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Abstract

This paper introduces a new approach to generating sample paths of unknown Markovian
stochastic differential equations (SDEs) using diffusion models, a class of generative AT methods
commonly employed in image and video applications. Unlike the traditional Monte Carlo methods
for simulating SDEs, which require explicit specifications of the drift and diffusion coefficients,
ours takes a model-free, data-driven approach. Given a finite set of sample paths from an
SDE, we utilize conditional diffusion models to generate new, synthetic paths of the same SDE.
Numerical experiments show that our method consistently outperforms two alternative methods
in terms of the Kullback—Leibler (KL) divergence between the distributions of the target SDE
paths and the generated ones. Moreover, we present a theoretical error analysis deriving an
explicit bound on the said KL divergence. Finally, in simulation and empirical studies, we
leverage these synthetically generated sample paths to boost the performance of reinforcement
learning algorithms for continuous-time mean—variance portfolio selection, hinting promising
applications of our study in financial analysis and decision-making.

Key words. Stochastic differential equations, Markov property, generative conditional diffusion
models, error analysis, KL divergence, portfolio selection, reinforcement learning.

1 Introduction

Stochastic differential equations (SDEs) are an important class of equations for continuous-time
stochastic models that have been widely employed in numerous fields, including finance, physics,
operations research and machine learning. In many applications, generating sample paths of SDEs is
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crucial (Glasserman, 2004; Kloeden and Platen, 1999; Song et al., 2021). When an underlying SDE
is known and given, i.e., its drift and diffusion coefficients are specified, Monte Carlo simulation is
the classical approach for sample path generation with various methods proposed and developed in
the literature; see e.g. Kloeden and Platen (1999) and the references therein. This paper instead
studies the problem of simulating a Markovian SDE (i.e. the coefficients of the equation depend on
the current, instead of the historical, state of the solution) when the underlying equation is unknown,
with access only to a finite set of sample paths from the unknown SDE. Beyond theoretical curiosity,
such a problem is motivated by many applications where one discretely observes only collections of
time series whose dynamics can be reasonably captured by Markovian, otherwise totally unknown,
SDEs.

Traditional approaches to generating paths from an unknown SDE largely rely on model-based
methods, where the SDE is assumed to belong to a specific class such as geometric Brownian motions.
Parameters of the equation are then estimated using statistical inference techniques (Iacus et al.,
2008; Kessler et al., 2012). More recent studies use neural networks to represent drift and diffusion
coefficients of SDEs, and construct appropriate loss functions to train these networks; see e.g. Kidger
et al. (2021); Zhu and Li (2024). Once such a neural SDE is learned, additional sample paths can then
be generated from it by Monte Carlo. On the other hand, several recent papers explore model-free
methods, leveraging generative models to generate samples directly from unknown SDEs, skipping
the step of learning the SDEs themselves.! For instance, van Rhijn et al. (2023) utilizes GANs
(Goodfellow et al., 2014) to simulate unknown SDEs, while Yang et al. (2024) employs normalizing
flows to generate samples from SDEs.

In this paper, we introduce a new model-free (up to the Markovian, diffusion SDE structure), data-
driven approach to generate sample paths of SDEs using conditional diffusion models, a cutting-edge
class of generative Al models that have achieved remarkable success in image and video applications
whose performances surpass those of GANs and other generative models (Dhariwal and Nichol, 2021,
Ho et al., 2020; Rombach et al., 2022). The essential idea of diffusion models is to use a forward
process to gradually turn the unknown target distribution into a simple noise distribution, and then
reverse this process to generate new samples from the target distribution. Conditional diffusion
models, in particular, can generate data samples that are conditioned on specific input variables;
see Section 2.2 for a concise review. Employing conditional diffusion models, this paper makes the
following main contributions:

e First, we propose to train a sequence of conditional diffusion models to generate new sample
paths from an unknown SDE, given a finite set of discrete-time observations (time series) of the
SDE. The key observation is that for Markovian SDEs, the distribution of the next stochastic
increment depends solely on the current state and time. Thus, the state and time naturally
become the conditioning input variables, and we train conditional diffusion models to generate
a sample of the next increment. In a sequential and autoregressive fashion, we paste these

!This is in the same spirit as in image generation, where one generates more cat pictures based on a set of sample
cat pictures without attempting to learn the underlying unknown distribution of the samples.



increment samples over time to generate a new sample path from the unknown SDE.

e Second, we demonstrate the effectiveness of our approach by conducting experiments on various
types of SDEs and comparing its performance with two benchmark methods including the
neural SDE method in Kidger et al. (2021) and a recent alternative generative approach in Liu
et al. (2025). We show that our approach consistently and significantly outperforms the two
benchmarks across nearly all experiments, in terms of the Kullback—Leibler (KL) divergence
between the generated synthetic SDE paths and the given sample training paths.

