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Abstract

We study optimal stopping for diffusion processes with unknown model primi-
tives within the continuous-time reinforcement learning (RL) framework developed
by Wang et al. (2020), and present applications to option pricing and portfolio
choice. By penalizing the corresponding variational inequality formulation, we
transform the stopping problem into a stochastic optimal control problem with
two actions. We then randomize controls into Bernoulli distributions and add an
entropy regularizer to encourage exploration. We derive a semi-analytical optimal
Bernoulli distribution, based on which we devise RL algorithms using the martin-
gale approach established in Jia and Zhou (2022a). We establish a policy improve-
ment theorem and prove the fast convergence of the resulting policy iterations.
We demonstrate the effectiveness of the algorithms in pricing finite-horizon Amer-
ican put options, solving Merton’s problem with transaction costs, and scaling to
high-dimensional optimal stopping problems. In particular, we show that both the
offline and online algorithms achieve high accuracy in learning the value functions
and characterizing the associated free boundaries.
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1 Introduction

Optimal stopping involves making decisions on the best timing to exit from (or enter
into) an endeavor with an immediate payoff when waiting for a higher payoff in the future
is no longer beneficial. Such problems abound in many applications, including finance,
physics, and engineering. A prominent example is American-type options where one
needs to decide when to exercise the right to buy or sell an underlying stock.

Optimal stopping can be regarded as a control problem in which there are only two
control actions: stop (exit) or wait (continue). Yet historically, the optimal stopping
theory has been developed fairly separately from that of the general optimal control,
owing to the very specific nature of the former, even though both are based on the
fundamentally same approaches, namely martingale theory and dynamic programming
(DP). For optimal stopping with a continuous-time diffusion process, DP leads to a
variational inequality problem (also known as a free-boundary PDE) that, if solved, can
be used to characterize the stopping/continuation regions in the time–state space and to
obtain the optimal value of the problem.

However, there are two issues with the classical approach to optimal stopping, one
conceptual and one technical. The first one is that the variational inequality formulation
is available only when the model primitives are known and given, while in many applica-
tions model primitives are often hard to estimate to the desired accuracy or are simply
unavailable. The second issue is that even if the model is completely known and the
variational inequality formulation is available, solving it by traditional numerical PDE
methods (e.g., the finite difference method) in high dimensions is notoriously difficult, if
not impossible, due to the curse of dimensionality.

This is where continuous-time reinforcement learning (RL) comes to the rescue. RL
has been developed to solve dynamic optimization in partially or completely unknown
environments. This is achieved through interacting with and exploring the environment:
the RL agent tries different actions strategically and observes responses from the envi-
ronment, based on which she learns to improve her action plans. A key to the success of
this process is to carefully balance exploration (learning) and exploitation (optimization).
RL is also a powerful way to deal with the curse of dimensionality, because it no longer
attempts to solve dynamic programming equations; rather it employs Monte Carlo and
stochastic gradient descent to compute policies and values, which is less prone to the
dimensionality complexity (e.g., Han et al., 2018).

While RL for discrete-time Markov decision processes (MDPs) has been developed for
a long time (Sutton and Barto, 1999), recently the study of RL for controlled continuous-
time diffusion processes has drawn increasing attention, starting from Wang et al. (2020).
Continuous RL problems are important because many practical problems are naturally
continuous in time (and in space). While one can discretize time upfront and turn a
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continuous-time problem into a discrete-time MDP, it has been experimentally shown
(e.g., Munos, 2006; Tallec et al., 2019) that this approach is very sensitive to time dis-
cretization and performs poorly with small time steps. Equally important, there are more
mathematical tools available for the continuous setting that make it possible to establish
an overarching and rigorous theoretical foundation for RL algorithms, as demonstrated
in a series of papers Jia and Zhou (2022a,b, 2023). Indeed, the study on continuous RL
may provide new perspectives even for discrete-time MDPs.1 The general theory has
already found applications in finance, including dynamic mean–variance analysis (Wang
and Zhou, 2020; Dai et al., 2023; Wu and Li, 2024) and Merton’s problem (Jiang et al.,
2022; Dai et al., 2023; Dai and Dong, 2024), to name but a few.

This paper studies optimal stopping in finite time horizons for (potentially high-
dimensional) diffusion processes with unknown model parameters. Instead of developing
an RL theory for optimal stopping from the ground up parallel to the control counter-
part (Wang et al., 2020; Jia and Zhou, 2022a,b, 2023), we first transform the stopping
problem into a stochastic control problem, inspired by Dai et al. (2007). Indeed this
transformation is motivated by the fact that the variational inequality problem can be
approximated by a “penalized” PDE, whose solution converges to that of the original
variational inequality problem as the penalty parameter approaches infinity (Friedman,
1982; Forsyth and Vetzal, 2002; Liang et al., 2007; Peng et al., 2024). Moreover, the
penalized PDE is actually the Hamilton–Jacobi–Bellman (HJB) equation of a stochastic
bang-bang control problem.

Once we have turned the problem into an RL problem for stochastic control, we can
apply/adapt all the available results, methods, and algorithms developed for the latter
right away. In particular, we take the exploratory formulation of Wang et al. (2020)
involving control randomization and entropy regularization. Because the control set now
contains only two actions (corresponding to stop and continuation), the randomized con-
trol is a Bernoulli distribution. To wit, for exploring the environment there is no longer a
clear-cut stop or continuation decision. Rather, the agent designs a (biased) coin for each
time–state pair and makes the stopping decision based on the outcome of a coin toss.2

Moreover, we derive a semi-analytical formula for the optimal Bernoulli distribution,
which is crucial for policy parameterization and policy improvement in designing our RL
algorithms. Built upon the martingale approach established by Jia and Zhou (2022a), we

1For instance, a theoretical underpinning of Jia and Zhou (2022a,b, 2023) is the martingale property
of certain stochastic processes. It turns out that there is an analogous, and almost trivial, martingality
for discrete-time MDPs; see Jia and Zhou (2022a, Appendix C), but such a property had never been
mentioned let alone exploited in the literature per our best knowledge.

2Interestingly, in a seemingly different context (a casino gambling model originally proposed by Bar-
beris (2012) featuring behavioral finance theory), He et al. (2017) and Hu et al. (2023) show that intro-
ducing coin-toss for making stopping decisions can on one hand strictly increase the cumulative prospect
theory preference value and on the other hand make the problem analytically tractable. However, these
papers stop short of explaining why people actually toss coins in reality. Exploration à la RL probably
offers one explanation.
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design two RL algorithms: an offline martingale loss (ML) algorithm and an online TD(0)
algorithm. Moreover, we provide a theoretical guarantee – a fast convergence result of
the policy improvement/iteration.

We then conduct an extensive simulation study, applying these algorithms to several
problems, including pricing finite-horizon American put options and solving Merton’s
portfolio choice problem with transaction costs. More importantly, we experiment with
two high-dimensional problems: American geometric average put options and optimal
stopping for fractional Brownian motions. Through these experiments we demonstrate
the effectiveness and efficiency of our reinforcement learning methods and algorithms,
particularly their scalability to high-dimensional settings.

This work is closely related to Dong (2024), the first paper in the literature to study
optimal stopping within the continuous-time exploratory framework of Wang et al. (2020).
However, there are stark differences. First, we turn the stopping problem into a stochas-
tic control problem using the penalty method, while Dong (2024) treats the stopping
problem directly by randomizing stopping times with a Cox process. The advantage of
our approach, as already noted earlier, is that once in the control formulation, we can
immediately apply all the available RL theories for controlled diffusions developed so far,
instead of having to develop the corresponding theories for stopping from the get-go.
Second, the entropy regularizers are chosen differently. We adopt the usual Shannon
differential entropy, also used by Wang et al. (2020) and its sequels, while Dong (2024)
employs the so-called unnormalized negentropy. See Section 4.6 for a more detailed dis-
cussion on this point. Finally, in our experiments, we examine the performance of our
methods with both online and offline algorithms, while Dong (2024) only shows his offline
results.

Another recent relevant paper is Dianetti et al. (2024).3 That paper is also significantly
different from ours in several fronts. First, Dianetti et al. (2024) use randomized stopping
times to turn their optimal stopping into a singular control problem, and then apply the
exploratory formulation to the latter which is probably more complex than the former.
By contrast, we do quite the opposite: in solving Merton’s problem with transaction costs
which is a singular control problem, we turn it into optimal stopping and then into regular
control. The reason for us doing so is that singular control involves gradient constraints,
which are always hard to treat. In contrast, optimal stopping, along with regular control,
is much easier to deal with. That said, it is important to develop an RL theory for singular
control (beyond the motivation for solving optimal stopping). In this regard, Dianetti
et al. (2024) obtain many results including those of theoretical convergence. Second, in
terms of algorithm design, the value function in Dianetti et al. (2024) is approximated by
Monte Carlo thus offline in nature, and their policy improvement involves the gradient of

3The paper came to our attention shortly after the previous version of our paper was completed and
posted.
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the value function that requires very fine grids and a large amount of data to learn. In
comparison, we have both online and offline algorithms, which do not demand computing
the aforementioned gradient. Finally, Dianetti et al. (2024) study stopping in infinite
time horizon, while we deal with finite horizons. Besides the consideration of practical
applicability, optimal stopping in a finite horizon is significantly harder than its infinite
horizon counterpart.

This work is also related to a strand of papers on machine learning for optimal stop-
ping (e.g., Becker et al., 2019, 2020, 2021; Reppen et al., 2025; Herrera et al., 2024;
Peng et al., 2024). These papers focus on using deep neural nets to approximate the
free boundaries and/or optimal stopping, significantly outside the entropy-regularized,
exploratory framework of Wang et al. (2020) to which the present paper belongs. The
RL algorithms developed in this paper can also be applied to optimal stopping prob-
lems beyond the field of finance. For instance, the Stefan problem in physics, which
describes the evolution of the boundary between two phases of a material undergoing a
phase change (Wang and Perdikaris, 2021), can be formulated as an optimal stopping
problem (Grigelionis and Shiryaev, 1966). In medicine, optimal stopping is relevant to
problems such as radiotherapy treatment, where the goal is to determine when to stop
the current treatment scheme (Ajdari et al., 2019). Many other engineering problems also
involve optimal stopping, such as deciding the best time to stop the production of a nat-
ural resource (Pham, 2009), early stopping of model training in machine learning using
Bayesian methods (Dai et al., 2019), and classifying urban reports by deciding when to
stop adding more features once they no longer enhance classification accuracy (Liyanage
et al., 2019).

The remainder of the paper is organized as follows. Section 2 transforms the optimal
stopping problem with a finite horizon into a bang-bang stochastic control problem and
then presents its exploratory formulation. In Section 3, we propose both the online
and offline RL algorithms and provide a policy improvement theorem with a theoretical
convergence rate. Section 4 is devoted to simulation studies on pricing an American put
option and on an investment problem with transaction costs, while Section 5 is on two
high-dimensional examples. Finally, Section 6 concludes. All the proofs and additional
materials are presented in the appendices.

2 Optimal stopping in finite time horizon

We fix a filtered probability space (Ω,F ,P; {Ft}t⩾0) in which a standard d-dimensional
Brownian motion W = (W (1), W (2), · · · , W (d)) is defined, along with a fixed finite time
T > 0. Consider the following optimal stopping problem with a finite horizon

max
τ∈[0,T ]

E[g(τ, Xτ )] (2.1)
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for an n-dimensional diffusion process X = (X(1), X(2), · · · , X(n)) driven by

dX
(i)
t = bi(t, Xt) dt +

∑
j

σi,j(t, Xt) dW
(j)
t . (2.2)

It is well-known that the HJB equation of the problem (2.1) is given bymax{vt + L v, g − v} = 0, (t, x) ∈ [0, T )× Rn,

v(T, x) = g(T, x),
(2.3)

where
L v(t, x) = 1

2
∑
i,j,k

σi,k(t, x)σj,k(t, x) ∂2v

∂xi∂xj

+
∑

i

bi(t, x) ∂v

∂xi

. (2.4)

The equation (2.3) is equivalent to a set of two inequalities and one equality, referred to
as a variational inequality problem.

