations (PDEs). The endeavors of the econometrician and the theorist

are thus separated: The former deals with estimation only, and the latter takes the estimated model

as given and focuses on optimization. Had an infinite amount of data been available, this division

of labor might work – suitable statistical/econometric methods ensure that reasonable correctness

of the model can be validated and the primitives be estimated to the highest accuracy possible.

However, in the context of financial markets and asset returns, it has been well documented that

accurate estimates of certain parameters – predominantly the expected return – require an amount

of data far beyond the history of financial markets (Merton, 1980; Luenberger, 1998). Even worse,

a market is most likely non-stationary, defeating the stationarity assumption usually required by

those econometric methods. Furthermore, Merton’s strategies, if computable, are typically very

sensitive to model primitives. As a result, estimation errors may amply propagate to the theorist’s

final solutions, rendering them irrelevant to practice.

By contrast, the modern reinforcement learning (RL) paradigm takes a conceptually and fun-

damentally different approach.1 It still begins with a basic structural model underlying the data-

generating process (e.g., a Markov chain or a diffusion process), but it does not assume the model

parameters to be given and known, nor does it attempt to estimate them. Instead, RL tries to

learn optimal policies or strategies directly, via first parameterizing a policy and then updating

(learning) its parameters iteratively to improve the policy until optimality or near-optimality is

achieved. The approach accomplishes this typically in three steps: 1) strategically exploring the

unknown environment (e.g., a market) by trial-and-error: randomly experimenting different choices

according to some carefully designed probability distribution (called a randomized or stochastic

policy) and observing the responses (called reward or reinforcement signals) from the environment;

2) learning the value function of that stochastic policy based on the reward signals; and 3) improv-

ing the stochastic policy based on the learned value function. These steps are called respectively

exploration, policy evaluation, and policy improvement, and the resulting algorithms are referred

to as the actor (policy)–critic (value function) type in RL. So RL is end-to-end, model-free and

1 RL has been predominantly studied for discrete-time Markov decision processes (MDPs); see, e.g., Sutton and Barto
(2011) for a systematic account.
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data-driven: It maps data to decision policies, skipping the middle step of estimating model prim-

itives.2

The primary goal of randomized/stochastic policies is for exploration: randomization broadens

search space and enables observation of counterfactual outcomes of alternative choices (that other-

wise would have never been tried by non-randomized, deterministic policies) to better understand

the interactions between actions and environment. However, this goal seems to be irrelevant to

the Merton problem when the investor is a small investor (i.e., a price taker). As stock prices are

exogenous to the small investor, he can compute the return of any portfolio without actually pur-

chasing it (e.g., using a “paper portfolio”). Therefore, there appear to be no informational benefits

to adopting stochastic policies or the RL approach for such a small investor.

This paper aims to argue otherwise and show how RL can still be used to solve Merton’s problem

efficiently and effectively in a model-free, data-driven way, even for small investors. Indeed, we

construct an auxiliary problem that allows for a special class of stochastic policies – Gaussian

policies to be specific with a particular variance function – to relax the original Merton problem.

The problem is inspired by the stochastic relax control formulation first proposed by Wang et al.

(2020) for continuous-time RL. We then prove that the mean of the optimal Gaussian policy to

the auxiliary problem is the optimal policy to the original Merton problem. This in turn justifies

and demonstrates the significance of this auxiliary problem and, by extension, the randomized

approach. More importantly, once stochastic policies are engaged, we are then in the realm of RL

and able to develop RL algorithms based on the general theory and algorithms established in Jia

and Zhou (2022a,b, 2023) to solve the constructed auxiliary problem with Gaussian policies. In

particular, we design an algorithm tailor made for the Merton problem with power utility functions

by leveraging its homothetic properties to enhance efficiency. We prove the convergence of the

proposed algorithm in the Black–Scholes market with the “optimal” convergence rate typical in the

literature. Interestingly, we show that stochastic policies are indeed necessary for our algorithms to

work because these algorithms do not update any deterministic policies. Intuitively, as stochastic

policies degenerate into a point mass (a deterministic policy), the variance of the reinforcement

signal becomes so large that it no longer guides any policy improvement.

Next, using a special stochastic volatility model considered in Liu (2007), we further demonstrate

why RL is preferable over the plug-in method even if the model class is correctly specified (but

whose coefficients are unknown). Other than the challenge in statistically estimating some of the

2 Throughout this paper, by “model-free” we mean that we do not have access to the model primitives, although – as
mentioned earlier – we do have a basic structural model such as a diffusion process as in this paper. By “data-driven”
we mean that policies are learned by observable/computable data – both exogenous and endogenous – such as stock
price and volatility processes as in this paper.
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model primitives as discussed earlier, this model showcases another important yet subtle difficulty

when applying the plug-in method: the forms of the model-based optimal policies may drastically

depend on the constellations of the model primitives and some of them may be practically insensible

or infeasible, yet a statistical method is typically unable to take those parameter constraints into

consideration when estimating them. In other words, statistical methods focus on estimating the

model without necessarily considering its implications on the subsequent decision-making step. As

a result, model estimation errors can propagate to policy errors in a profound way. By contrast, the

RL approach starts with a reasonable structure of policies and improves them within that class,

thereby avoiding the issue.

Finally, we report and discuss the results of both simulation and empirical studies comparing

the performances of our RL algorithms with those of the classical plug-in method and a näıve

buy-and-hold strategy. We find that the RL methods exhibit a clear and consistent advantage in

terms of robustness and all-round performance.

Related Literature

The original Merton problem (Merton, 1969) is under a Black–Scholes market setting. Subsequent

studies involve more general and richer market models, e.g., ones in which instantaneous mean

return and/or volatility are driven by additional random sources. The corresponding Merton prob-

lem has been studied in, to name but a few, Wachter (2002); Chacko and Viceira (2005); Liu (2007).

The literature on the Merton problem has been primarily from the perspective of an economic

agent who, having already had access to a correct market model, focuses on solving the portfolio

selection problem and provides insights into how different market conditions affect optimal portfo-

lio choices and asset prices. There are papers addressing the agent’s incomplete information on the

expected stock returns, and they either assume that the agent conducts Bayesian learning (e.g.,

Gennotte 1986; Pástor 2000; Cvitanić et al. 2006; Andrei and Hasler 2015), or take a robust con-

trol approach to consider the worst scenario among a model class (e.g., Hansen and Sargent 2001;

Maenhout 2004; Hansen et al. 2006). However, the former Bayesian approach has been restricted

to simple models to keep the Bayesian updating tractable for analysis and computation, and the

latter robust approach crucially relies on specifying a class of models while the model uncertainty is

not endogenously determined.3 To our best knowledge, no paper systematically studies the Merton

problem for an investor with minimum knowledge about a “model” who learns optimal choice in

both offline and online settings. The present paper aims to fill this void – it tackles the problem in

an incomplete market by developing interpretable and efficient algorithms that learn the optimal

policy without knowing or trying to estimate the market specifications.

3 Epstein and Schneider (2007) discuss how to incorporate learning into model ambiguity, but the analysis is not
tractable for complex models if the Bayesian posterior is not explicitly available.
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This paper relates to a strand of literature on machine learning for financial decision making,

especially its applications to dynamic portfolio choice. Gao and Chan (2000) and Jin and El-Saawy

(2016) formulate a Merton problem as a discrete-time MDP that allows only a finite number

of decisions. They apply Q-learning algorithms with portfolio return as a reward with/without

adjusting for risk. In contrast, we consider continuous-time and continuous state–action spaces to

reflect more realistic trading patterns including high-frequency transactions and allocation of an

arbitrary percentage of total wealth to risky assets.4 There have been also attempts to employ deep

neural networks to solve MDPs with continuous state–action spaces or stochastic control problems;

see, e.g., Han and E (2016); Bachouch et al. (2021), and Duarte et al. (2024). However, these papers

assume the models are completely known and apply neural networks only as a computational tool

to solve the respective optimization problems. As such, their approaches are alternatives to the

traditional simulation or PDE-based numerical methods, instead of providing end-to-end solutions

that map data to decisions. On the other hand, there are works that directly learn deterministic

trading policies via the so-called “empirical risk minimization (ERM)”; see, for example, Guijarro-

Ordonez et al. (2021) for the one-period mean–variance model and Buehler et al. (2019) for dynamic

hedging. However, ERM can only do offline learning as it inherently requires the data in the whole

time horizon while our method permits both online and offline learning. Moreover, Reppen and

Soner (2023) demonstrate that ERM tends to perform poorly with limited data sets and exhibits

desired convergence only with sufficiently large data sets. In the present paper, we will also show

(in Appendix B) that our RL algorithms perform better than ERM when the sample size is small.

In recent years, there has been an upsurge of interest in continuous-time RL with continuous state

and action spaces, not only because many practical problems are continuous time by nature (e.g.,

autonomous driving, robot navigation, and ultra-high-frequency trading) but also because more

analytical tools are available in the continuous setting for developing a rigorous theory. Works by

Wang et al. (2020); Jia and Zhou (2022a,b, 2023) lay the theoretical foundation for the formulation

and algorithm design for continuous-time RL. A central underpinning of this series of research is

the martingality: the learning/updating of the parameters of both the actor and the critic is guided

by maintaining the martingality for various stochastic processes. Applications of these general

results include, to name just a few, Wang and Zhou (2020) for continuous-time mean–variance

pre-committed portfolio choice, Dai et al. (2023) for mean–variance equilibrium policies, Wang

et al. (2023) for liquidation and execution, and Guo et al. (2022) for mean-field games. However,

they have been largely restricted to the class of linear–quadratic problems. The present paper is

the first to apply continuous-time RL to utility-based portfolio selection.

4 For ease of presentation, in this paper, we consider a market with only one risky asset (e.g., a market index fund),
but our method can be readily generalized to multiple assets.



Dai et al.: Data-Driven Merton’s Strategies via Policy Randomization
6

The rest of the paper is organized as follows. Section 2 introduces the model-free Merton problem

as well as an auxiliary problem with stochastic policies. In Section 3 we conduct a theoretical

analysis including the connection between the original problem and the auxiliary one, based on

which we present both online and offline RL algorithms to learn the optimal policy. We also prove

convergence of the offline algorithm for the special Black–Scholes setting. Next, we use a class of

stochastic volatility models to illustrate the benefits of the RL methods in Section 4. A simulation

study and an empirical analysis are presented in Section 5. Finally, Section 6 concludes. All the

proofs and additional results/discussions are placed in the appendix.5

2. Problem Formulation

Throughout this paper, with a slight abuse of notation, we use either Z or Zt to refer to a stochastic

process Z :“ tZtutPr0,T s, while Zt may also refer to the value of the process at time t if it is clear from

the context. We use fp¨q or f to denote a function, and fpxq to denote the value of the function f

at x. For a function f with arguments pt,w,xq, we use Bf
Bt

, fw, fx, fww, fwx, fxx to denote its first-

and second-order partial derivatives with respect to the arguments. We use bold-faced π to denote

various probability-density-function valued portfolio controls or policies, and π « 3.14 and e« 2.72

to denote the respective mathematical constants. For a probability density function π on R, we

denote its mean and variance by Meanpπq “
ş

R aπpaqda and Varpπq “
ş

R a
2πpaqda ´ Meanpπq2,

respectively. Finally, we denote by N pa, b2q the density function of a normal distribution with mean

a and variance b2, with N pa,0q specializing to the Dirac mass at point a.

2.1. Market Environment and Investment Objective

There are two assets available for investment in a market: a risk-free asset (bond) with a constant

interest rate r and a stock (or market index). The stock price process is observable, whose dynamic

is governed by the following stochastic differential equation (SDE):

dSt
St

“ µpt,Xtqdt`σpt,XtqdBt, S0 “ s0, (1)

where B is a scalar-valued Brownian motion, and the instantaneous return rate process µt ” µpt,Xtq

and volatility process σt ” σpt,Xtq both depend on another observable stochastic market factor

process X. We assume that X follows SDE:

dXt “mpt,Xtqdt` νpt,XtqrρdBt `
a

1 ´ ρ2dB̃ts, X0 “ x0, (2)

where B̃ is another (scalar-valued) Brownian motion independent of B, and ρ P p´1,1q is a constant

that determines the correlation between the stock return and the change in the market factor. So

5 The code to reproduce the numerical results in this paper is available at https://www.dropbox.com/scl/fo/

onrln1ggs3vl46aclgno9/AMFr2VV2U1mQRNSScVyi300?rlkey=t55jyru3y9u9xttzncpbsorpy&st=fj6csbtu&dl=0
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the market is in general incomplete. We only consider the Markovian model, i.e., µp¨, ¨q, σp¨, ¨q,

mp¨, ¨q, and νp¨, ¨q are deterministic and continuous functions of t and x such that equations (1)–(2)

have a unique weak solution.

This market setup is similar to that of Dai et al. (2021), which covers many popular and incom-

plete market models as special cases, e.g., the Gaussian mean return model and the stochastic

volatility model studied in Wachter (2002), Liu (2007), and Chacko and Viceira (2005) among

others.

A (small) investor’s actions are modeled as a scalar-valued adapted process a“ tatutPr0,T q, with

at representing the fraction of total wealth invested in the stock at time t. The corresponding

self-financing wealth process W a then follows the SDE:

dW a
t

W a
t

“ at
dSt
St

` p1 ´ atqrdt“ rr` pµpt,Xtq ´ rqatsdt`σpt,XtqatdBt, W a
0 “w0. (3)

Note that the solvency constraint W a
t ě 0 a.s., for all t P r0, T s, is satisfied automatically for any

square integrable a. The Merton investment problem is to choose a to maximize the following

expected utility of the terminal wealth:

E rUpW a
T qs , (4)

where W a
T is defined by (2)-(3) and Up¨q is a utility function.

We focus on the constant relative risk aversion (CRRA) utility function in the main body of this

paper, i.e., Upwq “ w1´γ
´1

1´γ
, where 1 ‰ γ ą 0 is the relative risk aversion coefficient.6

2.2. Agent’s Knowledge and Randomized Choices

The classical Merton problem is model-based, namely, all the model primitives are assumed to be

known and given, and the problem is typically solved by dynamic programming and HJB equations,

leading to a deterministic optimal (feedback) policy.

In this paper, however, we consider an agent who does not have knowledge about the market

environment up to the diffusion structure presented in the previous subsection and is unable to

form a proper prior on each model within the family specified in (1) and (2) or unable to do

Bayesian update of beliefs on each model. This setting is motivated by the difficulty in computing

Bayesian posterior on general functional spaces, as well as the difficulty in specifying priors.7 The

agent encounters multiple episodes of investment tasks, with the investment horizon T for each

6 When γ “ 1, the CRRA utility function becomes the logarithm function Upwq “ logw. A problem with log utility
can be regarded as a special case of the mean–variance problem for log returns in Dai et al. (2023) and Jiang et al.
(2022). Hence we restrict our attention to the case of γ ‰ 1 in this paper.

7 Even if each model is indexed by a finite-dimensional vector, it is already challenging in posterior computation
beyond the conjugate family. See more review and discussion in Green et al. (2015).
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episode. Within each episode, the time is indexed by t P r0, T s, and at time t, the past trajectories

of the stock–factor value process and the wealth–portfolio process up to time t within the current

episode can be observed. For simplicity, we assume the relative risk aversion coefficient γ is known

to the agent. Finally, for the particular approach employed in this paper we need to assume that

the volatility process Gt “ σpt,Xtq
2 is observable. This assumption is premised upon the well-

documented results that the volatility may be approximated accurately by VIX, option data, or

high-frequency observation of stock returns.8

So the agent’s task is to solve the Merton problem in a data-driven way, where data include

only stock–factor–volatility processes, the agent’s own wealth process under any given port-

folio, and the risk aversion parameter, without knowledge of the forms of market coefficients

µp¨, ¨q, σp¨, ¨q,mp¨, ¨q, νp¨, ¨q. This knowledge/information structure more accurately reflects an actual

investor’s knowledge rather than a hypothetical omniscient agent. Moreover, in reality, when faced

with an unknown environment, humans tend to do trial-and-error to test various strategies (i.e.

engage randomized policies) and learn from experience.9

Both the knowledge structure and the employment of stochastic policies are prevalent in the

general RL literature. A distinctive feature of RL compared with standard optimization or statistics

is that “data” can be endogenous and, hence, also part of the solutions. It is generally acknowledged

that a policy in RL has two objectives: to learn the environment relevant to the optimization

objective and to improve performance. The former is the demand for exploration while the latter

for exploitation. The essence of RL is to strike the best exploration–exploitation balance, which

is usually achieved by randomizing decisions, i.e., extending the policy space to include stochastic

or randomized policies (or mixed strategies in game theory). It is randomization that generates

endogenous data for learning.

Following Wang et al. (2020), we now reformulate the Merton problem with stochastic policies.

An investor chooses her time-t action (portfolio) by sampling from a probability distribution πt,

where tπtutPr0,T s “: π is a distribution-valued process called a stochastic or exploratory control.

The resulting exploratory dynamic of the wealth process is described by

dWπ
t

Wπ
t

“ rr` pµpt,Xtq ´ rq Meanpπtqs dt`σpt,Xtq

”

MeanpπtqdBt `
a

VarpπtqdB̄t

ı

, Wπ
0 “w0, (5)

8 For example, instantaneous variance can be calculated accurately based on the realized variance with high-frequency
observations (Barndorff-Nielsen and Shephard, 2002; Hansen and Lunde, 2006). Alternatively, it is possible to use
the derivative price on realized variance (Carr et al., 2005) as a proxy for the instantaneous variance, such as VIX
for S&P 500 index.

9 It is interesting to note that taking randomized decisions is often observed in behavioral experiments (Agranov
and Ortoleva, 2017) and considered as an integral part of human behaviors (Mattsson and Weibull, 2002; Swait and
Marley, 2013). Stochastic policies are popular in analyzing (dynamic) discrete choices (Hotz and Miller, 1993), and
our setting here is a natural extension to accommodate continuum choices.
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where B̄ is another Brownian motion that is independent of both B and B̃, characterizing the

additional noises introduced into the wealth process due to randomization. Intuitively, (5) is the

limit of equations where actions are sampled from the randomized policy π at discrete times. The

derivation of (5) is analogous to that in Dai et al. (2023) and an informal explanation is provided in

Appendix A. A rigorous proof of how (5) describes the wealth process under the random portfolio

choices is presented in Jia et al. (2025).

Finally, we reiterate the important point about the need and interpretation of randomized deci-

sions in the particular Merton problem with a small investor that differs from the general RL.

The rationale of using randomization for exploration is to learn how the (unknown) environment

reacts to a greater number of different decisions. This rationale is only valid when such a reaction

is unknown a priori. For example, one will not observe the return of a slot machine (the counter-

factual) unless actually playing it. However, in the setting of this paper with a small investor, how

the environment (market) reacts to the agent’s decision (portfolio choice) can be deduced, as shown

in the first equation in (3). Hence, observing the counterfactual returns of alternative portfolios is

possible without having to actually execute those portfolios to gain information about the market.

Therefore, the primary motivation for engaging stochastic policies in this paper, as explained ear-

lier, is technical more than informational. That said, randomization will become essential also for

the latter reason when we are to extend our study to involve a large investor whose actions will

affect the market and hence exploration–exploitation tradeoff becomes relevant.

2.3. An Auxiliary Problem with Gaussian Policies

Our purpose is to develop an approach to solve the classical Merton’s problem (4) subject to (2)

and (3) by bypassing the conventional statistical estimation methods. To this end, we propose an

auxiliary problem that incorporates stochastic policies, and show that the solution to the original

problem can be derived and computed through that of the auxiliary problem.

We first introduce the following class of Gaussian (feedback) policies indexed by λ ě 0 with a

specific form of variance:

Definition 1. A measurable, distribution-valued function πpλq : r0, T s ˆR` ˆR Ñ PpRq, where

λě 0, is called an admissible policy, if

(i) πpλqp¨|t,w,xq “ N
´

upt,w,xq, λ
γσpt,xq2

¯

for some measurable function u : r0, T s ˆ R` ˆ R Ñ R,

where by convention N pupt,w,xq,0q is the Dirac mass at upt,w,xq;

(ii) under πpλq, (5) has a unique weak solution tWπpλq

t utPr0,T s satisfying E
”

sup0ďtďT |UpWπpλq

t q|

ı

ă

8.

Moreover, for a given λě 0, denote the collections of all admissible policies by Πpλq.
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This class of Gaussian policies are inspired by certain entropy-regularized optimization problems;

see Ziebart et al. (2008) for a discrete-time setting and Wang et al. (2020), Wang and Zhou (2020),

and Dai et al. (2023) for continuous-time counterparts. The variance of such a policy is inversely

proportional to the volatility of the stock prices and the agent risk aversion level. The exogenous

parameter λě 0 controls the additional randomness (arising from policy randomization) introduced

to the system.

For any given λě 0, the objective of our auxiliary problem is to maximize

J pπpλq
qpt,w,xq “ E

”

UpWπpλq

T q |Wπpλq

t “w,Xt “ x
ı

, (6)

with the optimal value function

V pλqpt,w,xq “ max
πpλqPΠpλq

E
”

UpWπpλq

T q |Wπpλq

t “w,Xt “ x
ı

, pt,w,xq P r0, T s ˆR` ˆR. (7)

Note that this auxiliary problem is different from the entropy-regularized problems studied in Wang

and Zhou (2020), where the entropy of the policy is explicitly included in the objective functional.

3. Theoretical Analysis
3.1. Ground Truth Solution to the Auxiliary Problem

We first answer the question on the relation between the auxiliary problem (7) and the original

one (4). It is straightforward, as in Wang et al. (2020), to derive that the optimal value function

V pλq satisfies the following HJB equation via dynamic programming for (7):

BV pλq

Bt
` sup

uPR

#

´

r`
`

µpt, xq ´ r
˘

u
¯

wV pλq
w `

1

2
σ2pt, xq

´

u2 `
λ

γσpt, xq2

¯

w2V pλq
ww

`mpt, xqV pλq
x `

1

2
ν2pt, xqV pλq

xx ` ρνpt, xqσpt, xquwV pλq
wx

+

“ 0,

(8)

with the terminal condition V pλqpT,w,xq “Upwq “ w1´γ
´1

1´γ
.

At first glance, equation (8) is a highly nonlinear PDE and appears hard to analyze. However,

we can reduce it to a simpler PDE based on which the optimal stochastic policy can be explicitly

represented.

Theorem 1. Suppose φ is a classical solution of the following PDE

Bφ

Bt
` p1 ´ γqr`mpt, xqφx `

1

2
ν2pt, xqpφxx `φ2

xq

`
1 ´ γ

2γ

«

`

µpt, xq ´ r
˘2

σ2pt, xq
`

2ρ
`

µpt, xq ´ r
˘

νpt, xq

σpt, xq
φx ` ρ2ν2pt, xqφ2

x

ff

“ 0,
(9)
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with the terminal condition φpT,xq “ 0, and φ satisfies the regularity condition that

tep1`ϵqφpt,XtqutPr0,T s is uniformly integrable for some ϵą 0. Then

V pλqpt,w,xq “
w1´γ exptφpt, xq ´λp1 ´ γqpT ´ tq{2u ´ 1

1 ´ γ
(10)

is a classical solution to the HJB equation (8). Moreover,

πpλq˚pt, xq “ N
ˆ

u˚pt, xq,
λ

γσ2pt, xq

˙

, with u˚pt, xq “
µpt, xq ´ r

γσ2pt, xq
`
ρνpt, xq

γσpt, xq
φxpt, xq, (11)

is the optimal policy to the auxiliary problem (7) subject to (2) and (5). Furthermore, u˚ is the

optimal policy for the original Merton’s problem (4) subject to (2) and (3).

Theorem 1 characterizes the optimal ground truth solution (i.e. the theoretical solution assuming

all the model coefficients are known) to the auxiliary problem (7) via the PDE (9) and reveals

that its mean is none other than the optimal solution of the original problem (4). Note that this a

theoretical result not to be used to compute the solutions to either problems. Rather, its importance

lies in its implication: one can solve (4) via solving (7). It in turn justifies our approach of employing

a special class of Gaussian policies to recover the optimal solution of the original Merton problem.

Moreover, Theorem 1 indicates that we can limit the admissible policies to only bivariate functions

u of pt, xq, thus greatly reducing the complexity in solving the auxiliary problem.

As we discussed earlier there is no informational motive to study the auxiliary problem with

stochastic policies due to the small investor in question (while there is such a motive in the case

of a large investor whose actions impact the asset prices). Engaging the auxiliary problem (7) is a

technical approach to learn the optimal solution to the original problem, as stipulated by Theorem

1. What is more, we will show subsequently that (7) can be solved by a policy improvement

algorithm, which does not work directly on (4).

However, taking randomized policies is not free, because the utility value decreases due to the

additional randomness borne by a risk-averse agent. We now study this “cost” by comparing

them to deterministic policies (i.e. those with λ“ 0) in terms of the equivalent relative wealth loss

(ERWL) defined as follows.

Definition 2. We define the equivalent relative wealth loss ERWLpπpλqq of an admissible policy

πpλq as ∆ “ ∆pt, xq satisfying

J pπpλq
qp0,w,xq “ V p0qp0,wp1 ´ ∆q, xq.

So ERWL ∆ is a percentage in wealth with which investor is indifferent between obtaining the

ground truth value of the optimal deterministic policy with initial endowment wp1´∆q and getting

the value of the optimal randomized policy with initial endowment w. In other words, ∆ is the

relative cost the investor is willing to pay to engage stochastic policies.
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Corollary 1. The equivalent relative wealth loss of the λ-optimal stochastic policy πpλq˚ is

a constant that only depends on λ and the length of the episode T . Specifically, ERWLpπpλq˚q “

1 ´ expt´λT {2u « λT {2 `Opλ2T 2q.

Corollary 1 quantifies the loss of efficiency in the (relative) monetary term due to a randomized

policy: A longer investment horizon or a larger λ incurs larger losses, which is clearly intuitive.

3.2. Reinforcement Learning Methods for Solving the Auxiliary Problem

With the class of Gaussian policies, we are in the realm of RL and thus able to apply/develop RL

methods to solve the auxiliary problem. The basic idea follows the actor–critic approach developed

for general stochastic control problems in Jia and Zhou (2022b), with a major modification for

Merton’s problem.

An actor–critic type algorithms learns the value function and the policy function alternatingly

and iteratively. The critic refers to the policy evaluation stage (estimating the value function under

the current policy), and the actor corresponds to the policy improvement stage (updating the

policy guided by the value function). Theorem 1 informs that it suffices to learn two bivariate

functions of pt, xq, u˚ for the policy and φ for the value function. These bivariate functions can be

approximated by, e.g., a certain parametric form, linear spans of basis functions like polynomials,

or neural networks. We will specify them later in our numerical study.

Now that our task reduces to learning the two functions u˚ and φ that only depend on the time

and the market factors, it turns out these functions possess nice properties that they are “closed” in

the iterative procedures of policy evaluation–policy improvement, precisely stipulated by Theorem

2 below.

Theorem 2. (i) The value function under an admissible policy πpλqp¨|t, xq “

N
´

upt, xq, λ
γσpt,xq2

¯

can be represented as

J pπpλq
qpt,w,xq “

w1´γ exptφ̄pt, xq ´λp1 ´ γqpT ´ tq{2u ´ 1

1 ´ γ
, (12)

where φ̄ satisfies the PDE

Bφ̄

Bt
` p1 ´ γqr`mpt, xqφ̄x `

1

2
ν2pt, xq

´

φ̄xx ` pφ̄xq
2
¯

` p1 ´ γq

”

pµpt, xq ´ rqupt, xq ´
γ

2
σpt, xq2upt, xq2 ` ρσpt, xqνpt, xqupt, xqφ̄x

ı

“ 0,
(13)

with terminal condition φ̄pT,xq “ 0.