Throughout this paper, we assume all the coefficients are continuous in t and Lipschitz
continuous in x. Moreover, σσ′ is uniformly bounded and positive definite, where σ =
(σi,j)i,j.

2.1 Penalty approximation

Consider the following penalty approximation problem for (2.3):vt + L v + K(g − v)+ = 0, (t, x) ∈ [0, T )× Rn,

v(T, x) = g(T, x),
(2.5)

where K is a positive scalar, called the penalty factor. The following result states the
relationship between (2.5) and (2.3).

Lemma 2.1. The solution of (2.5) converges to that of (2.3) as K → +∞.

A proof of this lemma can be found in the literature such as Friedman (1982), Liang
et al. (2007), and Peng et al. (2024). Indeed, one can obtain the following estimate:

0 ⩽ vos(t, x)− vK(t, x) ⩽ C

K
, ∀ (t, x, K) ∈ [0, T ]× Rn×(0,∞) (2.6)

under some technical conditions, where vos and vK are respectively the solutions to (2.3)
and (2.5), and C is a positive constant independent of K. For reader’s convenience we
provide a proof of Lemma 2.1 in Appendix A.1.

Lemma 2.1 suggests that solving (2.3) reduces to solving (2.5) with a sufficiently large
K. In particular, numerically one can simply solve the latter to get an approximated
solution to the former. We can rewrite (2.5) as the following PDE involving a binary
optimization term

0 = vt + L v + K(g − v)+ = vt + max
u∈{0,1}

{L v −Kuv + Kg(t, x)u}. (2.7)
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We are now going to show in the next subsection that this PDE corresponds to some
(unconventional) stochastic control problem.

2.2 Transformation to optimal control

Before we further analyze (2.7), let us first consider the following general stochastic
control problem

v(s, x) = max
u∈U

J(s, x; u), (2.8)

where the controlled n-dimensional process Xt follows

dXt = b̃(t, Xt, ut) dt + σ̃(t, Xt, ut) dWt, (2.9)

and the objective functional (also called the reward function in the RL literature) is
defined as

J(s, x; u) = E
[∫ T

s
e−
∫ t

s
f(r,Xr,ur) drG(t, Xt, ut) dt + e−

∫ T

s
f(r,Xr,ur) drH(XT )

∣∣∣∣∣ Xs = x

]
.

Here U denotes the set of admissible controls u : [0, T ]×Ω→ U which are progressively
measurable such that (2.9) admits a unique strong solution and J(s, x; u) is finite, while
U ⊆ Rm is a given closed control constraint set. In addition, G : [0, T ] × Rn×U → R
and H : Rn → R represent the running reward and terminal reward terms, respectively,
in the objective functional J of the control problem (2.8), while f : [0, T ]× Rn×U → R
serves as a discount factor.

Note that this is not a conventional stochastic control problem (e.g., Yong and Zhou,
1999) as it involves control-dependent discount factors. However, we still have the fol-
lowing HJB equation and verification theorem.

Theorem 2.2 (Verification theorem). Suppose v is a classical solution ofvt + maxu∈U {Luv − vf + G} = 0, (t, x) ∈ [0, T )× Rn,

v(T, x) = H(x),
(2.10)

where
Luv = 1

2
∑
i,j,k

σ̃i,k(t, x, u)σ̃j,k(t, x, u) ∂2v

∂xi∂xj

+
∑

i

b̃i(t, x, u) ∂v

∂xi

.

Then it is the optimal value function of problem (2.8).

Remark 2.1. If f is a constant, then the above result reduces to the classical verification
theorem. One can even establish a similar result when a term like e−

∫ t

s
f(r,Xr,ur) dr−

∫ t

s
g(r,Xr,ur) dWr

is in place of e−
∫ t

s
f(r,Xr,ur) dr in the reward functional J .

By Theorem 2.2, the PDE (2.7) is indeed the HJB equation of the following stochastic
control problem:

v(s, x) = max
ut∈{0,1}

J(s, x; u), (2.11)
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where the (uncontrolled) process Xt is driven by (2.2) and

J(s, x; u) = E
[∫ T

s
Ke−K

∫ t

s
ur drg(t, Xt)ut dt + e−K

∫ T

s
ur drg(T, XT )

∣∣∣∣∣ Xs = x

]
. (2.12)

Applying Theorem 2.2 yields

Lemma 2.3. Suppose v is a classical solution of (2.7) with terminal condition v(T, x) =
g(T, x). Then it is the value function of problem (2.11).

Even though we have established the theoretical dynamic programming result for
the non-conventional control problem (2.11), it is beneficial (to our subsequent analysis)
to present an alternative conventional formulation. This is achieved by introducing an
additional state.

Recalling that Xt is driven by (2.2), we introduce a new controlled state equation
dRt = −KRtut dt or Rt = Rse

−K
∫ t

s
ur dr for t ⩾ s. Let

v̄(s, x, r) = max
ut∈{0,1}

J̄(s, x, r; u), (2.13)

where

J̄(s, x, r; u) = E
[∫ T

s
KRtg(t, Xt)ut dt + RT g(T, XT )

∣∣∣∣∣ Xs = x, Rs = r

]
.

Then clearly problem (2.11) has the optimal value v(s, x) = v̄(s, x, 1).
As is well known, the HJB equation for the classical control problem (2.13) is given

by 
v̄t + max

u∈{0,1}

[
L v̄ −Kru

∂v̄

∂r
+ Krg(t, x)u

]
= 0, (t, x, r) ∈ [0, T )× Rn×(0,∞),

v̄(T, x, r) = rg(T, x), v̄(t, x, 0) = 0.

(2.14)
Clearly, for r > 0, J̄(s, x, r; u) = rJ̄(s, x, 1; u); so v̄(s, x, r) = rv̄(s, x, 1) = rv(s, x).

Substituting this into (2.14), we get, for (t, x) ∈ [0, T )× Rn,
vt + max

u∈{0,1}

[
1
2
∑

i,j,k σi,k(t, x)σj,k(t, x) ∂2v
∂xi∂xj

+∑
i bi(t, x) ∂v

∂xi
−Kuv + Kg(t, x)u

]
= 0,

v(T, x) = g(T, x),
(2.15)

which recovers (2.7). In this sense, the two problems (2.13) and (2.11) are equivalent.
Finally it is clear from (2.7) that the control/action u = 1 (resp. 0) for (2.13) corre-

sponds to stop (resp. continue) for the original stopping problem.
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2.3 RL formulation

Now we are ready to present the RL formulation for problem (2.13) by considering
the entropy-regularized, exploratory version of the problem, which was first introduced
by Wang et al. (2020) and then studied in many continuous-time RL examples (Wang
and Zhou, 2020; Jiang et al., 2022; Jia and Zhou, 2022b, 2023; Dong, 2024; Dai et al.,
2023). A special feature of the current problem is that, because the action set has only
two points, 0 and 1, the exploratory control process π is a Bernoulli-distribution valued
process with P(ut = 1) = πt = 1 − P(ut = 0). When exercising such a control, at any t

the agent flips a coin having head with probability πt and tail with probability 1 − πt,
and stops if head appears and continues otherwise.

With a slight abuse of notation, henceforth we still use (X, R) to denote the ex-
ploratory states. Since X is not controlled, it is still driven by (2.2) but R now satisfies

dRt = −KRtπt dt. (2.16)

Then the entropy-regularized exploratory counterpart of problem (2.13) is

v̄Π(s, x, r) = max
π

J̄π(s, x, r), (2.17)

where the superscript Π is a reminder that we are currently considering an exploratory
problem with control randomization and entropy regularization, and the maximization is
over all Bernoulli-distribution valued processes taking values in {0, 1}. The value function
is

J̄π(s, x, r) = E
[∫ T

s
Rt

[
Kg(t, Xt)πt − λH (πt)

]
dt + RT g(T, XT )

∣∣∣∣∣ Xs = x, Rs = r

]
,

(2.18)
where

H (π) = π log π + (1− π) log (1− π) . (2.19)

In the above, −H (π) is the differential entropy of the Bernoulli distribution π, and λ > 0
is the exploration weight or temperature parameter representing the trade-off between
exploration and exploitation.

Note that the formulation (2.18) does not follow strictly the general formulation in
Wang et al. (2020) and those in the subsequent works, because the running entropy
regularization term in (2.18) is −RtH (πt) instead of −H (π). There are two reasons
behind this modification. First, v̄(t, x, 0) = 0 in (2.14) for both current and future time–
state pairs (t, x) motivates us to expect that v̄Π(t, x, 0) = 0 holds as well, which would be
untrue if we took −H (π) as the regularizer. Second, with the modification we can reduce
the dimension of the problem as follows. Taking the expression of Rt into J̄π(s, x, r) to
get

vΠ(s, x) = max
πt∈[0,1]

Jπ(s, x), (2.20)
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where Jπ(s, x) defined below does not rely on Rt anymore:

Jπ(s, x) = E
[∫ T

s
e−K

∫ t

s
πv dv

[
Kg(t, Xt)πt − λH (πt)

]
dt + e−K

∫ T

s
πv dvg(T, XT )

∣∣∣∣∣ Xs = x

]
.

(2.21)
Note that we have the following relationships:

J̄π(s, x, r) = rJπ(s, x) and vΠ(s, x) = 1
r

v̄Π(s, x, r) = v̄Π(s, x, 1) for all r > 0. (2.22)

Meanwhile, the optimal strategies of (2.17) and (2.20) are identical, which will be shown
shortly. Consequently, in the RL algorithms in the next section, to learn the optimal
value function vΠ(s, x) of the problem (2.20), we will start from the problem (2.17) with
initial state R0 = 1.

By Theorem 2.2, the HJB equation of the problem (2.20) is

vt +L v + max
π∈[0,1]

{
−Kπv +Kgπ−λ(π log π +(1−π) log(1−π))

}
= 0, (t, x) ∈ [0, T )×Rn .

(2.23)
Since π 7→ −Kπv + Kgπ − λ(π log π + (1− π) log(1− π)) is strictly concave, the unique
maximizer π∗ in the above is determined by the first order condition: −Kv + Kg −
λ(log π∗ − log(1− π∗)) = 0, or

π∗ = 1
1 + exp(λ−1K(v − g)) . (2.24)

Using this, the HJB equation (2.23) reduces to

exp(−λ−1(vt + L v)) = exp(λ−1(−Kv + Kg)) + 1. (2.25)

By Theorem 2.2, we have

Lemma 2.4. Suppose v is a classical solution of (2.25) satisfying the terminal condition
v(T, x) = g(T, x). Then it is the value function of the problem (2.20).

Following the same procedure, the HJB equation of (2.17) is

v̄t + L v̄ + max
π̄∈[0,1]

r
{
−Kπ̄v̄r + Kgπ̄ − λ(π̄ log π̄ + (1− π̄) log(1− π̄))

}
= 0, (2.26)

where (t, x, r) ∈ [0, T )× Rn×[0,∞), and the unique maximizer in above is

π̄∗ = 1
1 + exp(λ−1K(v̄r − g)) . (2.27)

By (2.22), v̄Π
r (s, x, r) = vΠ(s, x), therefore, π̄∗(s, x, r) = π∗(s, x), which shows that the

optimal strategies of the problems (2.17) and (2.20) are the same.
We end this section by providing an error analysis arising from the penalty approxi-

mation (in terms of K) and the exploratory framework (in terms of λ). It is immediate
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that the optimal value function vK of the penalty approximation (which satisfies (2.7))
also satisfies (2.23) with λ = 0, while the optimal value function vΠ of the exploratory
control problem (2.20) satisfies (2.23) with a positive λ. By the maximum principle, it is
straightforward that vK ⩽ vΠ.

Next, we provide a lower bound of vK . Consider the function ṽλ := vK +λ(T−t) log 2,
which coincides with vΠ when t = T . Substituting ṽλ into the LHS of (2.23) yields:

ṽλ
t + Lṽλ + max

π∈[0,1]

{
−Kπṽλ + Kgπ − λ

(
π log π + (1− π) log(1− π)

)}
= vK

t + LvK − λ log 2

+ max
π∈[0,1]

{
−KπvK −Kπλ(T − t) log 2 + Kgπ − λ

(
π log π + (1− π) log(1− π)

)}
⩽ vK

t + LvK + max
π∈[0,1]

{
−KπvK + Kgπ

}
+ max

π∈[0,1]
{−Kπλ(T − t) log 2}

+ max
π∈[0,1]

{
−λ

(
π log π + (1− π) log(1− π)

)
− λ log 2

}
⩽ 0,

where we make use of the facts that vK
t + LvK + maxπ∈[0,1]

{
−KπvK + Kgπ

}
= 0 and

−
(
π log π + (1− π) log(1− π)

)
⩽ log 2. Thus, again by the maximum principle, we have

that ṽλ ⩾ vΠ, i.e., vK ⩾ vΠ − λ(T − t) log 2.