(ii) Define a new policy

π̃pλq
p¨|t, xq “ N

ˆ

ũpt, xq,
λ

γσpt, xq2

˙

, ũpt, xq “
µpt, xq ´ r

γσ2pt, xq
`
ρνpt, xq

γσpt, xq
φ̄xpt, xq. (14)

Then this new policy π̃pλq improves πpλq: J pπ̃pλq
qpt,w,xq ě J pπpλq

qpt,w,xq for all pt,w,xq.
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Theorem 2-(i) confirms that it is indeed sufficient to consider the specific form (10) for the critic

because any value function is of that form. Theorem 2-(ii) entails a policy improvement theorem,

which specifies a provably better policy over any given policy. We emphasize that this theorem is

a theoretical result and cannot in itself be used to compute the optimal policy and value function

as we do not have access to the coefficients of the PDE (13).

The next theorem, however, forms the foundation for the algorithms we are going to devise,

by characterizing the value function associated with any given admissible policy as well as the

improved policy that are both theoretically identified by Theorem 2.

Theorem 3. (i) Let λą 0, an admissible Gaussian policy πpλq and a continuous function V̂

be given satisfying V̂ pT,w,xq “Upwq and for every pt0,w0, x0q P r0, T q ˆR` ˆR,

E
„

ż T

t0

ξpt,W aπ
pλq

t ,XtqdV̂ pt,W aπ
pλq

t ,Xtq

ȷ

“ 0 for any measurable function ξ,

where pW aπ
pλq

,Xq is the wealth–factor process under a control aπ
pλq

sampled from πpλq with

the initial W aπ
pλq

t0
“w0, Xt0 “ x0. Then V̂ ” J pπpλq

q, which is given in Theorem 2-(i).

(ii) Let λą 0, a continuous function û and its associated policy π̂pλq
p¨|t, xq “ N

´

ûpt, xq, λ
γσpt,xq2

¯

be given satisfying for every pt0,w0, x0q P r0, T q ˆR` ˆR,

E
„

ż T

t0

ηpt,W aπ̂
pλq

t ,Xtq

´

aπ̂
pλq

t ´ ûpt,Xtq

¯

dJ pπpλq
qpt,W aπ̂

pλq

t ,Xtq

ȷ

“ 0 for any measurable function η,

where pW aπ̂
pλq

,Xq is the wealth–factor process under a control aπ̂
pλq

sampled from π̂pλq with

the initial W aπ̂
pλq

t0
“w0, Xt0 “ x0. Then û ” ũ, which is constructed in Theorem 2-(ii).

The two equations in Theorem 3 are types of martingale orthogonality conditions studied exten-

sively in (Jia and Zhou, 2022a, Section 4.2) that lead to model-free, data-driven stochastic approx-

imation algorithms to compute the value and policy functions by choosing appropriate classes of

the “test functions” ξ and η; see the next subsection for details. Notably, Theorem 3-(ii) explains

why a stochastic policy needs to be considered in our approach. When only deterministic policies

are adopted (i.e., λ “ 0), the orthogonality condition in Theorem 3-(ii) holds trivially for any û

because aπ̂
pλq

t ” ûpt,Xtq, hence becomes useless.

3.2.1. Data-Driven RL Algorithms Based on Theorem 2, we only need to learn the func-

tions φ̄ and ũ in order to determine the value function of a given stochastic policy and its improved

policy, respectively. Denote by φ̂ψ and ûθ the respective approximated functions of φ̄ and ũ, where

pψ,θq are finite-dimensional parameters to be learned. Then the corresponding approximated value

function and (improved) policy are

V̂ ψpt,w,xq “
w1´γ exptφ̂ψpt, xq ´λp1 ´ γqpT ´ tq{2u ´ 1

1 ´ γ
, π̂θp¨|t, xq “ N

ˆ

ûθpt, xq,
λ

γσ2pt, xq

˙

.

(15)
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Applying Theorem 3 to the above functions yields

$

’

’

’

&

’

’

’

%

E
„

ż T

0

ξtdV̂
ψpt,W aπ̂

θ

t ,Xtq

ȷ

“ 0,

E

«

ż T

0

ηt
aπ̂

θ

t ´ ûθpt,Xtq

λ{pγGtq
dV̂ ψpt,W aπ̂

θ

t ,Xtq

ff

“ 0,

(16)

for suitably chosen “test processes” ξt “ ξpt,W aπ̂
θ

t ,Xtq and ηt “ ηpt,W aπ̂
θ

t ,Xtq, where aπ̂
θ

t is the

portfolio sampled from π̂θ at time t and W aπ̂
θ

is the observed wealth process satisfying the wealth

equation (3) under the resulting portfolio process, and Gt “ σpt,Xtq
2. 10

With specified test functions ξ, η, (16) becomes a coupled system of algebraic equations in pψ,θq,

where the coefficients can be computed by observable data. The system of equations is also known as

the moment conditions or estimating equations in the literature of generalized method of moment

(Hansen and Singleton, 1982) in econometrics. However, we emphasize that the critical difference

between econometrics and RL lies in that data are both exogenous and endogenous and a part of

the solution with the latter, because samples of portfolios and wealth both depend on the policy

π̂θ that needs to be learned.

In the RL literature, typical choices of the test processes are ξt “ B

Bψ
V̂ ψpt,W aπ̂

θ

t ,Xtq and ηt “

B

Bθ
ûθpt,Xtq, leading to the so-called “TD(0)” type of algorithms; see e.g., Sutton and Barto (2011).

However, there is no formal theory on the “optimal” choice of these processes. For our problem,

we propose the following

ξt “

B

Bψ
φ̂ψpt,Xtq

p1 ´ γqV̂ ψpt,W aπ̂
θ

t ,Xtq ` 1
, ηt “

B

Bθ
ûθpt,Xtq

p1 ´ γqV̂ ψpt,W aπ̂
θ

t ,Xtq ` 1
, (17)

which effectively replace the TD error term dV̂ ψ
t with an adjusted, “relative” TD error

dV̂
ψ
t

p1´γqV̂
ψ
t `1

in

a conventional TD(0) algorithm. The reason for this adjustment is due to the homothetic property

of the CRRA utility function. In particular, the wealth processes are typically growing and non-

stationary, which may cause instability in the learning process. The purpose of the denominator in

(17) is to normalize the wealth effect.

3.2.2. An Example: The Black–Scholes Market To illustrate the general results derived

so far, let us consider the classical Black–Scholes market where there are a risk-free asset and a risky

one with constant model coefficients, and there is no market factor. Theorem 1 then specializes to

a simple solution with u˚ “
µ´r
γσ2

and V pλqpt,wq “
w1´γ exptrr`

pµ´rq2

2γσ2
sp1´γqpT´tq´λp1´γqpT´tq{2u´1

1´γ
. Once

again, agent’s knowledge includes the values of γ,T and σ, whereas λ is a fixed temperature

10 Here, we have assumed that continuous sampling of aπ̂θ

t is possible. In actual implementation, the integrals in
(16) will be replaced by summations and the sampled wealth–factor process will be evaluated with the forward Euler

scheme that requires sampling aπ̂θ

t only at discrete times, as illustrated in the next subsection.
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parameter. In particular, the mean return µ is unknown. This setting is consistent with a consensus

that the stock expected return is more difficult if not impossible to estimate accurately using

statistical methods; see e.g. Luenberger (1998).

Inspired by the (theoretical) ground truth optimal solution, we approximate the value and policy

functions with two scalar parameters ψ and θ:

V̂ ψpt,wq “
w1´γ exptψpT ´ tq ´λp1 ´ γqpT ´ tq{2u ´ 1

1 ´ γ
, ûθptq “ θ, π̂θp¨|tq “ N

ˆ

θ,
λ

γσ2

˙

.

With the proposed test processes (17), the optimality conditions (16) now read

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

E

»

–

ż T

0

T ´ t

pW aπ̂
θ

t q1´γ exptψpT ´ tq ´λp1 ´ γqpT ´ tq{2u
d

pW aπ̂
θ

t q1´γ exptψpT ´ tq ´λp1 ´ γqpT ´ tq{2u

1 ´ γ

fi

fl “ 0

E

»

–

ż T

0

γσ2paπ̂
θ

t ´ θq

λpW aπ̂
θ

t q1´γ exptψpT ´ tq ´λp1 ´ γqpT ´ tq{2u
d

pW aπ̂
θ

t q1´γ exptψpT ´ tq ´λp1 ´ γqpT ´ tq{2u

1 ´ γ

fi

fl “ 0

.

(18)

An informal analysis: optimality conditions. To better understand the conditions (18),

we first present an informal analysis by ignoring the time discretization issue (i.e. assuming it is

possible to continuously draw samples from a stochastic policy and collect observations, and to

compute the integrals involved exactly).

Applying Itô’s lemma to the term d pWaπ̂
θ

t q
1´γ exptψpT´tq´λp1´γqpT´tq{2u

1´γ
and using the wealth equa-

tion (3), we deduce that (18) is equivalent to
$

’

’

&

’

’

%

E
„

ż T

0

pT ´ tq

ˆ

´
ψ

1 ´ γ
`
λ

2
` r` pµ´ rqaπ̂

θ

t ´
γ

2
σ2paπ̂

θ

t q2
˙

dt`

ż T

0

pT ´ tqσaπ̂
θ

t dBt

ȷ

“ 0

E
„

ż T

0

γσ2

λ
paπ̂

θ

t ´ θq

ˆ

´
ψ

1 ´ γ
`
λ

2
` r` pµ´ rqaπ̂

θ

t ´
γ

2
σ2paπ̂

θ

t q2
˙

dt`

ż T

0

γσ2

λ
paπ̂

θ

t ´ θqσaπ̂
θ

t dBt

ȷ

“ 0

.

(19)

Because aπ̂
θ

t „ N pθ, λ
γσ2

q, the expectations in (19) can be explicitly calculated, yielding the fol-

lowing system of equations:

T 2

2

ˆ

´
ψ

1 ´ γ
` r` pµ´ rqθ´

γ

2
σ2θ2

˙

“ 0, Tγσ2

ˆ

µ´ r

γσ2
´ θ

˙

“ 0. (20)

The solutions to these equations coincide with the theoretical ground truth solutions, which in turn

implies that the optimality conditions (19) or (18) indeed lead to the correct solutions. Meanwhile,

in this special case, (20) shows that the second equation regarding policy optimization (in θ) is

decoupled from the first equation on policy evaluation (in ψ and θ). Given that we are mainly

interested in finding the optimal policy, we shall therefore focus on the second equation only.

So, if the second equation of (19) can be perfectly computed and implemented without the

need of discretization then it will yield the correct optimal policy solution, θ, right away. However,
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the above informal analysis begs a puzzling question: What is the impact of the randomization

measured by the temperature parameter λ? The second equation in (20) appears to be independent

of λ: Then why do we still need to randomize with λą 0? To resolve this puzzle, we have to conduct

a formal analysis from the sampling perspective.

A formal analysis: impacts of discretization and randomization. We now present a

formal analysis by incorporating sampling errors in our procedure.

For numerical implementation, the term inside the expectation, say epψ,θq, in the second equa-

tion of (18) needs to be estimated by samples collected with suitable time discretization for the

integration and discrete sampling of the stochastic policy. More precisely, for equally spaced time

grids 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tK “ T with grid size ∆t“ T
K

and a given set of value and policy function

parameters pψ,θq, we denote by {epψ,θq the estimate of epψ,θq, computed by

{epψ,θq “

K´1
ÿ

k“0

γσ2patk ´ θq

λpWtkq1´γ exptψpT ´ tkq ´λp1 ´ γqpT ´ tkq{2u

1

1 ´ γ

ˆ

„

pWtk`1
q1´γ exptψpT ´ tk`1q ´λp1 ´ γqpT ´ tk`1q{2u

´ pWtkq1´γ exptψpT ´ tkq ´λp1 ´ γqpT ´ tkq{2u

ȷ

“

K´1
ÿ

k“0

γσ2patk ´ θq

λp1 ´ γq

«

ˆ

Wtk`1

Wtk

˙1´γ

exp tr´ψ`λp1 ´ γq{2s ∆tu ´ 1

ff

,

(21)

where atk |Wtk „ N pθ, λ
γσ2

q, and on ptk, tk`1q, W satisfies the wealth equation (3) with a constant

portfolio atk , i.e.,
dWt

Wt

“ atk
dSt
St

` p1 ´ atkqrdt.

The impact of the time discretization is characterized by the following proposition.

Proposition 1. Suppose λą 0 and ∆tă mintT, 1
θ2
, 1

|ψ|

1
4λ|γ´1|

u. Then there exists a constant C

that depends only on µ, r,σ, γ,T such that

ˇ

ˇ

ˇ
E

”

{epψ,θq

ı

´Tγσ2pθ˚ ´ θq

ˇ

ˇ

ˇ
ďCp1 ` |θ2| ` |ψ| `λq∆t,

where θ˚ “
µ´r
γσ2

. Moreover,

Var
”

{epψ,θq

ı

ďC

ˆ

1 `
θ2

λ

˙

`C

ˆ

1 `ψ2 ` θ4

λ
`λ

˙

∆t.

While Proposition 1 confirms our derivation of the theoretical equivalence between the second

equations of (18) (or (19)) and (20), it also shows there is a bias when we numerically compute

the former due to time discretization and it gives an upper bound of the bias in terms of the grid

size ∆t and the strength of the randomization λ along with other parameters. The bound is linear
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in ∆t, consistent with the typical rate in numerical methods for simulating SDEs and computing

integrals. It is also linear in λ; so a smaller level of randomization reduces the bias. Thus, from the

bias-reducing perspective, besides a finer grid size, a smaller level of policy randomization helps.

On the other hand, Proposition 1 gives an upper bound for the variance of the learning signal

samples. This bound will not vanish even if ∆t shrinks to 0, implying that it is impossible to

accurately compute the desired quantity with just a few trajectories (i.e. with a small dataset)

even when continuous sampling is possible. The leading term consists of a constant and a term of

the order λ´1; so when the dataset size is small an elevated level of policy randomization helps

reduce the variance.

The above analysis shows that randomization is indeed relevant for learning the optimal policy

parameter θ in actual implementation. We should not pick a too large or too small λ in order to

balance bias and variance. For a fixed λ ą 0, the next theorem gives an algorithm to compute θ

based on the discretized version of the second equation of (18) along with its convergence rate and

the error bound of the expected equivalent relative wealth loss.