Theorem 2.5. For any fixed penalty factor K, we have

vΠ − λ(T − t) log 2 ⩽ vK ⩽ vΠ,

where vK and vΠ satisfy (2.7) and (2.23), respectively. Combined with (2.6), we have

−λ(T − t) log 2 ⩽ vos − vΠ ⩽
C

K
,

where vos satisfying (2.3) is the optimal value function of the original optimal stopping
problem (2.1), and C is a positive constant independent of λ and K.

As a consequence, as we increase the penalty factor K to infinity and decrease the
temperature parameter λ to zero, vΠ converges uniformly to vos.

3 Reinforcement learning algorithms

We discretize the time horizon [0, T ] into a series of equally spaced time intervals
[tl−1, tl], 1 ⩽ l ⩽ L with tl = l∆t. Given a control policy π, approximate its value
function of problem (2.20) at time tl, i.e., Jπ (tl, ·), by a neural network (NN) with
parameter θl ∈ RNθl , where Nθl

represents the dimension of θl, for l = 0, . . . , L− 1.4 We
4For problems with special structures, we can exploit them to directly parameterize the value function

instead of resorting to the NN, which could reduce the complexity greatly. For example, Wang and Zhou
(2020) and Jiang et al. (2022) use analytical forms of the value functions for parameterizing a pre-
committed dynamic mean-variance problem and a dynamic terminal log utility problem, respectively.

11



denote by Vθl
(·) this approximated value function at time tl. Besides, at tL = T the value

function is simply VθL
(·) = g(T, ·). Finally, (2.22) yields the corresponding approximation

of the value function of the problem (2.17).
A typical RL task consists of two steps: policy evaluation and policy improvement.

Starting from an initial (parameterized) policy π(0), we need to learn the value function
under π(0) to get an evaluation of this policy. The next step is to find a direction to
update the policy to π(1) such that the value function under π(1) is improved compared to
that under π(0). We repeat this procedure until optimality or near-optimality is achieved.

The second step, policy improvement, is based on the following theoretical result
(which is analogous to (2.24)).

Theorem 3.1 (Policy improvement theorem). Given an admissible policy π together
with its value function Jπ (·, ·), let

π̃(t, x) = 1
1 + exp (λ−1K (Jπ (t, x)− g(t, x))) . (3.1)

Then Jπ (t, x) ⩽ J π̃ (t, x) for all (t, x) ∈ [0, T ]× Rn.

So for the current problem, the policy improvement can be computed analytically
provided that Jπ (·, ·) is accessed for any π. Thus, solving the problem boils down to
the first step, policy evaluation.5 For that step, we take the martingale approach for
continuous-time RL developed in Jia and Zhou (2022a).

First, we consider an offline algorithm. Following Jia and Zhou (2022a), denote

Mt := J̄π(t, Xt, Rt) +
∫ t

0
Rs

[
Kg(s, Xs)πs − λH (πs)

]
ds,

which is a martingale. Noting J̄π(T, XT , RT ) = RT g(T, XT ), (2.22) and the NN approxi-
mation, we get

MT −Mt = J̄π(T, XT , RT )− J̄π(t, Xt, Rt) +
∫ T

t
Rs

[
Kg(s, Xs)πs − λH (πs)

]
ds

= RT g(T, XT )−RtJ
π(t, Xt) +

∫ T

t
Rs

[
Kg(s, Xs)πs − λH (πs)

]
ds

= RT g(T, XT )−RtVθ(Xt) +
∫ T

t
Rs

[
Kg(s, Xs)πs − λH (πs)

]
ds.

The martingale loss function is thus

ML
(
{θl}L−1

l=0

)
= 1

2E
[∫ T

0
|MT −Mt|2dt

]
≈: 1

2E
[

L−1∑
l=0

G2
l ∆t

]
, (3.2)

5Note that this shortcut is specific to the current problem and the approach we take.
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where

Gl = RT g(T, XT )−Rtl
Vθl

(Xtl
) +

L−1∑
j=l

Rtj

[
Kg(tj, Xtj

)πtj
− λH (πtj

)
]
∆t. (3.3)

For states at discretized time points, we adopt the forward Euler scheme as follows,

Xtl+1 = Xtl
+ b(tl, Xtl

)∆t + σ(tl, Xtl
)∆W with ∆W ∼ N (0, ∆t), (3.4)

and
Rtl+1 = Rtl

(1−Kπtl
∆t) for l = 0, . . . , L− 1. (3.5)

It is obvious that to minimize the martingale loss, the state trajectories in the whole
time horizon are required, which leads to the offline RL Algorithm 1. During training,
as long as we can collect the realized outcomes of the payoff function g, referred to as the
reward signals from the environment, the algorithm is applicable even if we do not know
the functional form of g.6

For online learning, we apply the martingale orthogonality condition E
[∫ T

0 ξtdMt

]
= 0

for any test function ξ ∈ L2
F ([0, T ],M), again proposed by Jia and Zhou (2022a), where

L2
F ([0, T ],M)

:=
{

κ = {κt, 0 ⩽ t ⩽ T} : κ is Ft-progressively measurable and E
∫ T

0
|κt|2d⟨M⟩t <∞

}
.

In particular, a TD(0)-type algorithm results from choosing ξt = ∂J̄π(t,Xt,Rt)
∂θ

. The corre-
sponding online updating rule is

θ ← θ + α
∂J̄π(t, Xt, Rt)

∂θ
dMt,

where α is the learning rate. For actual implementation where time is discretized, we
have at time tl:

∂J̄π(tl, Xtl
, Rtl

)
∂θl

dMtl

≈ ∂ (Rtl
Vθl

(Xtl
))

∂θl

{
Rtl+1Vθl+1(Xtl+1)−Rtl

Vθl
(Xtl

) + Rtl
[Kg (tl, Xtl

) πtl
− λH (πtl

)] ∆t
}

∝ ∂Vθl
(Xtl

)
∂θl

{
Rtl+1

Rtl

Vθl+1(Xtl+1)− Vθl
(Xtl

) + [Kg(tl, Xtl
)πtl
− λH (πtl

)] ∆t

}
.

6In some situations, we may also be able to learn g through parameterizations. For instance, in the
next section we will show that when g is the payoff function corresponding to the early exercise premium
of an American put option, whose exact value is dependent on the unknown market volatility, an accurate
approximation of g is available upon training by the martingale approach.
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Consequently, the updating rule in our online algorithm is

θl ← θl + α
∂Vθl

(Xtl
)

∂θl

{
Rtl+1

Rtl

Vθl+1(Xtl+1)− Vθl
(Xtl

) + [Kg(tl, Xtl
)πtl
− λH (πtl

)] ∆t

}
(3.6)

for l = 0, . . . , L− 1. Algorithm 2 presents the online learning procedure.

Algorithm 1: Offline ML
Inputs: initial states x0 and r0 = 1, penalty factor K, time horizon T , time step
∆t, number of time intervals L, training batch size M , number of training steps
N , learning rate α, temperature parameter λ and a good representation of the
payoff function g(·, ·).

Learning procedure:
Initialize the neural networks Vθl

(·) for l = 0, . . . , L− 1.
for n = 1, . . . , N do

Generate M state trajectories of {Xtl
}L

l=0 with X0 = x0 by (3.4).
Calculate the strategy {π (tl, Xtl

)}L
l=0 according to

π (tl, Xtl
) = 1

1+exp(K
λ (Vθl

(Xtl
)−g(tl,Xtl

))) .

Generate M state trajectories of {Rtl
}L

l=0 with R0 = r0 by (3.5).
Calculate the martingale loss (3.2).
Update {θl}L−1

l=0 by taking one step stochastic gradient descent with respect to
the martingale loss with learning rate α.

end

Finally, we provide some convergence result as a theoretical guarantee of the proposed
RL algorithm, assuming that the policy evaluation can be carried out precisely.7 Starting
from a given policy π0 and its value function Jπ0 , consider a sequence of policies {πn}∞

n=1

and the corresponding value functions
{
Jπn

}∞

n=1
, where

πn+1(t, x) = 1
1 + exp (λ−1K (Jπn(t, x)− g(t, x))) . (3.7)

It follows from the Feynman–Kac formula that

∂tJ
πn + L Jπn + H

(
t, x, πn, Jπn

)
= 0, Jπn (T, x) = g(T, x), (3.8)

where H (t, x, π, Jπ) = Kπ(t, x) (g(t, x)− Jπ(t, x)) − λH (π(t, x)) is as defined in the
proof of Theorem 3.1.

Theorem 3.2 (Convergence rate of policy iteration). Given any initial guess Jπ0 ∈
Cb(R) for the optimal exploratory control problem (2.20) under an initial admissible policy

7Here we ignore the impact of time discretization in the presented convergence result to avoid dis-
traction from the central ideas of the paper. For a convergence analysis involving the effects of time
discretization and sampling in randomization, see Section 3.2.2 in Dai et al. (2025) for Merton’s problem
with power utility in a Black-Scholes market, where there is only one unknown model primitive. For
more general problems with more complex structures, see a recent paper Jia et al. (2025). This is still
an on-going active research topic in the realm of RL for controlled diffusion processes.
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Algorithm 2: Online TD(0)
Inputs: initial states x0 and r0 = 1, penalty factor K, time horizon T , time step
∆t, number of time intervals L, training batch size M , number of training steps
N , learning rate α, temperature parameter λ and a good representation of the
payoff function g(·, ·).

Learning procedure:
Initialize the neural networks Vθl

(·) for l = 0, . . . , L− 1.
for n = 1, . . . , N do

Generate M state trajectories with the identical initial states X0 = x0 and
R0 = r0.

for l = 0, . . . , L− 1 do
Generate Xtl+1 by (3.4) for all M state trajectories.
Calculate the strategy π (tl, Xtl

) according to
π (tl, Xtl

) = 1
1+exp(K

λ (Vθl
(Xtl

)−g(tl,Xtl
))) .

Generate Rtl+1 by (3.5) for all M state trajectories.
Update θl by stochastic approximation (3.6) with learning rate α.

end
end

π0, generate the sequence
{
πn, Jπn

}∞

n=1
alternatingly by (3.7) and (3.8). Suppose the pay-

off function g is uniformly bounded. Then, for any fixed penalty factor K and temperature
parameter λ, we have

∥∥∥vΠ − Jπn+1
∥∥∥

∞
⩽

(2KT )n

n! 2[(K ∥g∥∞ + λ log 2)T + ∥g∥∞].

In particular, it follows that Jπn converges to vΠ as n→∞.

4 Simulation studies: American put options

In this section, we present simulation experiments in which an RL agent learns how
to exercise finite-horizon American put options. A put option can be formulated as the
following optimal stopping problem under the risk-neutral measure

max
τ∈[0,T ]

E
[
e−ρτ (Γ−Xτ )+

]
, (4.1)

where the stock price follows a one-dimensional geometric Brownian motion: dXt =
ρXt dt + σXt dWt with ρ being the risk-free rate and σ being the volatility of the stock
price, and the (time-invariant) payoff function is g(x) = (Γ− x)+ with Γ being the strike
price. In the RL setting, the volatility σ is unknown to the agent.

Due to the presence of the exponential time discounting in the objective function, (3.3)
and (3.6) in Algorithms 1 and 2 need to be respectively modified to (refer to Section 5.1
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in Jia and Zhou, 2022a):

Gl = e−ρT RT g(XT )− e−ρtlRtl
Vθl

(Xtl
) +

L−1∑
j=l

e−ρtj Rtj

[
Kg(Xtj

)πtj
− λH (πtj

)
]
∆t,

and

θl ← θl+α
∂Vθl

(Xtl
)

∂θl

{
Rtl+1

Rtl

Vθl+1(Xtl+1)− Vθl
(Xtl

) + [Kg(Xtl
)πtl
− λH (πtl

)] ∆t− ρVθl
(Xtl

)
}

.