Theorem 4. Fix λą 0 and consider the following update rule for the policy parameter θ:

θn`1 “ Πr´cn`1,cn`1s

´

θn ` ℓn {enpψ,θq

¯

, (22)

where {enpψ,θq is a sample given by (21) with grid size ∆tn and actor–critic parameters pθn,ψnq,

and ΠKp¨q is the projection mapping onto a closed, convex set K. Assume that for any given

η1 ą 0, η2 P p0,1q, there exist n0 P N and M ą 0 such that for all n ě n0, ℓn “
p1`η1q

pn`η1qη2η1
ă 1

Tγσ2
,

∆tn ď Tℓn, cn “
?

logn, and |ψn| ďM . Then there exist constants C1,C2,C3 that depend only on

µ, r,σ, γ,T,n0,M , such that

E
“

pθn`1 ´ θ˚q2
‰

ďC1ℓn logn„O
`

n´1 logn
˘

,

and

E
”

ERWLpûθnq

ı

ď

ˆ

maxt
C3λ

´1

1 ´ η2
,C2u

˙

ℓn logn„O
`

n´1 logn
˘

.

So, under the policy iteration algorithm (22) along with the chosen hyperparamters specified

in the theorem, the algorithm converges and the expected equivalent relative wealth loss of the

resulting RL policy converges to 0. Moreover, the L2-convergence rate of the former and the

convergence rate of the latter are both O pn´1 lognq, matching the typical optimal convergence rate

(ignoring the logarithmic factor). In particular, we obtain an error bound of the expected loss in

terms of the strength of the randomization, which is of the order λ´1. This result reconciles with

Proposition 1 in terms of the variance of the learning signal. We illustrate the convergence rate

under different values of λ in Figure 1. In the log-log scale plot, all curves eventually exhibit the
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Figure 1 The convergence of the learned policy (in terms of ERWL) under different temperature parameters λ.

The horizontal (the number of episodes) and vertical (expected relative wealth loss) axes are both in log-scale.

The shaded areas indicate the standard deviations of the estimated ERWLs. The results are based on 1000 times

of independent simulation runs and 10,000 episodes of 1-year trajectory is used in each run. The model

parameters are µ “ 0.2, r “ 0.02, σ “ 0.3, γ “ 3, T “ 1. The learning rate is an “ 10{pn` 1q and the initial policy

parameter is θ0 “ 0. The projected region is taken as cn “ maxt10,
a

logpn` 1qu and discretization size is

∆tn “ mint0.001,10{pn` 1qu.

similar slope around ´1, confirming the theoretical rate of convergence and the fact that error is

reduced with a larger λ with small sample size.

Finally, note that our method does not permit λ “ 0, and therefore always learns a stochastic

policy. Alternative data-driven approaches, such as ERM, have been developed to directly learn

a deterministic policy. We compare our method with ERM in a simulation study presented in

Appendix B. The study demonstrates that the two have similar performance with abundant data

(which requires a small λą 0 for our method), but the latter is significantly worse when the sample

size is small.

4. A Market with Stochastic Volatility

In this section, we present a stochastic volatility market environment, which is the setting for our

subsequent numerical experiments, and discuss the advantages of RL over the classical plug-in

approach.

A stochastic volatility model sets µpt, xq “ r ` δx
1`α
2α , σpt, xq “ x

1
2α , mpt, xq “ ιpx̄ ´ xq, and

νpt, xq “ ν̄
?
x, where α ‰ 0. This is a fairly general model studied in Liu (2007) for the classical

utility maximization problem and in Dai et al. (2021) for the classical equilibrium mean–variance

problem for log returns. As before, we assume volatility process is observable/estimatable and γ is

known, while the agent has no access to any other parameter values.
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4.1. Classical Benchmark

For readers’ convenience, we first review the relevant results of the classical model-based benchmark

with λ“ 0. The following lemma is taken from Liu (2007).

Lemma 1. Assuming the model primitives of the classical benchmark model satisfy

ι2γ ą p1 ´ γqp2ριδν̄ ` δ2ν̄2q, (23)

the optimal strategy is

u˚pt, xq “

ˆ

δ

γ
`
ρν̄

γ
A1ptq

˙

x
α´1
2α “

ˆ

δ

γ
`
ρν̄

γ
A1ptq

˙

pσ2pt, xqq
α´1
2 ,

and the optimal value function is

V p0qpt,w,xq “
w1´γeA1ptqx`A0ptq ´ 1

1 ´ γ
,

where A1,A0 respectively satisfy the following ordinary differential equations (ODEs):

A1
1 ´ ιA1 `

1

2
ν̄2A2

1 `
1 ´ γ

2γ

“

δ2 ` 2ρδν̄A1 ` ρ2ν̄2A2
1

‰

“ 0, A1pT q “ 0,

A1
0 ` p1 ´ γqr´β` ιx̄A1 “ 0, A0pT q “ 0.

(24)

Indeed, the two ODEs in (24), under the condition (23), can be explicitly solved with the following

solutions:

A1ptq “
´ψ1 `ψ1e

ψ0pT´tq

´ψ2 `ψ3eψ0pT´tq
,

A0ptq “ψ4pT ´ tq `ψ5 log

`

´ψ2 `ψ3e
ψ0pT´tq

˘

´ψ2 `ψ3

,

(25)

where

ψ0 “ ´

a

ι2γ´ p1 ´ γqδν̄pδν ` 2ιρq
?
γ

, ψ1 “
p1 ´ γqδ2

ν̄2rρ2 ` γp1 ´ ρ2qs
,

ψ2,3 “
ιγ´ p1 ´ γqδν̄ρ˘

?
γ

a

ι2γ´ p1 ´ γqδν̄pδν ` 2ιρq

ν̄2rρ2 ` γp1 ´ ρ2qs
,

ψ4 “p1 ´ γqr` ιx̄ψ3, ψ5 “
2γιx̄

ν̄2rρ2 ` γp1 ´ ρ2qs
.

The above analytical representations require specifications of the model parameters and, hence,

cannot be used directly in our RL setting. However, they give specific functional structures of the

value function and policies that are helpful for function approximations. We will employ them in

our subsequent numerical experiments.

Lemma 1 shows that the optimal policy can be represented as a function of the stock volatility.

Moreover, the elasticity of the instantaneous variance on the optimal policy is a constant, given by

Bu˚

Bσ2
pt, xq

Mu˚pt, xq

σ2pt, xq
“
α´ 1

2
,

which represents the sensitivity of the portfolio with respect to the current (observed) volatility.
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4.2. Pitfall of Model-Based Solution and Virtue of Reinforcement Learning

It is well known that solutions to Merton’s problems are highly sensitive to model primitives (Mer-

ton, 1980), especially for the stochastic volatility model. The pitfall of the traditional model-based,

first-estimate-then-optimize paradigm is twofold. First, the optimal solution depends on model

primitives in a highly nonlinear way, as exemplified by (25), where ψi are complicated functions

of the model parameters. This calls for an extremely accurate estimation of these functions, which

may require unrealistically long historical data. Second, there is a technical assumption (23) in

Lemma 1, which also appears in Kraft (2005). Such an assumption is to theoretically ensure the

ODE system (24) to be well-posed. When the assumption is violated, the solutions of (24) have

completely different forms:11

A1ptq “ ´ψ0 `ψ1 tan
`

ψ2pT ´ tq ` arctan
ψ0

ψ1

˘

,

A0ptq “ψ3pT ´ tq `ψ4 log
cos

`

arctan ψ0
ψ1

`ψ2pT ´ tq
˘

cos
´

arctan ψ0
ψ1

¯ ,
(26)

where

ψ0 “
ιγ´ p1 ´ γqδν̄ρ

ν̄2rρ2 ` γp1 ´ ρ2qs
, ψ1 “

?
γ

a

´ι2γ` p1 ´ γqδν̄pδν ` 2ιρq

ν̄2rρ2 ` γp1 ´ ρ2qs
,

ψ2 “

a

´ι2γ` p1 ´ γqδν̄pδν ` 2ιρq

2
?
γ

, ψ3 “ p1 ´ γqr´β´ ιx̄ψ0, ψ4 “ ´
2γιx̄

ν̄2rρ2 ` γp1 ´ ρ2qs
.

These functions will blow up to infinity periodically and thus do not lead to reasonable investment

strategies. Yet, even if the true underlying market processes do satisfy (23), standard estimation

procedures do not usually account for such a nonlinear and nonconvex constraint. As a consequence,

the estimated model primitives may violate (23) so that the corresponding ODE system (24) may

have solutions not in the same form as (25), and the resulting investment strategies may generate

infinite leverage yielding infeasible numerical computations.

By contrast, RL bypasses model estimation and learns the optimal policy directly, thereby avoid-

ing blow-up solutions described above arising from the traditional plug-in method. What RL learns

or estimates is now the optimal policy itself rather than model primitives, based on performance

rather than statistical properties. Specifically for the current stochastic volatility model, RL first

determines the structures of the optimal policy and the value function through theoretical analysis,

and then learns/updates the parameters in (25) through data and standard RL procedures such

as policy evaluation and policy improvement.

11 Because the ODE (24) is autonomous and separable, its general solution can be written as an indefinite integral:
T ´ t “

ş0

Aptq
dz

ιz´ 1
2
ν̄2z2´

1´γ
2γ

rδ2`2ρδν̄z`ρ2ν̄2z2s
. The form of the solution depends drastically on whether or not the

quadratic algebraic equation ιz ´ 1
2
ν̄2z2 ´

1´γ
2γ

rδ2 ` 2ρδν̄z ` ρ2ν̄2z2s “ 0 has real roots.
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We emphasize the importance of exploiting the special structure of a given problem for RL

algorithm design. For instance, for the present problem, it follows from both the general result

(Theorem 1) and the special one (Lemma 1) that we only need to consider the following class of

Gaussian policies:

Varpπ˚pt, xqq “
λ

γσ2pt, xq
, Meanpπ˚pt, xqq “

„

δ

γ
`
ρν̄

γ
A1ptq

ȷ

pσ2pt, xqq
α´1
2 , (27)

which we intentionally express in terms of the instantaneous variance σ2. Note that the policy

variance depends only on σ2, whereas the mean depends on σ2 as well as other model primitives

through A, a function of time t only. Due to this special structure obtained through theoretical

analysis, we can determine the policy variance without incurring any extra training or estimation

so long as a proxy of σ2 is available/observable. Naturally, we still need to learn the mean of the

policy, but the learning will be amply simplified.

4.3. Numerical Procedure

By Itô’s formula, the instantaneous variance process Gt :“ σ2pt,Xtq “X
1{α
t satisfies

dGt “

„

` ιx̄

α
`

p1 ´αqν̄2

2α2

˘

G1´α
t ´

ι

α
Gt

ȷ

dt`
ν̄

α
G

1´α{2
t rρdBt `

a

1 ´ ρ2dB̃ts.

We now replace X with G as a state variable (the other state variable is wealth W ) which is

observable. In the current setting we do not need to assume the factor X to be observable.12 On the

one hand, to our best knowledge, we do not know of any statistical method tailored for estimating

the coefficients of (1) and (2) using time series tpSt,GtqutPr0,T q, except for the näıve MLE method

that demands huge computational cost and large amount of data to reach desired accuracy. By

contrast, RL methods take Gt as inputs to learn directly the function approximators for optimal

policy without having to estimate the market model.

Consequently, in view of (15), we now consider the approximated value function and policy as

V̂ ψpt,w, gq “
w1´γ exptφ̂ψpt, gq ´λp1 ´ γqpT ´ tq{2u ´ 1

1 ´ γ
, π̂θp¨|t, gq “ N

ˆ

ûθpt, gq,
λ

γg

˙

,

where the argument g stands for the observable instantaneous variance Gt “ σpt,Xtq
2.

There are two ways to further parameterize these actor–critic functions. Inspired by Lemma 1,

especially the expressions in (25), we can parameterize the value function of a given policy as

V̂ ψpt,w, gq “
w1´γ

1 ´ γ
exp

ˆ

Aψ1 ptqgψ6 `Aψ0 ptq ´
λp1 ´ γqpT ´ tq

2

˙

´
1

1 ´ γ
,

12 Note that knowing the instantaneous variance Gt is not equivalent to knowing the market factor Xt because α is
unknown.
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where

Aψ1 ptq “
´ψ1 `ψ1e

ψ0pT´tq

ψ2 `ψ3eψ0pT´tq
, Aψ0 ptq “ψ4pT ´ tq `ψ5 log

ψ2 `ψ3e
ψ0pT´tq

ψ2 `ψ3

, (28)

with ψ P R7 whose components are ψ0,ψ1, ¨ ¨ ¨ ,ψ6. Moreover, in view of both Theorem 1 and Lemma

1, we parameterize the policy by

π̂θpa|t, gq “
1

b

2πλ
γg

exp
!

´
γg

2λ

`

a´ gθ6rθ4 ` θ5A
θ
1ptqs

˘2
)

,

where Aθ is parameterized by a set of different parameters pθ0, θ1, θ2, θ3q but in the same form as

Aψ1 in (28). In total, θ P R7 consists of entries θ0, θ1, ¨ ¨ ¨ , θ6.

An alternative way is to engage neural networks. We can parameterize the value function by

V ψpt,w, gq “
w1´γ exptpT ´ tqNNψpt, gqu

1 ´ γ
´

1

1 ´ γ
,

and the policy by

πθpa|t, gq “
1

b

2πλ
γg

exp
!

´
γg

2λ

`

a´NN θpt, gq
˘2

)

,

where NNψ and NN θ are two neural networks with suitable dimensions of ψ and θ. Note these

neural network constructions have also taken advantage of the theoretical results.

Finally, we use the stochastic approximation algorithm to search for the root to the estimat-

ing equations (16) with the test functions chosen as (17), where all the processes and integral

are approximated via discretization in a way similar to that described in Subsection 3.2.2. We

summarize these procedures as Algorithms 1 and 2 in both online and offline settings.