In our experiments, we use the same parameters as in Becker et al. (2021) and Dong
(2024) for the simulator, i.e., the initial stock price x0 = 40, strike price Γ = 40, risk-free
rate ρ = 0.06, volatility σ = 0.4 (but unknown to the agent), and maturity time T = 1.
We use the implicit finite difference method to solve the penalty approximation of the
HJB equation of the optimal stopping problem, namely (2.5), and obtain the omniscient
option price which equals 5.317, as well as the free boundary Xf (t) which is shown as the
blue line in Figure 2.

Finally, Table 1 lists some key (hyper)parameter values in our experiments.

Table 1: Benchmark values in RL training.
Notation Benchmark value

Number of time mesh grids L 50
Penalty factor K 10
Temperature parameter λ 1
Learning rate α 0.01
Training batch size M 210

Testing batch size Mtest 218

Number of training steps N 1000 or 5000

4.1 Learning early exercise premium

Early exercise premium is the difference in value between an American option and its
European counterpart. In our setting, it is defined as

ṽ(t, x) := v(t, x)− VE(t, x), (4.2)

where VE(t, x) is the value of the European put option with the same strike. The associ-
ated payoff function is

g̃(t, x) := g(x)− VE(t, x). (4.3)

Instead of learning the value of the American put option, we set out to learn the value
of the early exercise premium. An advantage of doing so is that it removes the singularity
of the terminal condition, which improves the learning performance around the maturity
time.
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In the following subsections, we will learn the early exercise premium ṽ by solving
the related entropy-regularized problem with payoff g̃. However, the unknown model
primitive σ renders an unknown VE embedded in g̃; so the problem has an unknown
payoff function. We will apply policy evaluation to learn an approximated g̃ϕ; refer to
Appendix B for details.

The architecture of the fully connected feedforward NNs used in our study is the same
as that in Dong (2024): At each decision time point t ∈ {tl : l = 0, 1, . . . , L − 1}, we
construct one neural network, which consists of one input layer, two hidden layers with 21
neurons followed by an ReLU activation function and one output layer. Following Becker
et al. (2021), at time tl we take the inputs to be the state and the approximated payoff
value, i.e., Xtl

and g̃ϕ(tl, Xtl
). The output wθl

of the NN at time tl is the difference between
the early exercise premium and the associated payoff function, i.e., ṽ(tl, Xtl

)− g̃(tl, Xtl
),

which is equal to v(tl, Xtl
)− g(tl, Xtl

) in theory by (4.2) and (4.3). Write

wθl

(
Xtl

, g̃ϕ(tl, Xtl
)
)

:= Vθl
(Xtl

)− g̃ϕ(tl, Xtl
), (4.4)

where Vθl
(·) is the NN approximator for the value function of the exploratory problem

regarding ṽ, namely problem (B.6) at time tl. Finally, after the input layer and the output
layer and before every activation layer, we add a batch normalization layer to facilitate
training.

4.2 Learned value functions

With the parameter values given in Table 1, we implement training for 1000 steps by
the offline ML Algorithm 1 and for 5000 steps by the online TD(0) Algorithm 2. These
are carried out within the PyTorch framework. Each algorithm spends about 0.5s for one
step training on a Windows 11 PC with an Intel Core i7-12700 2.10 GHz CPU and 32GB
RAM by CPU computing only.

Figure 1 shows the learning results by Algorithms 1 and 2 regarding the exploratory
value functions at six selected decision time points t ∈ {tl : l = 0, 10, 20, 30, 49} =
{0, 0.2, 0.4, 0.6, 0.8, 0.98}. In each panel, we plot five lines with the stock price ranging
from zero to twice the initial stock price. The solid red line (with label “Option”) shows
the theoretical (omniscient) values of v(t, x)−g(x) derived by finite difference. The dotted
solid blue, orange and green lines (with label “Dong (2024)”, “ML” and “TD(0)”) are
respectively the outputs v − g from the NN by the TD error algorithm in Dong (2024)
and by the ML and TD(0) algorithms in this paper. The dotted yellow vertical line (with
label “S∗”) refers to the specific stock price that separates the stopping and continuation
regions at each time, which is also derived by finite difference.

As observed, all the algorithms result in values close to the oracle value, especially
when the stock price is above S∗. The results of Dong (2024) have relatively high errors
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Figure 1: Learning results of v − g under the TD algorithm in Dong (2024), the offline
ML algorithm and the online TD(0) algorithm in this paper at six selected decision
time points: {0, 10, 20, 30, 40, 49}-th discretized time points. The solid red lines are the
theoretical values of v − g and the dotted yellow vertical lines specify the stock price on
the theoretical free boundary, both derived by finite difference. The training parameters
of Dong (2024) are specified in Section 4.6.

when approaching the terminal time, which is the main motivation for learning early
exercise premium instead in this paper. Except for extremely low stock prices, which
are rarely reached by our simulated stock price trajectories leading to too few data for
adequate learning, the yellow dotted vertical lines well separate the positive values from
the non-positive ones. This result is desired when we construct the execution policy in
the next subsection.

4.3 Execution policy

After having learned the exploratory value functions with well-trained NNs, we can
further obtain the stopping probabilities by (2.24). However, when it comes to real
execution regarding stopping or continuing, it does not seem reasonable to actually toss
a biased coin. To wit, randomization is necessary for training, but not for execution. For
the latter, one way is to use the mean of the randomized control (Dai et al., 2023), which
is, however, inapplicable in the current 0–1 optimal stopping context. For example, a
mean of 0.8 is outside of the control value set {0, 1}.

Recall that for the classical (non-RL) optimal stopping problem of the American
put option, the stopping region is characterized by S = {(t, x) : v(t, x) = g(x)} while the
continuation region is characterized by C = {(t, x) : v(t, x) > g(x)}. Thus, it is reasonable
to base the sign of wθl

= Vθl
− g̃ϕ in (4.4) to make an exercise decision at time tl.

Theoretically, by (2.24), when the penalty factor K goes to infinity, π∗ tends to 1 and
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0 when wθl
< 0 and wθl

> 0, respectively. However, K is finite in our implementation,
π∗ in (2.24) is more likely to be neither 0 nor 1; but 0.5 is an appropriate threshold to
divide between wθl

< 0 and wθl
> 0. In Figure 2, we randomly choose 100 stock price

trajectories from the testing dataset, and classify the learned stopping strategies into two
groups based on either π∗ ⩾ 0.5 or π∗ < 0.5. When the former occurs the agent chooses to
exercise the option, which is represented by the green triangle; otherwise the agent does
not exercise, represented by the red circle. Besides, the blue line corresponds to the free
boundary of this American put option Xf (t). As Figure 2 shows, after sufficient training,
both algorithms effectively classify almost all the exercise/non-exercise time–price pairs.

Next, we calculate the accuracy rate of classification at each time point as
#{correctly classified sample points}

Mtest
. It turns out that both algorithms achieve accuracy rates of

higher than 95% for all discretized time points.8
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(a) Random initialization
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(c) By TD(0) with 5000 training
steps

Figure 2: Stopping strategies learned from the two algorithms. The blue line is the
theoretical free boundary of the American put option derived by finite difference. In each
panel, there are 100 stock price trajectories with 50 discretized time points. The red
circles correspond to the cases for which the stopping probability is less than half, while
the green triangles to the cases for which the stopping probability is larger than or equal
to half.

8One never exercises an American put option when the stock price is greater than the strike price; so
actually we only need to study the points below the black dotted lines in Figure 2. With this in mind
the accuracy rates achieved are even higher.
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4.4 Option price

With the execution policy determined in Section 4.3, how to compute the option price?
In this subsection, we introduce two ways to do it based on the learned exploratory value
functions in Section 4.2.

The first way is to calculate the value of the original optimal stopping problem with
the stopping time determined by the learned exploratory value functions in Section 4.2,
namely

Pstopping := E
[
e−ρτ g(Xτ )

]
, (4.5)

where
τ := inf

{
tl : Vθl

(Xtl
) ⩽ g̃ϕ(tl, Xtl

), l ∈ {0, 1, ..., L}
}
∧ T (4.6)

with the convention that the infimum of an empty set is infinity.
The second way is to calculate the value (2.12) at the initial state s = 0, x = x0 under

the execution policy determined in Section 4.3, namely

Pcontrol := E
[∫ T

s
Ke−K

∫ t

s
ur drg(t, Xt)ut dt + e−K

∫ T

s
ur drg(T, XT )

∣∣∣∣∣ Xs = x

]
, (4.7)

where

u(t, x) = 1 if Vθl
(x) ⩽ g̃ϕ(t, x), and 0 otherwise, for (t, x) ∈ [0, T )× R. (4.8)

Recalling that the omniscient option price is 5.317, we define the relative error of a learned
price P to be |P−5.317|

5.317 . We calculate the relative error on the testing dataset every 10
training steps. The learning curves of option price from the two methods described above
are plotted in Figure 3.
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Figure 3: Learning curves of option price Pstopping defined in (4.5) and Pcontrol defined
in (4.7) by offline ML (blue line) and online TD(0) (orange line) algorithms. We train
the ML algorithm for 1000 steps and TD(0) algorithm for 5000 steps. Values of model
parameters used for training are specified in Table 1.

First, we find that the ML algorithm has faster convergence than the online TD(0).
This is because the latter needs to update parameters at every small time steps. Second,
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both algorithms eventually achieve very low relative errors (about 0.2% and 1% on average
for Pstopping and Pcontrol, respectively). Thus, the RL algorithms prove to be effective in
terms of learning the option price without knowing the true value of the volatility σ.

We observe that the relative errors in the second method converge to the level about
1%. This is due to the finite value of the penalty factor K = 10 chosen in Table 1. In
the next subsection, we will show that as K increases, the relative error can be further
reduced.

4.5 Sensitivity analysis

In this subsection, we carry out a sensitivity analysis on the impacts of the values of
the penalty factor K and the temperature parameter λ on learning.

4.5.1 Penalty factor

We examine the effect of penalty factor on the learned option price in this subsection.
First, from a numerical implementation perspective, it follows from (3.5) that 0 < K ⩽
1

∆t
= 50 in our setting, since the process Rt cannot become negative. We pick K ∈

{1, 5, 10, 20, 30, 40, 50} and keep the other model parameter values unchanged as in Table
1. Figure 4 shows the learning curves of option prices with a combination of the two
algorithms and the two alternative ways. As expected, the higher the value of K, the less
the relative error achieved by both algorithms. However, when K increases to a certain
level, a further increase no longer helps decrease the error, in which case the sampling
error dominates.

4.5.2 Temperature parameter

The temperature parameter controls the weight on exploration, and thus is im-
portant for learning. Figure 5 shows the learning curves of option prices when λ ∈
{0.1, 0.5, 1, 3, 5, 10}, while keeping the other model parameter values as in Table 1.9 We
observe that in general, the smaller the temperature parameter, the more accurate but
the lower the learning speed for convergence, which is especially evident with the TD(0)
algorithm.10 An implication of this observation is that if the computing resource is lim-
ited so the number of training steps is small, we can increase λ to accelerate convergence.
Intriguingly, in Figure 5, the errors are not monotonic in λ when λ ⩽ 1 in the two cases
using Pstopping. We conjecture that it is because the effect of λ is dominated by the sam-
pling error when λ is sufficiently small. However, overall, the differences are around 0.3%
for λ ∈ {0.1, 0.5, 1}, which are sufficiently small.

9In Appendix C, we also present the results for a higher penalty factor K = 50.
10Similar results are also noted in Dong (2024).
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(a) Pstopping by ML
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(b) Pstopping by TD(0)
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(c) Pcontrol by ML
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(d) Pcontrol by TD(0)

Figure 4: Learning curves of option prices Pstopping defined in (4.5) and Pcontrol defined
in (4.7) by offline ML and online TD(0) algorithms. In each panel, the penalty factor K
takes value from the set {1, 5, 10, 20, 30, 40, 50} while other parameter values are set in
Table 1. We train the ML algorithm for 1000 steps and TD(0) algorithm for 5000 steps.
In all cases, the relative errors decrease in K.

4.6 Comparison with Dong (2024)

Both Dong (2024) and this paper study RL for optimal stopping, but there are major
differences as discussed in the introduction section. In particular, there is a consid-
erable technical difference in terms of the entropy terms introduced in the respective
RL objectives. It turns out that, when formulated in our setting with the penalty
factor K, the decision variable π̃ in Dong (2024) is the product of K and the prob-
ability of stopping in our paper, i.e., π̃ = Kπ. The entropy used in Dong (2024) is
R(π̃) := π̃ − π̃ log π̃ = R(Kπ) = Kπ −Kπ log(Kπ), whereas we take the differential en-
tropy −H (π) = −π log π−(1−π) log(1−π). Dong (2024) explains that R(π̃) is proposed
by assuming π̃∆t to be the probability of stopping in a ∆t-length time interval and then
integrating the differential entropy −H (π̃∆t) = −π̃∆t log ∆t + (π̃ − π̃ log π̃) ∆t + o(∆t)
over the whole time horizon while dropping the first divergence term. In other words, it
is not the exact differential entropy of the randomized strategy as in our paper.

Next, we compare the performances of the algorithms between the two papers. We use
Pstopping defined in (4.5) for computing option price, as it is the one taken by Dong (2024).
For a fair comparison, we use the TD error employed in Dong (2024) as the criterion for
performance and we learn the option price instead of the early exercise premium. We
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Figure 5: Learning curves of Pstopping defined in (4.5) and Pcontrol defined in (4.7) by
offline ML and online TD(0) algorithms. In each panel, the penalty factor K is fixed to
10 and the temperature parameter λ takes value from the set {0.1, 0.5, 1, 3, 5, 10} while
other parameter values are chosen by Table 1. We train the ML algorithm for 1000 steps
and TD(0) algorithm for 5000 steps.

implement training for 1000 steps for both algorithms and repeat the training for 10
times. Because the scales of the entropy terms used in the two papers are considerably
different, we train the two algorithms for different combinations of temperature parameter
λ ∈ {10, 1, 0.1, 0.01, 0.001, 0.0001} and learning rate α ∈ {0.1, 0.01, 0.001, 0.0001}. The
other parameters are kept the same as in Table 1 and the simulated stock price samples are
the same for both algorithms. We then check the learning speeds of the two algorithms.
Since the theoretical option price is 5.317, we examine the learning speeds for all the cases
of (λ, α) in which the learned option prices are at least 5.29 for a meaningful comparison.
We find that our algorithm is always faster than Dong (2024)’s. Figure 6 is an illustration
with (λ, α) = (0.001, 0.01) (these are the model parameters corresponding to the solid
blue line in Figure 1) in Dong’s algorithm and (λ, α) = (1, 0.1) in our algorithm. The
figure shows that both algorithms achieve very low relative errors (0.39% for our method
and 0.44% for Dong’s method) after 1000 training steps, but our algorithm is around 200
steps faster in convergence.

The simulation study reported so far is for an American option, whose price is evalu-
ated under the risk-neutral probability. However, the underlying stock price is in general
not observable in the risk-neural world; hence pricing American options is not the best
example for illustrating a data-driven approach such as RL. Here, we present another

23



0 200 400 600 800 1000
Number of Steps

10 4

10 3

10 2

10 1

100

Re
la

tiv
e 

Er
ro

r

Entropy in Dong (2024)
Differential entropy

Figure 6: Learning curves of option price from our algorithm and Dong (2024)’s. We
repeat the training for 10 times to calculate the standard deviations of the learned option
prices, which are represented as the shaded areas. The width of each shaded area is twice
the corresponding standard deviation. Note that the vertical axis uses a logarithmic scale.

application to demonstrate the effectiveness of our method in which the physical prob-
ability measure instead of the risk-neutral one is used (and thus all the relevant data
are observable). Specifically, Dai and Dong (2024) consider the problem of learning an
optimal investment policy to maximize a portfolio’s terminal log return in the presence of
proportional transaction costs, and turn it into an equivalent Dynkin game which involves
optimal stopping decisions of two players. The latter is naturally formulated under the
physical measure, and suitable for RL study under the frameworks of both Dong (2024)
and this paper; refer to Appendix D for details. Dai and Dong (2024) extend the RL
algorithm of Dong (2024) to learn an optimal investment policiy with transaction costs.
With the same model parameters as in Dai and Dong (2024) and a penalty factor K = 5
— which is an appropriate choice as specified in Section 4.5.1 when the time horizon [0, T ]
with T = 1 is equally divided into 10 time intervals (so that ∆t = 1/10, and there are
two stopping times in the Dynkin game) — we learn how to trade in the Black–Scholes
market under the penalty formulation. We then compare the learning results for the
free boundaries and the average log return when applying the learned strategies over a
20-year horizon. Similar to the case of the American put option, we choose temperature
parameter λ ∈ {10−2, 10−4, 10−6} and learning rate α ∈ {0.1, 0.05, 0.01, 0.005}, and keep
the other training parameters and structures of neural networks the same as in Dai and
Dong (2024), with 15000 training steps for both algorithms. As noted, in this example
the stock price samples are simulated under the physical measure. Our experiments show
that among the 12 combinations of λ and α, Dai and Dong (2024)’s algorithm achieves
higher average log return in the last training step than our algorithm for 2 times, while
we achieve better results for 10 times. For comparing the learning speeds, note that the
omniscient level of average log return in the 20-year horizon under the testing dataset
is around 3.00; so we choose the cases of (λ, α) in which the two algorithms achieve
average log return values of greater than 2.95. We find that (λ, α) = (10−6, 0.05) and
(λ, α) = (10−2, 0.01) result in the fastest convergence of average log return for Dai and
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Dong (2024)’s algorithm and ours, respectively. Figure 7 plots the corresponding learning
curves of the initial free boundaries and average log returns. Figure 7(a) shows that the
convergence of the sell boundary is almost identical for the two algorithms, while the con-
vergence of the buy boundary is faster under our algorithm. Figure 7(b) indicates that
the convergence of average log return is around 5000 steps faster under our algorithm. It
is interesting to note that the trivial buy-and-hold strategy leads to an average log return
value of 2.5; so both the RL algorithms indeed help the agent “beat the market”.
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Figure 7: Learning curves of free boundaries and average log return from our algorithm
and Dai and Dong (2024)’s. We repeat the training for 10 times to calculate the standard
deviations of the learned free boundaries and average log return, which are represented
as the shaded areas. The width of each shaded area is twice the corresponding standard
deviation.

One reason for the aforementioned difference in performance may be that compared
to the differential entropy in our algorithm, the scale of the entropy term in Dong (2024)
is larger, causing greater biases in learning the optimal stopping value. Specifically,
the unnormalized negentropy R(π̃) → −∞ as π̃ → ∞, whereas the differential entropy
−H (π) ∈ [0, log 2]. The unboundedness of R(π̃) results in a convergence rate of (CT eM/λ)n

n!

for policy iteration (see Theorem 3.4 in Dong (2024)), where the proof implies that
C is a constant typically set to 2, and M depends on the temperature parameter λ.
By contrast, Theorem 3.2 shows a convergence rate of (2KT )n

n! for our algorithm. To
achieve sufficient accuracy, the penalty factor K in our algorithm is typically chosen as
50, while the temperature parameter in Dong’s algorithm must be sufficiently small, e.g.,
λ ⩽ 10−3. The dependence of M on λ in Dong (2024) is complex, as the unnormalized
negentropy R(π̃) can take both positive and negative values. Nevertheless, based on
the early-stage learning results shown in Figures 6 and 7(b), as well as the theoretical
values—approximately 5.32 and 3.00, respectively, for the two problems—we have M > 1.
Consequently, for small n, (CT eM/λ)n

n! ≫ (2KT )n

n! , which partially explains the faster learning
exhibited by our algorithm in the early training steps. As n increases, the factorial in the
denominator dominates, and both algorithms eventually converge.

In addition, in Dong (2024)’s algorithm, the use of the unnormalized negentropy yields
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an optimal intensity π̃ = exp
(
−Vθ−g

λ

)
, which takes values in [0,∞). However, for a given

time step size ∆t, π̃ must be truncated at 1
∆t

if exp
(
−Vθ−g

λ

)
> 1

∆t
, since π̃∆t is interpreted

as the probability of stopping in his formulation. This situation arises when the θ-
parameterized neural network generates a negative Vθ−g and the temperature parameter
is small, such as λ ⩽ 10−3 in the numerical examples. As a result, the loss function
minimized by stochastic gradient descent is not the exact TD error in his formulation (see
equation (4.4) in Dong (2024)), introducing a bias into the learning process. By contrast,
our algorithm employs differential entropy resulting in an optimal probability π ∈ [0, 1],
and the loss function minimized by stochastic gradient descent corresponds exactly to
the TD error in our formulation. This may be another reason why our algorithm exhibits
faster convergence.

5 Simulation studies: High-dimensional examples

Other than the model-free approach that mitigates the model estimation errors, an-
other significant advantage of RL is its ability to scale to high-dimensional problems. We
demonstrate this with two examples in this section.

5.1 American geometric average put-type option

The following example is adapted from Section 4.3.2.1 in Becker et al. (2021) and
concerns the pricing of an American geometric average put-type option on up to 200
distinguishable stocks in a Black–Scholes market.

As in Becker et al. (2021), we set the dimension (the number of stocks) d ∈ {40, 80, 120,

160, 200}, the initial stock price x0 = 1001/
√

d for all the stocks, the time horizon T = 1,
the strike price Γ = 95, the risk-free rate ρ = 0.6, the volatility σi = min{0.04[(i −
1) mod 40], 1.6−0.04[(i−1) mod 40]} and dividend yield δi = ρ−

∑d

i=1 σ2
i

d2 (i− 1
2)− 1

5
√

d
for

each i ∈ {1, 2, . . . , d}. Denote by X
(k)
t the price of the k-th stock at time t. The optimal

stopping problem is to

max
τ∈[0,T ]

E

e−ρτ

(
Γ−

[
d∏

k=1
|X(k)

τ |1/
√

d

])+ .

In our simulation studies, we set the penalty factor K to be 100 (which corresponds to
the time mesh grid ∆t = 1/100 as discussed in Section 4.5.1), the temperature parameter
λ = 1, the training batch size to be 210, and the testing batch size to be 217. The initial
learning rate is set to be 0.05 and is decreased by a factor 1/10 every 300 training steps.
We train 1000 steps under the offline ML Algorithm 1. In Table 2, we show the learning
results for different numbers d of underlying stocks. We test the learned price every 10
training steps; so we have 100 observations in total for each d. The final observation is
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Dimension d Last learned price
by our method

In Becker et al. (2021) Runtime in
sec.

40 6.512 6.512 1838
80 6.523 6.509 2956
120 6.504 6.507 4094
160 6.507 6.504 6042
200 6.493 6.501 7394

Table 2: Comparison of learned prices and runtime for different values of dimension d.
The initial stock price x0 = 1001/

√
d, the time horizon T = 1, the strike price Γ = 95,

the risk-free rate ρ = 0.6, the volatility σi = min{0.04[(i − 1) mod 40], 1.6 − 0.04[(i −
1) mod 40] and dividend yield δi = ρ −

∑d

i=1 σ2
i

d2 (i − 1
2) − 1

5
√

d
for each i ∈ {1, 2, . . . , d}.

The payoff function when exercising the option is g(x) =
(
Γ−

[∏d
k=1 |x(k)|1/

√
d
])+

. The
benchmark value for the price of this option is 6.545.

listed in the second column of Table 2.
It is worth noting that pricing this high-dimensional American geometric average

put-type option is equivalent to pricing a one-dimensional American put option that is
independent of the dimension.11 Hence we can easily obtain the corresponding omniscient
values: The theoretical price of its European counterpart is 3.565, and the benchmark
value for the price of this one-dimensional American put option calculated using the bino-
mial tree method on Smirnov’s website (https://www.math.columbia.edu/˜smirnov/
options13.html) with 20000 nodes is 6.545. It turns out that our RL algorithm achieves
high early exercise premium and is effective for pricing the high-dimensional option with
comparable high accuracy compared to the benchmarks in Becker et al. (2021). Moreover,
our algorithm is scalable, as Table 2 shows a sublinear growth in runtime with respect to
the dimension.