5. Numerical Studies
5.1. Simulation with Synthetic Data

A key advantage of a simulation study is that we have the ground truth (“omniscient”) solutions

available to compare against the learning results. In this subsection we report our numerical study

with synthetic data, where sample paths of stock price and instantaneous variance process are

simulated using the Euler–Maruyama scheme. The data are generated from the “3/2 model” with

δ “ µ´ r and α“ ´1. In this case, the stock price and factor dynamics are

dSt
St

“ µdt`
1

?
Xt

dBt, dXt “ ιpx̄´Xtqdt` ν̄
a

XtpρdBt `
a

1 ´ ρ2dB̃tq.

It is a typical non-affine stochastic volatility model proposed by Drimus (2012). In the classical

case (λ“ 0), the optimal policy is given by u˚pt, xq “ pµ´ rqx{γ` ρν̄Aptqx{γ.

The parameters are modified from the estimated values in Chacko and Viceira (2005), namely,

δ “ 0.2811, r “ 0.02, α “ ´1, ι “ 0.1374, x̄ “ 35, ν̄ “ 0.9503, and ρ “ 0.5241.13 The risk aversion

13 Under the originally estimated parameters in Chacko and Viceira (2005), the buy-and-hold is almost the optimal
policy. To avoid this coincidence, we modify some parameters so that different methods produce distinct results.
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Algorithm 1 Online-Incremental Learning Algorithm

Inputs: initial wealth w0, initial stock price s0, initial instantaneous variance g0, horizon T , time

step ∆t, number of mesh grids K, initial learning rates lθ, lψ and learning rate schedule function ℓp¨q

(a function of the number of episodes), functional form of parameterized value function V̂ ψp¨, ¨, ¨q,

functional form of parameterized policy function π̂θpa|t, gq, interest rate r, risk aversion coefficient

γ, temperature parameter λ.

Required program: market simulator ps1, g1q “ Market∆tpt, s, gq that takes current time, stock

price, and instantaneous variance, pt, s, gq, as inputs and generates stock price s1 and instantaneous

variance g1 at time t` ∆t as outputs.

Learning procedure:

Initialize θ,ψ.

for episode j “ 1 to 8 do

Initialize k “ 0. Observe initial wealth w0, initial stock price s0, and initial instantaneous

variance g0. Store wtk Ðw0, stk Ð s0, gtk Ð g0.

while k ăK do

Generate action atk „ πψp¨|tk, gtkq.

Apply atk to market simulator ps1, g1q “Market∆tptk, stk , gtkq, and observe new state s1, g1.

Store stk`1
Ð s1, gtk`1

Ð g1.

Compute current wealth wtk`1
“wtk `wtkatk

stk`1

stk
`wtkp1 ´ atkqr∆t.

Compute

δ “
V̂ ψptk`1,wtk`1

, gtk`1
q ´ V̂ ψptk,wtk , gtkq

p1 ´ γqV̂ ψptk,wtk , gtkq ` 1
.

Update θ and ψ by

ψ Ðψ` ℓpjqlψδ
BV̂ ψ

Bψ
ptk,wtk , gtkq.

θÐ θ` ℓpjqlθδ
B

Bθ
log π̂θpatk |tk, gtkq.

Update k Ð k` 1

end while

end for

coefficient is taken as γ “ 3, which is a common value estimated from the aggregated growth and

consumption data (Kydland and Prescott, 1982). We further set the investment horizon T “ 1

(year), the initial wealth w0 “ 1, initial market factor x0 “ x̄, the temperature parameter λ“ 0.1,

and the time discretization step size ∆t “ 1
250

. To mimic a real-world scenario, we generate a

training dataset with daily data for 20 years, and each time we randomly sample a consecutive
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Algorithm 2 Offline Learning Algorithm

Inputs: initial wealth w0, initial stock price s0, initial instantaneous variance g0, horizon T , time

step ∆t, number of mesh grids K, initial learning rates lθ, lψ and learning rate schedule function ℓp¨q

(a function of the number of episodes), functional form of parameterized value function V̂ ψp¨, ¨, ¨q,

functional form of parameterized policy function π̂θpa|t, gq, interest rate r, risk aversion coefficient

γ, temperature parameter λ.

Required program: market simulator ps1, g1q “ Market∆tpt, s, g, aq that takes current time, stock

price, and instantaneous variance pt, x, gq as inputs and generates stock price s1 and instantaneous

variance g1 at time t` ∆t as outputs.

Learning procedure:

Initialize θ,ψ.

for episode j “ 1 to 8 do

Initialize k “ 0. Observe initial wealth w0, initial stock price s0, initial instantaneous variance

g0. Store wtk Ðw0, stk Ð s0, gtk Ð g0.

while k ăK do

Generate action atk „ πψp¨|tk, gtkq.

Apply atk to market simulator ps1, g1q “Market∆tptk, stk , gtkq, and observe new state s1, g1.

Store stk`1
Ð s1, gtk`1

Ð g1.

Compute current wealth wtk`1
“wtk `wtkatk

stk`1

stk
`wtkp1 ´ atkqr∆t.

Compute and store

δtk “
V̂ ψptk`1,wtk`1

, gtk`1
q ´ V̂ ψptk,wtk , gtkq

p1 ´ γqV̂ ψptk,wtk , gtkq ` 1
.

Update k Ð k` 1

end while

Update θ and ψ by

ψ Ðψ` ℓpjqlψ

K´1
ÿ

k“0

δtk
BV̂ ψ

Bψ
ptk,wtk , gtkq.

θÐ θ` ℓpjqlθ

K´1
ÿ

k“0

δtk
B

Bθ
log π̂θpatk |tk, gtkq.

end for

subsequence from that dataset with a length of 1 year as one episode for training (i.e. for updating

the parameters pψ,θq). The batch size for training is kept the same as mtrain “ 16. The initial

learning rate is set to be 0.01 and decays as lpjq “ j´1{2. In total we carry out 2000 episodes for

learning. On the other hand, the test set contains Ntest “ 104 independent wealth trajectories, each
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generated from an episode having one-year length under the (deterministic) mean policy with the

parameter θ learned from the training. We reiterate that, in view of Theorem 1, we use stochastic

policies for training and the mean of the learned stochastic policy for testing.

For the simulation study we apply throughout the offline algorithm, Algorithm 2, for learning/-

training. Moreover, we implement two versions of function approximation for execution. One uses

the specific parametric forms motivated by the theoretical solutions, denoted by “This Paper –

Specific Form”. The other one applies neural networks, denoted by “This Paper – Neural Network”.

In particular, for the latter we use two three-layer neural networks to approximate the value func-

tion and the stochastic policy, respectively. We then compare these algorithms with the ground

truth (“Omniscient”) as well as two other methods. The first one is a näıve buy-and-hold policy

(“B-H”) that only holds the risky asset throughout without rebalance. It can also be regarded as

the benchmark for investment if the risky asset is a market index (e.g. S&P 500). The second is an

estimate-and-plug-in policy based on the stochastic volatility model (“Est-SV”) with the analytical

solutions given by Lemma 1. We employ a maximum likelihood estimation approach to estimate

the parameters of the 3/2 model using the training set (with the length of 20 years).14

We use two performance criteria to compare the different methods. The first one is the average

utility value on the test set. Specifically, given a deterministic policy obtained from training under a

given method, we apply it to the test set and obtain Ntest independent one-year wealth trajectories.

Denote the terminal wealth of these trajectories by Ŵ
piq
T , i “ 1,2, ¨ ¨ ¨ ,Ntest. Then the average

utility is 1
Ntest

řNtest
i“1

Ŵ
piq1´γ

T
´1

1´γ
. The second criterion is the equivalent relative wealth loss, computed

by finding ∆ such that V p0q p0,w0p1 ´ ∆q, x0q “ average payoff on the test set, where V p0q is the

optimal value function of the classical Merton problem under the true model.

Finally, to examine statistical significance of the proposed methods, we repeat the above simu-

lation runs for 100 times with different random seeds. That is, for every simulation run, we first

generate training data with a 20-year length and then apply each method to the same training

data. After having obtained a learned/estimated policy through training, we calculate its two per-

formance criteria on the same testing data, which consists of 10000 independent 1-year trajectories.

The results, including both the averages and standard errors of these 100 simulation runs, are

summarized in the upper panel of Table 1. The B-H policy is independent of any model or learning

specifications, yielding about 2/3 of the omniscient utility value and 18.28% loss of initial endow-

ment. On average, with the correctly specified model class, the Est-SV policy performs much better

than B-H, generating 95.37% of the optimal utility and 2.96% loss in wealth. The RL algorithm

14 The estimation is carried out by maximizing the likelihood function by the gradient ascent algorithm. The log-
likelihood function of the data is approximated based on the Euler–Maruyama discretization of the SDEs, which
coincides with the actual data generation process used in the simulation study.
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with the specific parametric form outperforms B-H and Est-SV by considerable margins, with very

small losses of utility (97.03% of the optimal utility) and relative wealth (2.16%). By contrast,

the RL with neural networks performs worse, and on a par with Est-SV. We have done extensive

experiments and observed that this finding is robust with respect to the structures of the neural

networks used. The reason behind the discrepancy between the two RL methods is that in the

simulation study, the specific parametric method uses the correct form of the optimal policy that

corresponds to the true underlying data-generating process, while neural networks do not use much

such structural information. In the experiment presented here, the size of the training dataset is

relatively small; so approximation with the correct form performs better than using general neural

networks, the latter likely over-fitted. Indeed, the training set contains only 20-year data so the

distribution of the training set may considerably differ from the theoretical distribution due to

sampling errors. Moreover, as we take 2000 episodes for training, the data in those episodes over-

lap and are hence not mutually independent. To this point, we provide extra numerical results in

Appendix C based on a huge amount of data, where new and independent trajectories are generated

in each training episode. In that experiment, neural networks perform equally well as the other RL

method.

Next we examine the robustness of our algorithms with respect to the observable volatility

process, motivated by the considerations that in practice one only has access to an approximated

value of the volatility, and/or that the stochastic volatility model is wrongly specified. To this

end, we construct a noisy observation G̃t “ p
?
Gt ` 0.02ξtq

2, where ξt „ N p0,1q are i.i.d. at (daily)

observation times. This construction applies to both the training and testing datasets. This implies

that the observed volatility signals deviate from the true one by 2% on average, and the agent only

observes pSt, G̃tq. The corresponding comparisons across various methods are presented in the lower

panel of Table 1. Compared with the previous results, the specific parametrization RL method

still performs well and is only slightly worse than the case with exact volatility, while the neural

network based method yields almost identical performance to its non-noisy counterpart. Note that

B-H does not rely on volatility; so it has identical results as before. It is most noteworthy, however,

that the performance of Est-SV drops dramatically owing to the contaminated data, which once

again confirms the sensitivity (and drawbacks) of the conventional plug-in methods. By contrast,

our RL methods are “model-parameter-free” and learn policies directly, resulting in a much more

robust performance.

5.2. Empirical Study with Real Market Data

We study dynamic allocation between the S&P 500 index and a money market account with

r“ 2% risk-free interest rate to illustrate the performance of our RL algorithms in the real market.
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Table 1 Performance comparison of different methods under 100 simulation runs. We compute the average

utility value under each policy based on independent 104 one-year wealth trajectories, and then use the formula in

Definition 2 to convert average utility to equivalent relative wealth loss. B-H stands for the buy-and-hold policy,

and Est-SV for the estimate-and-plug-in policy. Each policy other than Omniscient and B-H is obtained from a

simulated training set of daily data for 20 years, and the simulation is repeated with 100 independent runs. The

numbers in the bracket indicate the standard errors.

Volatility Method Utility Equivalent Relative Wealth Loss

Omniscient 0.303 0
B-H 0.201 18.28%

Exact This Paper - Specific Form 0.294 2.16%
(0.001) (0.24%)

This Paper - Neural Network 0.290 3.04%
(0.001) (0.21%)

Est-SV 0.289 2.96%
(0.002) (0.35%)

Noisy This Paper - Specific Form 0.286 3.84%
(0.002) (0.32%)

This Paper - Neural Network 0.290 3.04%
(0.001) (0.21%)

Est-SV 0.238 28.01%
(0.005) (0.21%)

S&P 500 is one of the most actively traded indices and its option market is also highly liquid.15

Therefore, we can easily obtain volatility-related data from the market. In particular, VIX is an

index administered by CBOE (Chicago Board Options Exchange) since 1990 based on option prices

that reflects the market-priced average forward-looking volatility of the S&P 500 index, and is

widely considered to be a proxy of the instantaneous volatility. VIX itself is a traded future with

options written on it. In our empirical study, we take the S&P 500 index as the risky asset and

VIX as a proxy for its volatility, both observable. We take data from 1990-01-01 to 2025-2-28

and use the first 10 years (up to 1999-12-31) as the pre-training period and leave the rest as the

testing period. During the former period, we apply our offline algorithm, Algorithm 2, to learn the

parameters pψ,θq and set the learned ones as the initial parameters for the latter period. Then we

use the online algorithm, Algorithm 1, to learn and implement optimal Merton’s strategies as we

go. We fix our initial wealth on 2000-01-01 to be 1 dollar and take the risk aversion parameter

as γ “ 3. The benchmark policies to compare against are still the buy-and-hold (B-H) and the

estimate-and-plug-in (Est-SV). We do not allow leverage or borrowing for all the policies under

comparison; so if a method suggests taking leverage or short selling, then we truncate the portfolio

value to be in the interval r0,1s.

15 There are many mutual funds and ETFs tracking S&P 500, including The SPDR S&P 500 ETF (SPY).
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Also, to avoid seasonality that depends on the investment horizon, we consider only time-

invariant policies, which can be viewed as the limit when the time-to-maturity approaches infinity.

This seems reasonable given that we have a rather long testing period. Note that for a stochastic

volatility model, such time-invariant policies still result in time-variant portfolios via the (time-

variant) instantaneous volatility. The form of the optimal policy in (27) then becomes

Meanpπ˚pgqq “C1g
C2 , Varpπ˚pgqq “

λ

γg

for some constants C1,C2.

The Est-SV is implemented as follows. First, we also restrict to time-invariant policies. We use a

rolling window with a length of 10 years to estimate the model parameters and then plug-in to the

analytical form of the optimal solution under the SV model. To save computational cost and avoid

re-estimating the whole model every day, we only update the estimation of model parameters by

maximizing the log-likelihood function along the gradient ascend direction for one step during the

testing period.16

A comparison of different methods is summarized in Table 2, in terms of several commonly used

metrics including (annualized) return, volatility, Sharpe ratio, (downside) semi-volatility, Sortino

ratio, Calmar ratio, maximum drawdown, and recovery time. Among them Sharpe ratio is the most

important and popular criterion because the essential goal of the Merton problem is to maximize

the risk-adjusted return. We observe the two RL methods outperforms the other two methods

in all the metrics except the annualized return (B-H has 5.6%, slightly over 5.3% by RL with

neural networks). In particular, RL with neural networks beats the other methods by significant

margins in most criteria including the Sharpe ratio. Moreover, the two RL methods have remarkably

smaller maximum drawdowns during the whole period in which the market experienced a 56.8%

drawdown. Even more notably, their recovery times are decisively and overwhelmingly shorter.17

These observations indicate that RL strategies not only perform strongly but also robustly, and

react to the environment change and make adjustment very quickly.

While Table 2 gives a glance of overall and average performance comparison over 25 years, we

now inspect the wealth trajectories under different policies, presented in Figure 2. It is clear that RL

with neural networks outperforms (in terms of portfolio worth) all the others prior to around 2020,

taken over by B-H only after 2020. However, both RL portfolios are much less volatile than B-H,

corroborating the findings of Table 2. In particular, the RL strategies considerably and consistently

16 This is analogous to the online updating in RL algorithms. The construction of the log-likelihood function involved
is described in Footnote 14.

17 This significantly shorter recovery times of RL strategies have also been observed in the continuous-time mean–
variance setting Huang et al. (2022, 2024).
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Table 2 Comparison of out-of-sample performances of different methods from January 2000 to February 2025.

We report the (annualized) return (Rtn), volatility (Vol), Sharpe ratio, (downside) semi-volatility (Semi-Vol),

Sortino ratio, Calmar ratio, maximum drawdown (MDD), and recovery time (RT). The risk-free interest r “ 0.02.

Method Rtn Vol Sharpe Semi-Vol Sortino Calmar MDD RT

This Paper: Specific Form 0.036 0.075 0.217 0.057 0.284 0.065 0.251 282
This paper: Neural Network 0.053 0.115 0.289 0.086 0.385 0.098 0.339 202
B-H 0.056 0.194 0.187 0.142 0.256 0.064 0.568 1376
Est-SV 0.025 0.099 0.055 0.074 0.073 0.012 0.440 4248

beat the other two during the first 10 years, 2000–2010. Recall that this is an extremely volatile

period, including two bear markets, the dot com bubble burst in the early 2000s and the financial

crisis during 2007–2008.18

Figure 2 Wealth trajectories of portfolios under different policies. The gray plot is the VIX index whose vertical

axis is on the right. The other plots are the trajectories of the portfolio values under different methods and are all

normalized to 1 initially.

We further examine the proportions of wealth invested in the risky asset under different strate-

gies, depicted in Figure 3. An interesting observation is that in the first half of the 2000–2010

overall bear period, the two RL-portfolios, especially the one with specific form, do not hold much

risky asset as opposed to Est-SV. It demonstrates how the RL approach fundamentally differs from

the traditional plug-in approach: Est-SV estimates model parameters statistically based on the

18 The robustness, especially the outperformance during bear markets, of RL strategies devised from continuous-time
theory is also documented for mean–variance portfolio choice; see Huang et al. (2022, 2024).



Dai et al.: Data-Driven Merton’s Strategies via Policy Randomization
30

market data in the previous 10 years (1990–1999) that had a positive risk premium and that were

characteristically different from those in the early 2000s. By contrast, RL learns portfolio strategies

through real-time interactions with the market and pivots timely to more conservative ones after

the market pivots. On the other hand, all the methods detect buying signals after 2010, while RL

with neural networks is the first to react and start to gradually overweigh the risky asset.

Figure 3 Trajectories of risky proportions under different policies. In our study, proportions invested in S&P

500 are restricted to be between 0 and 1. The gray curve is the VIX index whose vertical axis is on the right. The

other curves are the trajectories of the proportions of the risky investment under different methods. The initial

allocations of all the methods (except B-H) are based on the pre-training period from 1990 to 1999.

The empirical results indicate, decisively, that the RL methods are superior to the conventional

Est-SV method in all fronts. As for the competition between the two RL algorithms, the one with

neural networks outperforms the other by a good margin, contrary to the results from the simulation

study. The reason is because the specific parametric form we adopt follows from a specific 3/2

model, which is almost certainly not valid in the real market, while the flexible structure of neural

networks helps to identify other possible forms of investment strategies by exploiting as much as

possible the VIX signals.

6. Conclusions

RL, as one of the cutting-edge technologies in artificial intelligence, has been applied to various

fields. The central component of RL is exploration, which is carried out by policy randomiza-

tion to broaden the action space aiming at understanding the interactions between an unknown

environment and actions for improving and optimizing decision-making.
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Applications of RL in finance however, especially in portfolio choice, is still in the early innings.

One of the questions is that, unlike the bandits problem, stock data are exogenous and hence there

is no need to “explore” – to actually try different portfolios to see the outcomes – if the market

impact is ignored. In other words, there is no exploration–exploitation tradeoff because no extra

information is gained by trial and error.

In this paper, we argue otherwise. To wit, we show that RL including policy randomization can

go beyond the conceptual role of exploration; it can actually be used also as a technical tool to

solve a “model-free” problem that otherwise cannot be solved satisfactorily by the conventional

model-based methods. We do this in the setting of Merton’s investment problem in an incomplete

market and derive its data-driven solutions. More precisely, we demonstrate that, in spite of having

no informational benefit, RL can still be used to learn optimal portfolio policies in a model-free

manner by employing randomized actions. We propose an auxiliary relaxed control problem with a

special class of Gaussian policies within the continuous-time RL exploratory framework developed

by Wang et al. (2020) and show that the optimal solution of this auxiliary problem gives rise to

that of the original Merton problem. A key insight is that exploration–exploitation tradeoff in the

current setting of a small investor is not about information gains versus payoff losses, but about

the strength of the learning signals (the gradient estimates of the objective function) versus their

reliability (the variance of the gradient estimates). It goes without saying that the RL approach

can be extended readily to the problem with a large investor in which the RL will play both

the conceptual and technical roles. As such, we believe that the paper resolves the long-standing

question about the necessity and applicability of RL in portfolio choice.

We develop an actor–critic RL algorithm for learning optimal policies and value functions iter-

atively. Through policy evaluation and policy update, we show such an iterative procedure yields

monotonically improving policies. Using a stochastic volatility environment as an example, we

explain why the traditional model-based, plug-in methods may fail due to sensitivity to model

estimation errors. By contrast, the RL methods are model-free and learn optimal policies directly

from data, which is naturally robust to the said estimation errors. Numerical results based on both

synthetic and market data forcefully demonstrate the efficiency and robustness of our methods

against traditional plug-in methods.

This paper brings about many open research questions. A fascinating one is to fully understand

the general interactions between the randomness injected by stochastic policies and the randomness

in the market, as well as their joint impacts on learning performance.



Dai et al.: Data-Driven Merton’s Strategies via Policy Randomization
32

Acknowledgment

Dai acknowledges the supports of Hong Kong GRF (15213422, 15217123), The Hong Kong Poly-

technic University Research Grants (P0039114, P0042456, P0042708, and P0045342), and NSFC

(12071333).

References

Agranov M, Ortoleva P (2017) Stochastic choice and preferences for randomization. Journal of Political

Economy 125(1):40–68.

Andrei D, Hasler M (2015) Investor attention and stock market volatility. The Review of Financial Studies

28(1):33–72.
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Electronic Companion to “Data-Driven Merton’s Strategies
via Policy Randomization”

Appendix A: Motivation of Formulation (5)

We explain the exploratory formulation (5) by starting with a discrete-time setting for easy understanding.

Divide the whole time interval r0, T s into small intervals of size ∆t. Let Rt :“ logWt be the wealth log-return.

Given an action a P R, the instantaneous change of the log return process in the interval rt, t` ∆ts is

∆Rt “

„

r` pµt ´ rqa´
1

2
σ2
t a

2

ȷ

∆t`σta∆Bt.

Now, we assume that the agent takes action randomly according to a policy distribution πt that is inde-

pendent of the underlying Brownian motions in the market. Focusing on the first and second moments of

the randomized policy, we replace a with et ` vtεt, where εt is a random variable with zero mean and unit

variance independent of Bt and B̃t,

et “

ż

R
aπtpaqda, and vt “

d

ż

R
a2πtpaqda´ p

ż

R
aπtpaqdaq2.

It follows

∆Rt “

„

r` pµt ´ rqpet ` vtεtq ´
1

2
σ2
t pet ` vtεtq

2

ȷ

∆t`σtpet ` vtεtq∆Bt

“

„

r` pµt ´ rqet ´
1

2
σ2
t pe2t ` v2t q

ȷ

∆t`σtet∆Bt `σtvtεt∆Bt ` Residualt,

where the residual term Residualt is given as follows:

Residualt “ pµt ´ rqvtεt∆t´σ2
t etvtεt∆t´σ2

t v
2
t pε2t ´ 1q∆t.

Since the residual term is a mean zero random variable of size Op∆tq and the strategy noises εt are mutually

independent between time intervals, by the law of large numbers, the residual term will vanish when we take

the sum over the whole time interval and send ∆t to zero. In addition, as εt∆Bt is a mean zero random

variable of size Op
?

∆tq, its summation is asymptotically Gaussian by the central limit theorem. Furthermore,

we have Covpεt∆Bt,∆Btq “ 0 and Covpεt∆Bt,∆B̃tq “ 0 as εt is independent of Bt and B̃t. Thus, εt∆Bt can

be approximately treated as the increment of another Brownian motion independent of Bt and B̃t. It is not

hard to verify that

E r∆Rts “

„

r` pµt ´ rqet ´
1

2
σ2
t pe2t ` v2t q

ȷ

∆t

“

„

r` pµ´ rq

ż

R
uπtpuqdu´

1

2
σ2
t

ż

R
u2πtpuqdu

ȷ

∆t,

Var r∆Rts “ σ2
t pe2t ` v2t q∆t` op∆tq “ σ2

t

ż

R
u2πtpuqdu∆t` op∆tq,

Cov r∆Rt,∆Xts “ ρνσtet∆t` op∆tq “ ρνσt

ż

R
uπtpuqdu∆t` op∆tq.

This suggests that at the continuous-time limit, R satisfies the following SDE

dRt “
“

r` pµt ´ rq Meanpπtq ´ 1
2
σ2
t pMeanpπtqq2 ´ 1

2
σ2
t Varpπtq

‰

dt

`σt

”

MeanpπtqdBt `
a

VarpπtqdB̄t

ı

, R0 “ logw0,
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where B̄t is another Brownian motion that is mutually independent of Bt and B̃t. As discussed earlier, B̄t is

introduced to model the additional noise caused by policy randomization and can be regarded as a “random

number generator” to generate a randomized policy. The coefficient of the dB̄t term involves the variance of

πt, measuring how much additional noise is introduced into the system.

Applying Itô’s formula to the above equation we get that Wπ
t “ eRt satisfies the exploratory dynamics (5).

As indicated by the above analysis, this exploratory formulation captures the information up to the second

order. Jia et al. (2025) provide a rigorous proof of how the wealth processes under portfolios time-discretely

sampled from π converge weakly to the solution of (5) when the time step goes to 0.

Appendix B: Learning via Empirical Risk Minimization (ERM)

We document an alternative popular data-driven approach to portfolio problems: optimizing policies through

ERM (see, e.g., Reppen and Soner 2023). Specifically, one parameterizes the portfolio policy by a deter-

ministic and sufficiently smooth function of the factor: at “ uθpt,Xtq, and rewrite the wealth equation (3)

as

d logW θ
t “ uθpt,Xtq

dSt
St

` r1 ´uθpt,Xtqsrdt´
1

2

`

uθpt,Xtq
˘2

dxlogSyt.

The derivative of logW θ
T in the parameter θ is

B logW θ
T

Bθ
“

ż T

0

Buθ

Bθ
pt,Xtq

ˆ

dSt
St

´ rdt

˙

´

ˆ

uθ
Buθ

Bθ

˙

pt,XtqdxlogSyt.

Therefore, the derivative of the objective in θ is

B

Bθ
E

“

U
`

W θ
T

˘‰

“
B

Bθ
E

„

exptp1 ´ γq logW θ
T u ´ 1

1 ´ γ

ȷ

“E
„

`

W θ
T

˘1´γ B logW θ
T

Bθ

ȷ

“ E
„

`

W θ
T

˘1´γ

ż T

0

Buθ

Bθ
pt,Xtq

ˆ

dSt
St

´ rdt

˙

´

ˆ

uθ
Buθ

Bθ

˙

pt,XtqdxlogSyt

ȷ

.

One then updates θ using a gradient-based algorithm. Note here we can calculate the gradient of the

objective function due to the special structure of the wealth equation (3) along with the assumption that

the stock price St and the market factor Xt are both exogenous. In a more general setting, computing the

gradient may require the knowledge of model primitives. In addition, ERM cannot be applied in real-time

(i.e. online) because it requires the observation of the whole stock–factor–wealth process until T . To compare

ERM with ours, we consider the Black–Scholes market with the same setting as in Section 3.2.2 where there is

no market factor. In this case, uθ degenerates into a scalar θ. While updating θ, we apply the same projection

and learning rates in our proposed methods in Section 3.2.2. Figure 4 shows the result in terms of ERWL.

It is seen that with a small size dataset (i.e. fewer than 100 episodes) ERM performs poorly compared with

our methods using λ“ 0.01,0.1,1. Only when the dataset size is large is its performance comparable to our

method with λ“ 1 and the convergence rate is similar to ours.