In the above experiment, the risk-free rate ρ = 0.6 taken from Becker et al. (2021) is
unrealistically large. We now select a more reasonable value and adjust other parame-
ters so that the equivalent one-dimensional American put option remains independent of
d ∈ {40, 80, 120, 160, 200}. Specifically, we set the risk-free rate ρ = 0.06, the volatil-
ity σi = 1√

10 min {0.04[(i− 1) mod 40], 1.6− 0.04[(i− 1) mod 40]} and dividend yield

δi = ρ −
∑d

i=1 σ2
i

d2 (i − 1
2) − 1

50
√

d
for each i ∈ {1, 2, . . . , d}. With these modifications,

the equivalent one-dimensional American put option has a risk-free rate of 0.06, a divi-
dend yield of 0.02932, and a volatility of 0.14615. We set the strike price to Γ = 110. The
theoretical price of the corresponding European option is 9.649 according to the Black-

11Specifically, for the equivalent one-dimensional American put-type option problem, the stock price
process in a Black–Scholes market setting has an initial price of 100, a risk-free rate of ρ, a dividend

yield of ρ−
∑d

i=1
σ2

i

2d − 1
5 , and a volatility of 1√

d

√∑d
i=1 σ2

i under the particular choices of σi and δi in the

example. Notably,
∑d

i=1
σ2

i

d remains constant when the dimension is a multiple of 40; see Section 4.3.2.1
and Proposition 4.3 in Becker et al. (2021).
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Dimension d Last learned price
by our method

Runtime in
sec.

40 10.828 1916
80 10.803 2948
120 10.813 4141
160 10.809 5665
200 10.795 7732

Table 3: Comparison of learned prices and runtime for different values of dimension d.
The initial stock price x0 = 1001/

√
d, the time horizon T = 1, the strike price Γ = 110, the

risk-free rate ρ = 0.06, the volatility σi = 1√
10 min{0.04[(i − 1) mod 40], 1.6 − 0.04[(i −

1) mod 40] and dividend yield δi = ρ −
∑d

i=1 σ2
i

d2 (i − 1
2) − 1

50
√

d
for each i ∈ {1, 2, . . . , d}.

The payoff function when exercising the option is g(x) =
(
Γ−

[∏d
k=1 |x(k)|1/

√
d
])+

. The
benchmark value for the price of this option is 10.816.

Scholes formula, and the benchmark value for the one-dimensional American put option,
calculated using the binomial tree method on Smirnov’s website with 20000 nodes, is
10.816. Table 3 presents the learning results obtained by our ML algorithm for different
dimensions, which again demonstrate the high accuracy and scalability of the algorithm.

5.2 Optimally stopping a fractional Brownian motion

This example is adapted from Section 4.3 in Becker et al. (2019) and Section 4.2.3
in Dong (2024), and is an optimal stopping problem for a fractional Brownian motion
with Hurst parameter H ∈ (0, 1]. By augmenting the state variable to include the
entire history of the process, the problem becomes Markovian, and numerically a high-
dimensional optimal stopping problem.

Specifically, a fractional Brownian motion with Hurst parameter H ∈ (0, 1] is a con-
tinuous, centered Gaussian process (W H

t )t⩾0 with covariance structure

E[W H
t W H

s ] = 1
2
(
t2H + s2H − |t− s|2H

)
, t, s ⩾ 0.

When H = 1/2, W H is a standard Brownian motion, and when H ̸= 1/2, W H is neither
a martingale nor a Markov process. The objective is to

max
0⩽τ⩽1

E[W H
τ ]

over all W H-stopping times τ ∈ [0, 1]. This problem is non-Markovian and therefore falls
outside the primary scope of this paper. However, we can approximate the optimal stop-
ping value by discretizing the process. When combined with state space augmentation,
this discretization transforms the problem into a Markovian one, thereby enabling the
application of the martingale-based approach developed in this work.
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To do this, denote tn = n/100, for n = 0, 1, . . . , 100. For details on simulating
trajectories of fractional Brownian motion, see Becker et al. (2019). Define the following
101-dimensional state process:

X0 =
(
W H

t0 , W H
t0 , W H

t0 , . . . , W H
t0

)
, X1 =

(
W H

t1 , W H
t0 , W H

t0 , . . . , W H
t0

)
,

X2 =
(
W H

t2 , W H
t1 , W H

t0 , . . . , W H
t0

)
, . . . , X100 =

(
W H

t100 , W H
t99 , W H

t98 , . . . , W H
t0

)
,

and consider the following optimal stopping problem:

max
τ∈T

E[g(Xτ )],

where g(x) = x(1) for a multi-dimensional vector x with first component x(1), and T
denotes the set of all X-stopping times. The multi-dimensional state process X0, X1,
· · · , X100 is now Markovian, and the martingale-based approach applies.

In our simulation, we set the penalty factor K to be 100 (corresponding to a time
mesh grid ∆t = 1/100 as specified in Section 4.5.1), the temperature parameter λ to be
0.1, the training batch size to be 210, the testing batch size to be 215, and the initial
learning rate to 0.01 which is halved every 200 training steps. We train for 3000 steps
using Algorithm 1.

Table 4 presents the learning results for different Hurst parameter values. The learned
value is evaluated every 10 training steps, resulting in 300 observations for each case. The
final observation is reported in the second column of Table 4. Note that in this example,
if the agent does not stop until the terminal time, the stopping value is 0 in theory. Thus,
our RL algorithm can achieve a high stopping value. Our learning results are comparable
to benchmarks in the literature (Becker et al., 2019; Dong, 2024), demonstrating high
accuracy in learning the stopping decisions in a non-Markovian (or equivalently a high-
dimensional) setting.

6 Conclusions

In this paper, we study optimal stopping for diffusion processes in the exploratory
RL framework of Wang et al. (2020). Different from Dong (2024) and Dai and Dong
(2024) which directly randomize stopping times for exploration through mixed strategies
characterized by Cox processes, we turn the problem into stochastic control by approx-
imating the variational inequality with the penalized PDE. This enables us to apply all
the available results and methods developed recently in RL for controlled diffusion pro-
cesses (Jia and Zhou, 2022a,b, 2023). Our simulation study shows that the resulting RL
algorithms achieve comparable, and sometimes better, performance in terms of accuracy
and speed than those in Dong (2024) and Dai and Dong (2024). More importantly, we
show experimentally that the proposed algorithms also work well for high-dimensional
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H Last learned value
by our method

In Dong (2024) In Becker et al. (2019) Runtime in
sec.

0.01 1.496 1.513 1.519 3013
0.05 1.270 1.283 1.293 3008
0.10 1.027 1.043 1.049 3039
0.15 0.821 0.825 0.839 3476
0.20 0.641 0.651 0.658 3539
0.25 0.490 0.494 0.503 3519
0.30 0.360 0.364 0.370 3525
0.35 0.246 0.243 0.255 3532
0.40 0.148 0.144 0.156 3519
0.45 0.059 0.061 0.071 3519
0.50 0.002 0.000 0.002 3526
0.55 0.056 0.052 0.061 3528
0.60 0.110 0.108 0.117 3516
0.65 0.158 0.155 0.164 3528
0.70 0.201 0.192 0.207 3352
0.75 0.240 0.233 0.244 3080
0.80 0.274 0.261 0.277 3009
0.85 0.306 0.299 0.308 2454
0.90 0.337 0.331 0.337 2536
0.95 0.366 0.354 0.366 2370

Table 4: Comparison of stopping values and runtime for different values of Hurst param-
eter H in the example of optimally stopping a fractional Brownian motion. The horizon
length T = 1.
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problems.
There is a notable limitation of the current approach especially to high-dimensional

problems. In our implementation, we use neural networks to approximate value functions,
which enables us to overcome the curse of dimensionality. However, a challenge may
arise if the value functions—such as discontinuous ones—cannot be well approximated
by neural networks. Overcoming the difficulty is an interesting yet important question.

We take option pricing as an application of the general theory in our experiments.
There is a caveat in this: the expectation in the pricing formula is with respect to the
risk-neutral probability under which data are not observable. While we can use simulation
to test the learning efficiency of an RL algorithm, for real applications we need to take a
formulation for option pricing that is under the physical measure due to the data-driven
nature of RL. One example of such a formulation is the mean–variance hedging.

There are many other interesting problems to investigate along the lines of this paper,
including a more substantial convergence and regret analysis, choice of the temperature
parameter, and more complex underlying processes to stop.

A Proofs of statements

A.1 Proof of Lemma 2.1

Suppose there is a positive sequence {Kn}n⩾1 that increases to infinity, and v(n) solves
(2.5) with K = Kn. Denote an = v

(n)
t +L v(n), bn = g−v(n), a∞ = vt+L v, and b∞ = g−v,

where v is the limit of v(n). From (2.5) we have an = −Kn(bn)+ ⩽ 0. Because (an, bn)
converges to (a∞, b∞) as n → ∞, we get a∞ ⩽ 0. On the other hand, on any compact
region, {an}n⩾1 is locally bounded; so (bn)+ = − an

Kn
→ 0, as n→∞, yielding b∞ ⩽ 0.

If b∞ < 0, then there exists a large number N such that bn < 0 for all n > N , leading
to an = 0 for all n > N . Thus, a∞ = 0 when b∞ < 0.

Hence, we have a∞ ⩽ 0, b∞ ⩽ 0 and a∞b∞ = 0, which implies that v solves (2.3).

A.2 Proof of Theorem 2.2

For notational simplicity, without loss of generality we only consider the case when
X and W are both one-dimensional.

Write Rt = e−
∫ t

s
f(r,Xr,ur) dr, t ⩾ s. Then dRt = −Rtf(t, Xt, ut) dt, Rs = 1. Itô’s
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lemma gives

d(Rtv(t, Xt))

= Rt dv(t, Xt) + v(t, Xt) dRt

= Rt

[
(vt(t, Xt) + Luv(t, Xt)) dt + vx(t, Xt)σ(t, Xt, ut) dWt

]
− v(t, Xt)Rtf(t, Xt, ut) dt

= Rt

[
(vt(t, Xt) + Luv(t, Xt)− v(t, Xt)f(t, Xt, ut)) dt + vx(t, Xt)σ(t, Xt, ut) dWt

]
⩽ −RtG(t, Xt, ut) dt + Rtvx(t, Xt)σ(t, Xt, ut) dWt,

where the last inequality is due to (2.10) and Rt > 0. Integrating both sides from s to T

and then taking conditional expectation yield

E
[
RT v(T, XT )−Rsv(s, Xs)

∣∣∣ Xs = x
]
⩽ −E

[∫ T

s
RtG(t, Xt, ut) dt

∣∣∣∣∣ Xs = x

]
.

As Rs = 1, the above leads to

v(s, x) ⩾ E
[∫ T

s
RtG(t, Xt, ut) dt + RT v(T, XT )

∣∣∣∣∣ Xs = x

]

= E
[∫ T

s
e−
∫ t

s
f(r,Xr,ur) drG(t, Xt, ut) dt + e−

∫ T

s
f(r,Xr,ur) drH(XT )

∣∣∣∣∣ Xs = x

]
.

This means that v is an upper bound of the optimal value function of problem (2.8). All
the inequalities above become equalities if we take u ∈ U that solves the optimization
problem in (2.10). Therefore, we conclude v is the optimal value function of (2.8).

A.3 Proof of Theorem 3.1

By the Feynman–Kac formula, for any (t, x),

∂tJ
π(t, x) + L Jπ(t, x) + H (t, x, π, Jπ) = 0,

where
H (t, x, π, Jπ) := Kπ(t, x) (g(t, x)− Jπ(t, x))− λH (π(t, x)).

Similarly, for any (t, x),

∂tJ
π̃(t, x) + L J π̃(t, x) + H

(
t, x, π̃, J π̃

)
= 0,

where π̃ is defined in (3.1). It turns out that

π̃(t, x) = argmax
π∈[0,1]

H (t, x, π, Jπ) .