Appendix C: Additional Numerical Results

In the main paper, we generate a training dataset with a length of 20 years, and each time, we sample a

subsequence with a length of 1 year as one episode for training. This is to capture the practical situation in

which financial data are always limited. However, in a simulation study, we can generate as much data as we

desire. Here, we report the results of such a “thought experiment” when data are unlimited. Specifically, in
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Figure 4 The comparison between the empirical risk minimization and the proposed method. The horizontal

(the number of episodes) and vertical (expected relative wealth loss) axes are both in log-scale. The shaded areas

indicate the standard deviations of the estimated ERWLs. The results are based on 1000 times of independent

simulation runs and 10,000 episodes of 1-year trajectory is used in each run. The model parameters are

µ “ 0.2, r “ 0.02, σ “ 0.3, γ “ 3, T “ 1. The learning rate is an “ 10{pn` 1q and the initial policy parameter is θ0 “ 0.

The projected region is taken as cn “ maxt10,
a

logpn` 1qu and discretization size is ∆tn “ mint0.001,10{pn` 1qu.

each episode, we generate independent one-year data from the given dynamics for training. Figure 5 illustrates

the learning curves of the two RL methods, where average utilities are computed on an independent, fixed

test set with 10000 wealth trajectories. Both curves, based on specific forms and neural networks, converge

to the omniscient optimal utility after about 3000 independent episodes.

Figure 5 Average utility of RL algorithms on the test set as functions of the number of training episodes. In

each episode, independent one-year data are generated from the model dynamics for training. The width of the

shaded area is twice the standard deviation.
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Appendix D: Proof of Statements

D.1. Proof of Theorem 1

We first verify that the function V pλq given in (10) solves the HJB equation (8). Note that V pλq
ww “

´γw1´γ exptφpt, xq ´λp1 ´ γqpT ´ tq{2u ă 0, hence the “sup” in (8) is achieved at

u˚pt, x,wq “
pµpt, xq ´ rqV pλq

w ` ρνpt, xqσpt, xqV pλq
wx

´σ2pt, xqwV pλq
ww

“
µpt, xq ´ r

γσ2pt, xq
`
ρνpt, xq

γσpt, xq
φxpt, xq.

It is then straightforward to verify that V pλq satisfies (8).

The rest of the results can be proved following a standard verification approach. We include the proof for

reader’s convenience.

We first show that for any admissible policy πpλq, the associated value function J pπpλqq defined in (6)

is smaller than V pλq. Let pWπpλq

,Xq be the wealth–factor process under πpλq. Apply Itô’s lemma to

V pλqpt,Wπpλq

t ,Xtq to obtain

V pλqpT,Wπpλq

T ,XT q ´V pλqpt,Wπpλq

t ,Xtq

“

ż T

t

ds

#

BV pλq

Bt
` rr` pµps,Xsq ´ rqussW

πpλq

s V pλq
w `

1

2
σ2ps,Xsq

ˆ

u2
s `

λ

γσ2ps,Xsq

˙

Wπpλq2
s V pλq

ww

`mps,XsqV
pλq
x `

1

2
ν2ps,XsqV

pλq
xx ` ρνps,Xsqσps,XsqusW

πpλq

s V pλq
wx

+

`

ż T

t

"

σps,XsqusW
πpλq

s V pλq
w dBt `

d

λ

γ
Wπpλq

s V pλq
w dB̄t ` νps,XsqV

pλq
x rρdBt `

a

1 ´ ρ2dB̃ts

*

,

where us “ Meanpπpλqp¨|s,Wπpλq

s ,Xsqq. Define a sequence of increasing stopping times τn “ inftsě t : |Xs| ě

n or
´

Wπpλq

s

¯1´γ

ě nu. Replacing T by T ^ τn in the above formula and taking conditional expectation on

both sides, we obtain

E
”

V pλqpT ^ τn,W
πpλq

T^τn
,XT^τnq |Wπpλq

t “w,Xt “ x
ı

´V pλqpt,w,xq

“E

«

ż T

t

ds

#

BV pλq

Bt
` rr` pµps,Xsq ´ rqussW

πpλq

s V pλq
w `

1

2
σ2ps,Xsq

ˆ

u2
s `

λ

γσ2ps,Xsq

˙

Wπpλq2
s V pλq

ww

`mps,XsqV
pλq
x `

1

2
ν2ps,XsqV

pλq
xx ` ρνps,Xsqσps,XsqusW

πpλq

s V pλq
wx

+

|Wπpλq

t “w,Xt “ x

ff

ď0,

where the last inequality is due to the fact that V pλq solves the HJB equation (8), and the dBt,dB̃t terms

vanish because they are martingales. Moreover,

E
”

V pλqpT ^ τn,W
πpλq

T^τn
,XT^τnq |Wπpλq

t “w,Xt “ x
ı

“ ´
1

1 ´ γ
`E

»

—

–

´

Wπpλq

T

¯1´γ

1 ´ γ
1tτnąTu |Wπpλq

t “w,Xt “ x

fi

ffi

fl

`E

»

—

–

1tτnďTu

´

Wπpλq

τn

¯1´γ

exptφpτn,Xτnq ´λp1 ´ γqpT ´ τnq{2u

1 ´ γ
|Wπpλq

t “w,Xt “ x

fi

ffi

fl

“: ´
1

1 ´ γ
`

1

1 ´ γ
I1 `

1

1 ´ γ
I2.



Dai et al.: Data-Driven Merton’s Strategies via Policy Randomization
39

By the monotone convergence theorem, we have

lim
nÑ8

I1 “ E
„

´

Wπpλq

T

¯1´γ

|Wπpλq

t “w,Xt “ x

ȷ

.

Thus, we have proved

V pλqpt,w,xq ě E
”

U
´

Wπpλq

T

¯

|Wπpλq

t “w,Xt “ x
ı

` lim sup
nÑ8

1

1 ´ γ
I2. (29)

It suffices to show that limnÑ8 I2 “ 0. By Hölder’s inequality, we have

I2 ď neλT |1´γ| pPpτn ď T qq
1{q

´

E
”

exptpφpT ^ τn,XT^τnqu |Wπpλq

t “w,Xt “ x
ı¯1{p

,

for any p, q ą 1 satisfying 1{p` 1{q “ 1. By the regularity of the function φ, we have

lim sup
nÑ8

E
”

exptpφpT ^ τn,XT^τnqu |Wπpλq

t “w,Xt “ x
ı

ă 8.

Moreover, standard growth conditions of SDEs yield

Ppτn ď T q ďCn´L

where L can be arbitrarily small. This implies that limnÑ8 I2 “ 0.

Next, when the policy (11) is taken, then the inequality (29) becomes an equality, because (11) achieves the

supremum in the HJB equation (8) and the policy is admissible based on Definition 1. This establishes the

optimality of (11). Finally, the above analysis applies to the case when λ“ 0 noting that u˚ is independent

of λ. This proves the last statement and completes the proof.

D.2. Proof of Corollary 1

It follows from the form of the optimal value function (10) that

V pλqpt,w,xq “ V p0qpt, expt
´λpT ´ tq

2
uw,xq.

The desired result follows from Definition 2.

D.3. Proof of Theorem 2

(i) Given the policy πpλq, it follows from the Feynman–Kac formula that the value function J pπpλqq satisfies

the linear PDE

BJ pπpλqq

Bt
`

´

r`
`

µpt, xq ´ r
˘

upt, xq

¯

wJ pπpλqq
w `

1

2
σ2pt, xq

´

u2pt, xq `
λ

γσpt, xq2

¯

w2J pπpλqq
ww

`mpt, xqJ pπpλqq
x `

1

2
ν2pt, xqJ pπpλqq

xx ` ρνpt, xqσpt, xqupt, xqwJ pπpλqq
wx “ 0

with J pπpλqqpT,w,xq “ Upwq. A direct calculation verifies that the function J pπpλqq specified in the

statement satisfies the above PDE. The desired result then follows from the uniqueness of the solution

to the linear PDE.
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(ii) By (i), J pπ̃pλqq has the same representation (12) with φ̄ replaced by φ̃ while the latter satisfies the PDE

(13) with u replaced by ũ. Therefore, it suffices to show that φ̃ě φ̄ when 0 ă γ ă 1, and φ̃ď φ̄ when

γ ą 1.

Consider the transformation: ϕpt,w,xq “ eφ̄pt,w,xq. Then, ϕ satisfies the PDE

Bϕ

Bt
`mpt, xqϕx `

1

2
ν2pt, xqϕxx

` p1 ´ γq

”

r` pµpt, xq ´ rqupt, xqϕ´
γ

2
σ2pt, xqu2pt, xqϕ` ρνpt, xqσpt, xqupt, xqϕx

ı

“ 0.

Similarly, ϕ̃pt,w,xq “ eφ̃pt,w,xq satisfies

Bϕ̃

Bt
`mpt, xqϕ̃x `

1

2
ν2pt, xqϕ̃xx

` p1 ´ γq

”

r` pµpt, xq ´ rqũpt, xqϕ̃´
γ

2
σ2pt, xqũ2

pt, xqϕ̃` ρνpt, xqσpt, xqũpt, xqϕ̃x

ı

“ 0,

with ũpt, xq “
pµpt,xq´rqupt,xqϕpt,xq`ρνpt,xqσpt,xqupt,xqϕxpt,xq

γσ2pt,xqϕpt,xq
. Note that

pµpt, xq ´ rqupt, xqϕ´
γ

2
σ2pt, xqu2pt, xqϕ` ρνpt, xqσpt, xqupt, xqϕx

ďpµpt, xq ´ rqũpt, xqϕ´
γ

2
σ2pt, xqũ2

pt, xqϕ` ρνpt, xqσpt, xqũpt, xqϕx.

Therefore, when 0 ă γ ă 1, we have

Bϕ

Bt
`mpt, xqϕx `

1

2
ν2pt, xqϕxx

` p1 ´ γq

”

r` pµpt, xq ´ rqũpt, xqϕ´
γ

2
σ2pt, xqũ2

pt, xqϕ` ρνpt, xqσpt, xqũpt, xqϕx

ı

ě 0.

By the comparison principle of PDEs, we have ϕ̃ě ϕ when 0 ă γ ă 1. The case for γ ą 1 can be proved

in parallel. This completes the proof.

D.4. Proof of Theorem 3

(i) The equation in the statement is essentially the martingale orthogonality condition for policy evaluation

developed in Jia and Zhou (2022a). Following the same argument as in the proof of Proposition 4 therein,

we obtain

V̂ pt0,w0, x0q “ E
”

UpW aπ
pλq

T q
ˇ

ˇW aπ
pλq

t0
“w0,Xt0 “ x0

ı

,

which, by definition, coincides with the value function J pπpλqq.

(ii) Denote µt “ µpt,Xtq, σt “ σpt,Xtq, ηt “ ηpt,W aπ̂
pλq

t ,Xtq, and

Jt “ J pπpλqqpt,W aπ̂
pλq

t ,Xtq “

´

W aπ̂
pλq

t

¯1´γ

exptφpt,Xtq ´λp1 ´ γqpT ´ tq{2u ´ 1

1 ´ γ
, φt “φpt,Xtq.



Dai et al.: Data-Driven Merton’s Strategies via Policy Randomization
41

Apply Itô’s lemma to Jt to obtain

E
„

ż T

t0

ηt

´

aπ̂
pλq

t ´ ûpt,Xtq

¯

dJ pπpλqqpt,W aπ̂
pλq

t ,Xtq

ȷ

“E

«

ż T

t0

ηt

´

aπ̂
pλq

t ´ ûpt,Xtq

¯ ´

W aπ̂
pλq

t

¯1´γ

exptφt ´λp1 ´ γqpT ´ tq{2uˆ

"

” ´

r` pµt ´ rqaπ̂
pλq

t ´
γ

2
σ2
t paπ̂

pλq

t q2
¯

dt` ¨ ¨ ¨ dBt `σta
π̂pλq

t dxB,φyt

ı

`
1

1 ´ γ

„

dφt `
1

2
dxφyt `

λp1 ´ γq

2
dt

ȷ *

ff

“E

«

ż T

t0

ηt

´

aπ̂
pλq

t ´ ûpt,Xtq

¯ ´

W aπ̂
pλq

t

¯1´γ

exptφt ´λp1 ´ γqpT ´ tq{2uˆ

"

” ´

pµt ´ rq

´

aπ̂
pλq

t ´ ûpt,Xtq

¯

´ γσ2
t ûpt,Xtq

´

aπ̂
pλq

t ´ ûpt,Xtq

¯¯

dt`σt

´

aπ̂
pλq

t ´ ûpt,Xtq

¯

dxB,φyt

ı

*

ff

“E
„

ż T

t0

ηt
λ

γσ2
t

´

W aπ̂
pλq

t

¯1´γ

exptφt ´λp1 ´ γqpT ´ tq{2u
“

pµt ´ rqdt´ γσ2
t ûpt,Xtqdt`σtdxB,φyt

‰

ȷ

,

where xB,φy is the covariational process between Bt and φt and xφy is the quadratic variation process of

φt. Hence

dxB,φyt “ ρνpt,Xtqφxpt,Xtqdt.

Since the above expectation equals zero for any test process η, the integrand is zero almost surely. Therefore,

we have

µt ´ r´ γσ2
t ûpt,Xtq ` ρσtνpt,Xtqφxpt,Xtq “ 0

or

ûpt,Xtq “
µpt,Xtq ´ r` ρνpt,Xtqσpt,Xtqφxpt,Xtq

γσ2pt,Xtq
“ ũpt,Xtq

almost surely and almost all t P rt0, T s. Because both û and ũ are continuous function, we conclude ûpt0, x0q “

ũpt0, x0q. This completes the proof because pt0, x0q are arbitrary.

D.5. Proof of Proposition 1

It follows from the wealth equation (3) that

log
`

Wtk`1
{Wtk

˘

“ rr` pµ´ rqatk ´
1

2
σ2a2tk s∆t` atkσpBtk`1

´Btkq.

Hence
E

”

`

Wtk`1
{Wtk

˘1´γ ˇ

ˇatk ,Wtk

ı

“ exp

"

p1 ´ γqrr` pµ´ rqatk ´
1

2
σ2a2tk s∆t`

1

2
p1 ´ γq2a2tkσ

2∆t

*

“ exp
!

p1 ´ γq

”

r` pµ´ rqθ´
γ

2
σ2θ2 ` pµ´ r´ θγσ2qpatk ´ θq ´

γ

2
σ2patk ´ θq2

ı

∆t
)

.

Denote

A1 “ p1 ´ γq

„

r` pµ´ rqθ´
γ

2
σ2θ2 `

1

2
λ

ȷ

´ψ, A2 “ p1 ´ γqpµ´ r´ θγσ2q

d

λ

γσ2

A3 “ pγ´ 1qλ{2, A4 “ 2p1 ´ γq

„

r` pµ´ rqθ´
2γ´ 1

2
σ2θ2 `

1

2
λ

ȷ

´ 2ψ

A5 “ 2p1 ´ γqpµ´ r´
2γ´ 1

2
θσ2q

d

λ

γσ2
, A6 “ pγ´ 1qp2γ´ 1qλ{γ.
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Let Lk “
`

Wtk`1
{Wtk

˘1´γ
exp tr´ψ`λp1 ´ γq{2s ∆tu. Then

E rLk ´ 1s

“E
”

E
”

`

Wtk`1
{Wtk

˘1´γ
exp tr´ψ`λp1 ´ γq{2s ∆tu ´ 1

ˇ

ˇatk ,Wtk

ıı

“E
„

exp
!

p1 ´ γq

”

pµ´ r´ θγσ2qpatk ´ θq ´
γ

2
σ2patk ´ θq2

ı

∆t
)

eA1∆t ´ 1

ȷ

“eA1∆t
exp

!

A2
2p∆tq2

2r1´A3∆ts

)

a

1 ´λpγ´ 1q∆t
´ 1

and, therefore,

E rpatk ´ θqpLk ´ 1qs

“E
”

patk ´ θqE
”

`

Wtk`1
{Wtk

˘1´γ
exp tr´ψ`λp1 ´ γq{2s ∆tu ´ 1

ˇ

ˇatk ,Wtk

ıı

“E
„

patk ´ θq

´

exp
!

p1 ´ γq

”

pµ´ r´ θγσ2qpatk ´ θq ´
γ

2
σ2patk ´ θq2

ı

∆t
)

eA1∆t ´ 1
¯

ȷ

“

d

λ

γσ2
eA1∆tA2∆t

exp
!

A2
2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
3{2

.

Similarly, we obtain

E
“

patk ´ θq2Lk
‰

“
λ

γσ2
eA1∆t

“

1 `A2
2p∆tq2 ´ 2A3∆t

‰

exp
!

A2
2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
5{2

.

E
“

patk ´ θq2L2
k

‰

“
λ

γσ2
eA4∆t

“

1 `A2
5p∆tq2 ´ 2A6∆t

‰

exp
!

A2
5p∆tq2

2r1´A6∆ts

)

p1 ´A6∆tq
5{2

.

Now we can compute

E
”

{epψ,θq

ı

“

K´1
ÿ

k“0

E

«

γσ2patk ´ θq

λp1 ´ γq

«

ˆ

Wtk`1

Wtk

˙1´γ

exp tr´ψ`λp1 ´ γq{2s ∆tu ´ 1

ffff

“
γσ2K

λp1 ´ γq
E rpatk ´ θq pLk ´ 1qs

“
γσ2K

λp1 ´ γq

d

λ

γσ2
eA1∆tA2∆t

exp
!

A2
2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
3{2

“T pµ´ r´ θγσ2q

exp
!

A1∆t`
A2

2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
3{2

.

Under the conditions provided on ∆t, there exists a constant C that only depends on µ, r,σ,T such that

|A1∆t| ďCpµ, r,σ, γ,T q,A2
2p∆tq2 ďCpµ, r,σ, γ,T q, and 1 ´A3∆t P p 3

4
, 5
4

q. Thus,

exp
!

A1∆t`
A2

2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
3{2

´ 1 ě
1

p1 ´A3∆tq
3{2

ˆ

A1∆t`
A2

2p∆tq2

2r1 ´A3∆ts

˙

ě ´C|A1|∆t,

exp
!

A1∆t`
A2

2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
3{2

´ 1 ď
`

1 `C|A1|∆t`CA2
2p∆tq2

˘

p1 `C|A3|∆tq ´ 1 ďCp|A1| ` |A3|q∆t.
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Therefore,
ˇ

ˇ

ˇ
E

”

{epψ,θq

ı

´T pµ´ r´ θγσ2q

ˇ

ˇ

ˇ

ďT pµ´ r´ θγσ2q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

exp
!

A1∆t`
A2

2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
3{2

´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ďCp1 ` |θ2| ` |ψ| `λq∆t.

On the other hand,

Var
”

{epψ,θq

ı

“

K´1
ÿ

k“0

Var

„

γσ2patk ´ θq

λp1 ´ γq
pLk ´ 1q

ȷ

“

ˆ

γσ2

λp1 ´ γq

˙2

KVar rpatk ´ θq pLk ´ 1qs

ďK

ˆ

γσ2

λp1 ´ γq

˙2

E
“

patk ´ θq2pLk ´ 1q2
‰

ďK

ˆ

γσ2

λp1 ´ γq

˙2
λ

γσ2

„

eA4∆t
“

1 `A2
5p∆tq2 ´ 4A6∆t

‰

exp
!

A2
5p∆tq2

2r1´A6∆ts

)

p1 ´A6∆tq
5{2

´ 2eA1∆t
“

1 `A2
2p∆tq2 ´ 2A3∆t

‰

exp
!

A2
2p∆tq2

2r1´A3∆ts

)

p1 ´A3∆tq
5{2

` 1

ȷ

ďK
γσ2

λp1 ´ γq2

„

pA4 `
1

2
A6 ´ 2A1 ´A3q∆t`Cp1 `ψ2 ` θ4 `λ2qp∆tq2

ȷ

ďCp1 `
θ2

λ
q `C

ˆ

1 `ψ2 ` θ4

λ
`λ

˙

∆t.

D.6. Proof of Theorem 4

We first prove a result regarding equivalent relative wealth loss (ERWL) in the Black–Scholes market.

Lemma 2. In the Black–Scholes market, the equivalent relative wealth loss of a determinist policy uθ ” θ

is

ERWLpuθq “ 1 ´ expt´
Tγσ2

2
pθ´ θ˚q2u ď

Tγσ2

2
pθ´ θ˚q2,

where θ˚ “
µ´r

γσ2 is the ground truth optimal allocation.

Proof of Lemma 2 We show by direct calculation. Under the deterministic policy uθ “ θ, it follows from

(3) that the corresponding wealth process W θ satisfies

dW θ
t

W θ
t

“ θ
dSt
St

` p1 ´ θqrdt“ rr` pµ´ rqθsdt`σθdBt.

Hence, logW θ
T „ N

`

logw0 ` rr` pµ´ rqθ´ 1
2
σ2θ2sT,σ2θ2T

˘

, leading to

Jp0,w0q “
1

1 ´ γ
E

”

ep1´γq logWθ
T

ı

´
1

1 ´ γ

“
w1´γ

0

1 ´ γ
exptp1 ´ γqrr` pµ´ rqθ´

1

2
σ2θ2sT `

p1 ´ γq2

2
σ2θ2T u ´

1

1 ´ γ

“
w1´γ

0 exptp1 ´ γqT rr` pµ´ rqθ´
γ

2
σ2θ2su ´ 1

1 ´ γ

“

w1´γ
0 exp

!

´
p1´γqγTσ2

2
pθ´ θ˚q2 ` rr`

pµ´rq2

2γσ2 sp1 ´ γqT
)

´ 1

1 ´ γ

“V p0q

´

0,w0e
´

γTσ2

2
pθ´θ˚q2

¯

.
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Hence, by Definition 2, we have

ERWLpuθq “ 1 ´ expt´
Tγσ2

2
pθ´ θ˚q2u ď

Tγσ2

2
pθ´ θ˚q2,

where the inequality follows from the basic inequality ez ě 1 ` z with z “ ´
Tγσ2

2
pθ´ θ˚q2.

The next lemma is about a particular recursive relation.

Lemma 3. Suppose tenuněn0
is a sequence of positive real numbers and n0 ě 4 satisfying

en`1 ď p1 ´αnqen ` pC1 `C2 lognqα2
n, @ně n0,

where tαnuně0 is a positive sequence satisfying αn ď αn`1p1 `Aan`1q for all ně n0 and some A P p0,1q. Let

C “ 1
1´A

supněn0

C1`C2 logn
logpn´1q

_
en0`1

αn0
. Then en`1 ďCαn logn @ně n0.

Proof of Lemma 3 We prove by induction. The conclusion holds for n“ n0 because C ě
en0`1

αn0
. Assuming

the conclusion holds for all nď k with k ě n0, we examine the case with n“ k` 1. By the given recursive

condition and the induction assumption, we have

ek`1 ďp1 ´αkqek ` pC1 `C2 logkqα2
k ď p1 ´αkqCαk´1 logpk´ 1q ` pC1 `C2 logkqα2

k

“Cαk logk

ˆ

αk´1

1 ´αk
αk

logpk´ 1q `αk
C1 `C2 logk

C logk

˙

ďCαk logk

„

p1 `Aαkqp1 ´αkq
logpk´ 1q

logk
`αk

C1 `C2 logkq

C logk

ȷ

ăCαk logk`Cα2
k logk

ˆ

´Aαk
logpk´ 1q

logk
´ p1 ´Aq

logpk´ 1q

logk
`
C1 `C2 logkq

C logk

˙

ăCαk logk`α2
k rC1 `C2 logk´ p1 ´AqC logpk´ 1qs ăCαk logk,

where the last inequality is because Cp1 ´ Aq ą supněn0

C1`C2 logn
logpn´1q

ě
C1`C2 logk
logpk´1q

. This proves the desired

result.

We are now ready to prove Theorem 4. By Lemma 2, we only need to focus on estimating E rpθn ´ θ˚q2s.

Recall that θn satisfies the recursion θn`1 “ ΠKn`1

´

θn ` ℓn {enpψ,θq

¯

, where {enpψ,θq is specified in the

statement of Theorem 4. Hence, by Proposition 1, we have
ˇ

ˇ

ˇ
E

”

{enpψ,θq
ˇ

ˇθn, ϕn

ı

´hpθnq

ˇ

ˇ

ˇ
ďCp1 ` |θn| ` |ψn| `λq∆tn “: βn

Var
”

{enpψ,θq ´hpθnq
ˇ

ˇθn, ϕn

ı

ďCp1 `
|θn|2

λ
q `Cp

1 ` |ψn|2 ` |θn|2

λ
`λq∆tn “: ζn

,

where hpθq “ Tγσ2pθ˚ ´ θq, and C is a constant that only depends on µ, r,σ, γ,T .

Write {enpψ,θq “ hpθnq ` ξn, where E
“

ξn
ˇ

ˇθn, ϕn
‰

ď βn and Var
“

ξn
ˇ

ˇθn, ϕn
‰

ď ζn. By the properties of the

projection mapping, we have

|θn`1 ´ θ˚|
2

ď |θn ´ θ˚ ` ℓn phpθnq ` ξnq|
2
.

Therefore,

E
”

|θn`1 ´ θ˚|
2

ˇ

ˇθn,ψn

ı

ďp1 ´ ℓnTγσ
2q2pθn ´ θ˚q2 ` 2ℓnpθn ´ θ˚qβn ` 2ℓ2nTγσ

2pθ˚ ´ θnqβn ` ℓ2npβ2
n ` ζnq

ďp1 ´ ℓnTγσ
2q2pθn ´ θ˚q2 ` ℓnp1 ´ ℓnTγσ

2q
“

pθn ´ θ˚q2 ` 1
‰

βn ` ℓ2npβ2
n ` ζnq

“p1 ´ ℓnTγσ
2qp1 ´ ℓnTγσ

2 ` ℓnβnqpθn ´ θ˚q2 ` ℓnp1 ´ ℓnTγσ
2qβn ` ℓ2npβ2

n ` ζnq.
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By a property of projection, we know |θn| ď cn ď
?

logn. Hence, for all ně n0, we have

βn ďCpλ` 1 `M ` cnq∆tn ďCpλ` 1 `M ` lognq∆tn ^ 1,

and

ζn ďCp1 ` c2nλ
´1q `Cpλ`

1 `M2 ` c2n
λ

q∆tn ď 2Cp1 `λ´1 lognq `Cλ∆tn.

Therefore,

E
”

|θn`1 ´ θ˚|
2

ˇ

ˇθn,ψn

ı

ďp1 ´ ℓnTγσ
2qp1 ´ ℓnTγσ

2 ` ℓnβnqpθn ´ θ˚q2 ` ℓnp1 ´ ℓnTγσ
2qβn ` ℓ2npβ2

n ` ζnq

ďp1 ´ ℓnTγσ
2qpθn ´ θ˚q2 ` ℓnCpλ` 1 `M ` lognq∆tn ` ℓ2n

`

2C ` 2Cλ´1 logn`Cλ∆tn
˘

.

Taking expectation, we obtain a recursive relation for E rpθn ´ θ˚q2s:

E
“

pθn`1 ´ θ˚q2
‰

ďp1 ´ ℓnTγσ
2qE

“

pθn ´ θ˚q2
‰

` ℓ2n

ˆ

Cpλ` 1 `M ` lognq∆tn
ℓn

` 2C ` 2Cλ´1 logn`Cλ∆tn

˙

ďp1 ´ ℓnTγσ
2qE

“

pθn ´ θ˚q2
‰

` ℓ2nC2p1 `λ´1 lognq,

where C2 is a constant that only depends on µ, r,σ, γ,T .

By the specification of ℓn in the condition, a direct calculation verifies that ℓn satisfies ℓn ď

ℓn`1 p1 ` η2ℓn`1q, for all ně n0. It follows now from Lemma 3 that for all ně n0,

E
“

pθn`1 ´ θ˚q2
‰

ďC1ℓn logn,

for some C1 that is independent of n. In particular, C1 can be taken such that C1 ą
C3

1´η2
supněn0

1`λ´1 logn
logpn´1q

«

C3λ
´1

1´η2
. The proof is completed.