Denote ∆(t, x) := J π̃(t, x)− Jπ(t, x). Then

∂t∆(t, x) + L ∆(t, x) + H
(
t, x, π̃, J π̃

)
−H (t, x, π, Jπ) = 0.
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Because

H
(
t, x, π̃, J π̃

)
−H (t, x, π, Jπ)

= H
(
t, x, π̃, J π̃

)
−H (t, x, π̃, Jπ) + H (t, x, π̃, Jπ)−H (t, x, π, Jπ)

=−Kπ̃(t, x)∆(t, x) + H (t, x, π̃, Jπ)−H (t, x, π, Jπ) ,

we have

∂t∆(t, x) + L ∆(t, x)−Kπ̃(t, x)∆(t, x) = H (t, x, π, Jπ)−H (t, x, π̃, Jπ) ⩽ 0,

where the last inequality is from the definition of π̃. Besides, ∆(T, x) = 0 at the termi-
nal time T . Therefore, 0 is a sub-solution of −∂tu(t, x) −L u(t, x) + Kπ̃(t, x)u(t, x) +
H (t, x, π, Jπ) − H (t, x, π̃, Jπ) = 0. By the maximum principle, we have ∆(t, x) ⩾ 0,
resulting in J π̃(t, x) ⩾ Jπ(t, x).

A.4 Proof of Theorem 3.2

Recall that vΠ is the optimal value function of the exploratory control problem (2.20)
with the optimal strategy (2.24). By the same procedure as in the proof of Theorem 3.1,
we can show that vΠ ⩾ · · · ⩾ Jπn+1

⩾ Jπn
⩾ · · · ⩾ Jπ0 . Next, we show the uniform

convergence of the sequence
{
Jπn

}∞

n=1
. To proceed, write ∥g∥∞ = C for some positive

constant C due to the assumption that g is uniformly bounded.
For any n ⩾ 1, denote

fn(t) := sup
x

{
vΠ(t, x)− Jπn(t, x)

}
⩾ 0,

ϕn(t) := 2K
∫ T

t
fn(s)ds,

W (t, x) := vΠ(t, x)− Jπn+1(t, x)− ϕn(t).

Using ∂tJ
πn+1 +L Jπn+1 +H

(
t, x, πn+1, Jπn+1

)
= 0 and ∂tv

Π+L vΠ+H
(
t, x, π∗, vΠ

)
= 0,

we have

∂tW + L W = ∂tv
Π + L vΠ −

(
∂tJ

πn+1 + L Jπn+1)− ∂tϕ
n

= H
(
t, x, πn+1, Jπn+1)−H

(
t, x, π∗, vΠ

)
− ∂tϕ

n

= H
(
t, x, πn+1, Jπn+1)−H

(
t, x, πn+1, vΠ

)
+ H

(
t, x, πn+1, vΠ

)
−H

(
t, x, π∗, vΠ

)
− ∂tϕ

n.
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Noticing that

H (t, x, π, Jπ) = Kπ(t, x) (g(t, x)− Jπ(t, x))− λH (π(t, x)),

H (πn+1(t, x)) = πn+1 log πn+1 + (1− πn+1) log
(
1− πn+1

)
= λ−1K

(
Jπn − g

) (
1− πn+1

)
− log

(
1 + exp

(
λ−1K

(
Jπn − g

)))
,

and

H (π∗(t, x)) = π∗ log π∗ + (1− π∗) log (1− π∗)

= λ−1K
(
vΠ − g

)
(1− π∗)− log

(
1 + exp

(
λ−1K

(
vΠ − g

)))
,

we obtain

H
(
t, x, πn+1, vΠ

)
= Kπn+1

(
g − vΠ

)
−K

(
Jπn − g

) (
1− πn+1

)
+ λ log

(
1 + exp

(
λ−1K

(
Jπn − g

)))
and

H
(
t, x, π∗, vΠ

)
= Kπ∗

(
g − vΠ

)
−K

(
vΠ − g

)
(1− π∗)

+ λ log
(
1 + exp

(
λ−1K

(
vΠ − g

)))
= K

(
g − vΠ

)
+ λ log

(
1 + exp

(
λ−1K

(
vΠ − g

)))
.

Straightforward calculations show that

H
(
t, x, πn+1, Jπn+1)−H

(
t, x, πn+1, vΠ

)
= Kπn+1

(
vΠ − Jπn+1)

⩾ 0

and

H
(
t, x, πn+1, vΠ

)
−H

(
t, x, π∗, vΠ

)
= K

(
vΠ − Jπn

) 1
1 + exp (−λ−1K (Jπn − g)) − λ log

1 + exp
(
λ−1K

(
vΠ − g

))
1 + exp (λ−1K (Jπn − g))

 .

It follows from the general inequality |log(1 + exp(x))− log(1 + exp(y))| ⩽ |x− y| that∣∣∣H (
t, x, πn+1, vΠ

)
−H

(
t, x, π∗, vΠ

)∣∣∣ ⩽ 2K
(
vΠ − Jπn

)
⩽ 2Kfn(t).

Thus,

H
(
t, x, πn+1, vΠ

)
−H

(
t, x, π∗, vΠ

)
− ∂tϕ

n

= H
(
t, x, πn+1, vΠ

)
−H

(
t, x, π∗, vΠ

)
+ 2Kfn(t) ⩾ 0.
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Consequently,

∂tW + L W ⩾ 0,

which together with W (T, x) = 0 implies W ⩽ 0 by the maximum principle. Thus, we
conclude

vΠ(t, x)− Jπn+1(t, x) ⩽ ϕn(t) = 2K
∫ T

t
fn(s)ds.

The definition of fn yields

fn+1(t) ⩽ 2K
∫ T

t
fn(s)ds.

By induction, we have

fn+1(t) ⩽ (2K)n (T − t)n

n! sup
t

f 1(t) ⩽ (2KT )n

n! sup
t

f 1(t).

Recall

Jπ(s, x) = E
[∫ T

s
e−K

∫ t

s
πv dv

[
Kg(t, Xt)πt − λH (πt)

]
dt + e−K

∫ T

s
πv dvg(T, XT )

∣∣∣∣∣ Xs = x

]
,

∥g∥∞ = C, e−K
∫ t

s
πv dv ⩽ 1 for any 0 ⩽ t ⩽ T , and 0 ⩽ πt ⩽ 1 and

|H (πt)| ⩽ sup
x∈(0,1)

|x log x + (1− x) log(1− x)| = log 2.

We thus have

|Jπ(s, x)| ⩽ E
[∫ T

s

[
KC + λ log 2

]
dt + C

∣∣∣∣∣ Xs = x

]
⩽ (KC + λ log 2)T + C

for any admissible π. It hence follows

sup
t

f 1(t) = sup
t,x

{
vΠ(t, x)− Jπ1(t, x)

}
⩽ 2((KC + λ log 2)T + C).

Consequently,
∥∥∥vΠ − Jπn+1

∥∥∥
∞

⩽
(2KT )n

n! 2((KC + λ log 2)T + C),

which converges to 0 as n increases to infinity when K and λ are fixed. This concludes
the proof.

Finally, let us complement the proof by numerically examining the theoretical con-
vergence rate. As shown in Figure 8, the NN approximation for the stopping value of
(t0, x0) = (0, 40) converges to its theoretical value 5.333, which is calculated using the
finite difference method, and the relative error decreases exponentially. In implementa-
tion, we use stochastic gradient descent to update the NN parameters at each training
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step, which prevents us from performing the policy evaluation in (3.8) with a complete
accuracy. Consequently, in the experiment we do not achieve the n! rate of decay in
relative error as predicted by Theorem 3.2. Nevertheless, exponential decay is sufficient
to ensure rapid convergence.
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Figure 8: Numerical diagnostics for the convergence of the RL algorithms. We use the
offline ML Algorithm 1 to learn the stopping value of (t0, x0) = (0, 40), approximated
by an NN, for the American put example in Section 4 with λ = 0.01 and K = 50. The
left panel displays the learning curve of the value and the right panel shows that of the
relative error, both with respect to training steps. The y-axis of the right panel is plotted
on a logarithmic scale.

B Learning early exercise premium

In this section, we discuss how to learn the early exercise premium of an American
put option.

Recall we have an explicit pricing formula for a European put option:VE(t, x) = Γe−ρ(T −t)N (−d−(t, x))− xN (−d+(t, x)) , t ∈ [0, T ),

VE(T, x) = g(x),
(B.1)

where d±(t, x) = 1
σ

√
T −t

[
log

(
x
Γ

)
+
(
ρ± 1

2σ2
)

(T − t)
]
, and N(·) is the cumulative stan-

dard normal distribution function N(y) = 1√
2π

∫ y
−∞ e− z2

2 dz = 1√
2π

∫∞
−y e− z2

2 dz.
The early exercise premium of the American put option is

ṽ(t, x) := v(t, x)− VE(t, x), (B.2)

where v(t, x) is the option value at the time–state pair (t, x). The associated payoff
function is

g̃(t, x) := g(x)− VE(t, x). (B.3)

By (2.3) and the fact that VE satisfies ∂
∂t

VE+L VE = 0 with terminal condition VE(T, x) =
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g(x), we have max{ṽt + L ṽ, g̃ − ṽ} = 0, (t, x) ∈ [0, T )× R,

ṽ(T, x) = 0.
(B.4)

Thus, the terminal condition is smooth now, and the related PDE by penalty approxi-
mation isṽt + maxu∈{0,1} {L ṽ −Kuṽ + Kg̃(t, x)u} = 0, (t, x) ∈ [0, T )× R,

ṽ(T, x) = 0.

Consequently, by Theorem 2.2 the corresponding control problem is

max
u∈{0,1}

E
[∫ T

s
Ke−K

∫ t

s
ur drg̃(t, Xt)ut dt

∣∣∣∣∣ Xs = x

]
, (B.5)

and the entropy-regularized exploratory problem is

max
π∈[0,1]

E
[∫ T

s
e−K

∫ t

s
πv dv

[
Kg̃(t, Xt)πt − λH (πt)

]
dt

∣∣∣∣∣ Xs = x

]
. (B.6)

While we could use the algorithms in Section 3 to learn ṽ, g̃ is not fully known to us since
σ (which appears in VE) is an unknown model parameter.

To deal with the unknown payoff function g̃, recall

g̃(t, x) = g(x)− VE(t, x) = (Γ− x)+ − VE(t, x). (B.7)

Hence, in the formula of VE, namely (B.1), we replace σ by ϕ, which is a parameter
to learn with a properly chosen initial value. Denote by V ϕ

E and g̃ϕ the parameterized
European option value function and payoff function, respectively. Note that

VE(t, x) = E
[
e−ρ(T −t)g(XT )

∣∣∣∣∣ Xt = x

]
= E

[
e−ρ(T −t) (Γ−XT )+

∣∣∣∣∣ Xt = x

]
. (B.8)

This is a policy evaluation problem. Thanks to the martingale approach developed in Jia
and Zhou (2022a), we can learn/update ϕ by minimizing the martingale loss w.r.t. ϕ:

ML (ϕ) ≈ 1
2E

[
L−1∑
l=0

(
e−ρT VE (T, XT )− e−ρtV ϕ

E (tl, Xl)
)2

∆t

]

= 1
2E

[
L−1∑
l=0

(
e−ρT (Γ−XT )+ − e−ρtV ϕ

E (tl, Xl)
)2

∆t

]
.

(B.9)

In each episode, we simulate a batch of stock price trajectories and then use the stochastic
gradient descent method to minimize the above loss function to update ϕ. Figure 9 shows
the efficacy of this policy evaluation algorithm, with an initial guess of the unknown σ to
be 0.8, twice the true value.
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Figure 9: Learning curve of ϕ, which is used to parameterize the payoff function (B.7) by
minimizing the martingale loss (B.9). The initialization of ϕ is 0.8, and the true value of
σ is 0.4. The value of ϕ after 2000 steps is 0.4006.

We emphasize that in this particular example of European option, due to the avail-
ability of the explicit formula of the option price, the critic parameter ϕ happens to be
a model parameter σ. In general, for more complicated problems with little structure,
the actor/critic parameters may be very different from the model primitives and may
themselves have no physical/practical meanings at all. Estimating model parameters is
not a goal of RL in our framework.

C Additional results for sensitivity tests

In Figure 10, we show a sensitivity test when the penalty factor approaches its maxi-
mum possible value, i.e., K = 50, under our time discretization setting. In this case, the
two ways of calculating the option price have almost the same results, which is consistent
with Lemma 2.1. The trade-off between learning accuracy and speed observed previously
still holds.

D RL for Dynkin games

Theorem 1 in Dai and Dong (2024) reveals that Merton’s problem with proportional
transaction costs is equivalent to a Dynkin game that is essentially an optimal stopping
problem. Here, we focus on the Black–Scholes market where the stock price follows

dSt = αSt dt + σSt dWt,

where α and σ are constants but unknown to the agent. The value function of the Dynkin
game satisfies the following variational inequality problem

max {min {−wt − Lw, w − L(x)} , w − U(x)} = 0 (D.1)
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(a) Pstopping by ML

0 1000 2000 3000 4000 5000
Number of Steps

10 2

10 1

100

Re
la

tiv
e 

Er
ro

r

=0.1
=0.5
=1

=3
=5
=10

(b) Pstopping by TD(0)
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(c) Pcontrol by ML
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(d) Pcontrol by TD(0)

Figure 10: Learning curves of option prices Pstopping defined in (4.5) and Pcontrol defined in
(4.7) by offline ML and online TD(0) algorithms. In each panel, the penalty factor K is
fixed to 50 and the temperature parameter λ takes value from the set {0.1, 0.5, 1, 3, 5, 10}
while the other parameter values are set as in Table 1. We train the ML algorithm for
1000 steps and TD(0) algorithm for 5000 steps.

with terminal condition
w(T, x) = x

x + 1− θ
, (D.2)

where θ ∈ (0, 1) is the proportional transaction cost rate, x is the bond–stock position
ratio, L is the generator of this ratio process, and L(x) and U(x) are respectively the
lower and upper obstacles of w(t, x).

It is proved in Zhang et al. (2022) that (D.1) can be approximated by the following
penalized PDE:

−wt − Lw −K (w − L(x))− + K (w − U(x))+ = 0, (D.3)

where K > 0 is a large penalty factor. This PDE can be equivalently written as

wt + max
a∈{0,1}

min
b∈{0,1}

{Lw − wf(t, x, a, b) + G(t, x, a, b)} = 0, (D.4)

where
f(t, x, a, b) = K(a + b), G(t, x, a, b) = K (L(x)a + U(x)b) .

Similar to the setup in Section 2.2, we consider a constrained differential game:

w(s, x) = max
a∈U

min
b∈U

J(s, x; a, b), (D.5)
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where
J(s, x; a, b) = E

 ∫ T

s
e−
∫ t

s
f(r,Xr,ar,br) drG(t, Xt, at, bt) dt

+ e−
∫ T

s
f(r,Xr,ar,br) drH(XT )

∣∣∣∣∣ Xs = x

,

and the controlled n-dimensional process X follows

dXt = b(t, Xt, at, bt) dt + σ(t, Xt, at, bt) dWt. (D.6)

We have the following result.

Theorem D.1 (Verification theorem). Suppose w is a classical solution ofwt + maxa∈U minb∈U {La,bw − wf + G} = 0, (t, x) ∈ [0, T )× Rn,

w(T, x) = H(x),
(D.7)

where

La,bw = 1
2
∑
i,j,k

σi,k(t, x, a, b)σj,k(t, x, a, b) ∂2w

∂xi∂xj

+
∑

i

bi(t, x, a, b) ∂w

∂xi

.

Then it is the value function of problem (D.5).

Proof. Let Rt = e−
∫ t

s
f(r,Xr,ar,br) dr, t ⩾ s. Then dRt = −Rtf(t, Xt, at, bt) dt and Rs = 1.

For each fixed a ∈ U , let b∗
t = b∗

t (x, a) denote the minimizer of La,bw − wf + G. By
(D.7),

wt + max
a∈U
{La,b∗w − wf(t, x, a, b∗) + G(t, x, a, b∗)} = 0.

Then, similar to the proof in Appendix A.2, we get for any admissible process a ∈ U ,

w(s, x) ⩾ E
[∫ T

s
R

a,b∗

t G(t, Xt, at, b∗
t ) dt + R

a,b∗

T w(T, XT )
∣∣∣∣∣ Xs = x

]

= E
[∫ T

s
e−
∫ t

s
f(r,Xr,ar,b∗

r) drG(t, Xt, at, b∗
t ) dt + e−

∫ T

s
f(r,Xr,ar,b∗

r) drH(XT )
∣∣∣∣∣ Xs = x

]
= J(s, x; a, b∗)

⩾ min
b∈U

J(s, x; a, b).

Since a ∈ U is arbitrarily chosen, the above implies

w(s, x) ⩾ max
a∈U

min
b∈U

J(s, x; a, b).

Hence, w is an upper bound of the value function of problem (D.5).
On the other hand, if we choose a pair (a∗, b∗

t (x, a∗)) to solve

max
a∈U

min
b∈U
{La,bw − wf + G} ,
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all the inequalities in the above become equalities, yielding that w is the value function
of (D.5).

Following the same procedure as in Section 2.2, we find that the solution to (D.4) sat-
isfying the terminal condition is the value function of the following stochastic differential
game (Fleming and Soner, 2006):

w(s, x) = max
at∈{0,1}

min
bt∈{0,1}

J(s, x; a, b), (D.8)

where
J(s, x; a, b) = E

[ ∫ T

s
Ke−K

∫ t

s
(ar+br) dr (L(Xt)at + U(Xt)bt) dt

+ e−K
∫ T

s
(ar+br) dr XT

XT + 1− θ

∣∣∣∣∣ Xs = x
]
.

Next, we randomize {at}t∈[0,T ] and {bt}t∈[0,T ] respectively by {νt}t∈[0,T ] and {µt}t∈[0,T ],
where

νt = P (at = 1) = 1− P (at = 0) , µt = P (bt = 1) = 1− P (bt = 0) .

It turns out that the exploratory value function of the Dynkin game is

wλ(s, x) = max
νt∈[0,1]

min
µt∈[0,1]

Jλ(s, x; ν, µ), (D.9)

where

Jλ(s, x; ν, µ) = E
[ ∫ T

s
Ke−K

∫ t

s
(νr+µr) dr [L(Xt)νt + U(Xt)µt − λ (H (νt)−H (µt))] dt

+ e−K
∫ T

s
(νr+µr) dr XT

XT + 1− θ

∣∣∣∣∣ Xs = x
]
.

The HJB equation of problem (D.9) is thus

wλ
t +Lwλ + max

ν∈[0,1]
min

µ∈[0,1]

{
−wλK(ν + µ) + K (L(x)ν + U(x)µ)− λ (H (ν)−H (µ))

}
= 0,

(D.10)
and the optimal solutions are

ν∗ =
exp

(
K
λ

(L(x)− wλ)
)

exp
(

K
λ

(L(x)− wλ)
)

+ 1
= 1

1 + exp
(
−K

λ
(L(x)− wλ)

) ,

µ∗ =
exp

(
K
λ

(wλ − U(x))
)

exp
(

K
λ

(wλ − U(x))
)

+ 1
= 1

1 + exp
(
−K

λ
(wλ − U(x))

) .

(D.11)

Consequently, if we choose the TD error criterion for policy evaluation, the RL al-
gorithm is essentially the same as Algorithm 1 in Dai and Dong (2024), except that
ν, µ, ν∗, µ∗ in their algorithm should be replaced by Kν, Kµ, ν∗, µ∗ in (D.11) in this sec-
tion, and their entropy term should be replaced by the differential entropy in this paper.
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E Finite difference method

In this section, we present (classical, model-based) algorithms for pricing a finite-
horizon American put option and obtaining its stopping boundary. We use the penalty
method in Forsyth and Vetzal (2002). The payoff function is g(x) = (Γ− x)+ with x being
the stock price and Γ the strike price. We consider the PDE (2.5) and let u(t, y) := v(t, x)
with x = ey. In the finite difference scheme below, the time horizon [0, T ] is divided to Nt

equally spaced intervals with ti = i∆t, for i = 0, . . . , Nt, and the range for y is chosen to
be [−N, N ] with N being a large positive number, which is further divided into Ny equally
spaced intervals with yj = −N + j∆y for j = 0, . . . , Ny. Thus, ui,j denotes the numerical
value at the mesh point (ti, yj), namely, ui,j := u (ti, yj) for i = 0, . . . , Nt, j = 0, . . . , Ny.

In the following, let uk
i,j denotes the k-th iteration value of ui,j. The terminal condition

is
uNt,j = g(eyj ) (E.1)

for j = 0, . . . , Ny. Similarly, the boundary conditions at y0 and yNy are set to be

ui,0 = g(ey0), and ui,Ny = g(eyNy ) (E.2)

for i = 0, . . . , Nt. The Black–Scholes operator vt(t, x)+ 1
2σ2x2vxx(t, x)+ρxvx(t, x)−ρv(t, x)

changes to

LBSu(t, y) := ut(t, y) + 1
2σ2uyy(t, y) +

(
ρ− 1

2σ2
)

uy(t, y)− ρu(t, y).

By the fully implicit finite difference scheme,

∂

∂t
u(ti, yj) = ui+1,j − ui,j

∆t
,

∂

∂y
u(ti, yj) = ui,j+1 − ui,j−1

2∆y
,

∂2

∂y2 u(ti, yj) = ui,j+1 − 2ui,j + ui,j−1

(∆y)2 ,

for j = 1, . . . , Ny − 1 and i = 0, . . . , Nt − 1. The discretized Black–Scholes operator is
therefore

LBSui,j = ui+1,j − ui,j

∆t
+ βui,j+1 − (α + β + ρ) ui,j + αui,j−1, (E.3)

where
α = σ2

2 (∆y)2 −
ρ− 1

2σ2

2∆y
, and β = σ2

2 (∆y)2 +
ρ− 1

2σ2

2∆y
.

The PDE in (2.5) becomes

−LBSu(t, y) = K (g(ey)− u(t, y))+ . (E.4)
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For each mesh point (ti, yj), we use the following approximation by Newton iteration:(
g(eyj )− uk+1

i,j

)+
=
(
g(eyj )− uk

i,j + uk
i,j − uk+1

i,j

)+

≈
(
g(eyj )− uk

i,j

)+
+ 1g(eyj )−uk

i,j>0

(
uk

i,j − uk+1
i,j

)
=
(
g(eyj )− uk+1

i,j

)
1g(eyj )−uk

i,j>0,

where 1A is the indicator function of a set A. By (E.3) and (E.5), it turns out that (E.4)
reads

−
ui+1,j − uk+1

i,j

∆t
−βuk+1

i,j+1 + (α + β + ρ) uk+1
i,j −αuk+1

i,j−1 = K
(
g(eyj )− uk+1

i,j

)
1g(eyj )−uk

i,j>0,

which simplifies to

−βuk+1
i,j+1+

( 1
∆t

+ α + β + ρ + K1g(eyj )−uk
i,j>0

)
uk+1

i,j −αuk+1
i,j−1 = ui+1,j

∆t
+Kg(eyj )1g(eyj )−uk

i,j>0.

(E.5)
In each iterative step, the quantities in the RHS of (E.5) regarding future values ui+1,j

for all j and previous estimates uk
i,j for all i and j are known, and the current estimates

uk+1
i,j are obtained by solving the equation (E.5). See Algorithm 3 for details.

Algorithm 3: Finite difference scheme for (2.5)
Inputs: ∆t, ∆y, N, Nt, Ny, K and the tolerance level ε > 0.
Learning procedure:
Initialize uNt,j for all j by (E.1) as well as ui,0 and ui,Ny for all i by (E.2).
for i = Nt − 1, . . . , 0 do

Set u0
i,j = ui+1,j for j = 1, . . . , Ny − 1.

for k = 0, 1, . . . do
Solve the equation (E.5) to get uk+1

i,j for j = 1, . . . , Ny − 1.
if ||uk+1

i − uk
i ||∞ < ε ∗max

{
1, ||uk

i ||∞
}

then
Quit the loop for k.

end
end
Set ui,j = uk+1

i,j for j = 1, . . . , Ny − 1.
end
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He, X. D., Hu, S., Ob lój, J., and Zhou, X. Y. (2017). Path-dependent and randomized
strategies in Barberis’ casino gambling model. Operations Research, 65(1):97–103.
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