e Third, we carry out a rigorous theoretical analysis on the errors associated with our approach.
Specifically, we establish an explicit bound on the KL divergence between the target and
generated SDE path distributions. As a by-product, this KL bound also yields a bound on
the total variation distance via Pinsker’s inequality. The resulting bound offers a quantitative
measure of the accuracy of our method. To our best knowledge, this is the first theoretical
error bound on SDE path generation using conditional diffusion models.

e Finally, to illustrate the potential applications of our framework in decision making, we carry
out both a simulation study and an empirical one to demonstrate how we can make use of the
synthetically generated sample paths to enrich the dataset for training model-free reinforcement
learning (RL) algorithms in continuous-time mean—variance portfolio selection (Jia and Zhou,
2023) and to enhance their performance. Both studies show that when synthetic paths are
added in the RL training process, the resulting investment policies achieve the highest Sharpe
ratios in the out-of-sample test, primarily due to reductions of the terminal wealth variances.
Moreover, our empirical study reveals that incorporating synthetic data does mot enhance the
model-based or plug-in policies, where one first estimates the model parameters and then plugs
the estimators into the optimal policies for the portfolio selection problem. The implications
from these results are that synthetic paths do not improve the accuracy of estimating model
parameters because the generated paths do not contain more information, probabilistically or
statistically, than the original sample paths, but they enable the RL agent to explore more
possible market scenarios (even if fictitious) and thereby to learn more robust investment
strategies. So, Al-generated paths do not help us understand the environment better, but do
help us perform better.

This paper is related to a variety of topics in literature. In terms of SDE path generation, it
is closely related to Liu et al. (2025), as both use conditional diffusion models to autoregressively
sample SDE increments. The crucial difference lies in the estimation of the score function, a key
component of the diffusion models (Ho et al., 2020; Song et al., 2021). While Liu et al. (2025)
design a training-free Monte Carlo empirical estimator for the score function and show that their
approach outperforms GANs, we opt for training score neural networks which offer significantly
greater scalability as demonstrated in our experiments. Moreover, our work differs from Liu et al.
(2025) in two other important aspects: (1) we provide a rigorous error analysis for our diffusion-based



generative method; and (2) we explore the practical applications of SDE path generation to portfolio
selection problems in terms of improving decision making performance. Such an error analysis and
applications to real-world problems were absent in Liu et al. (2025).

For error analysis, our work is related to a growing body of literature on convergence theory
and error bounds for general diffusion models; see, e.g., Benton et al. (2024); Chen et al. (2023a);
Conforti et al. (2025); Chen et al. (2023b); Fu et al. (2024); Gao et al. (2025); Li et al. (2024); Li
and Yan (2025); Tang and Zhao (2024) and the references therein. These studies derive various
bounds on errors between target distributions and generated ones, informing the accuracy of their
methods in modeling and generating static data distributions. However, they do not consider the
specific problem of SDE path generation and hence the resulting error propagation issue that arises
from applying conditional diffusion models in a dynamic and auto-regressive manner. Consequently,
our error analysis diverges substantially from these prior papers.

When it comes to financial applications, our research is related to two recent working papers
Chen et al. (2025); Aghapour et al. (2025). Chen et al. (2025) apply unconditional diffusion models
to simulate high-dimensional asset returns and conclude that, in their specific setting, generated data
improve the accuracy of parameter estimation (e.g., mean and covariance) and thus help solve a static
portfolio optimization problem in a model-based manner.” We take a different direction — we consider
continuous-time portfolio selection with model-free RL and enrich the training dataset with synthetic
paths. The implication of our results is quite different from that of Chen et al. (2025): at least in our
setting, synthetic paths help RL policies but not plug-in ones, which has simple intuitions as discussed
earlier. When finalizing our paper, we became aware of a recent working paper Aghapour et al.
(2025), which applies diffusion models to discrete-time mean—variance portfolio selection. Specifically,
the authors directly model and generate stock price time series using conditional diffusion models,
and then utilize the resulting synthetic data as a training environment for a policy gradient algorithm
(known as TD3). This seems similar to our approach; however, there are differences in several aspects.
They concentrate on discrete-time portfolio selection problems without involving SDEs, whereas we
focus on the SDE generation task and demonstrate its application through continuous-time portfolio
selection. Moreover, their error bounds are established in a variant of the 2-Wasserstein distance,
while ours are in terms of KL divergence.

Lastly, our work is related to a broader and more extensive literature on time series generation
or forecasting using generative models such as GANs and diffusion models; see, just to name a
few, Narasimhan et al. (2024); Ni et al. (2023); Wiese et al. (2020); Yoon et al. (2019) and the
references therein. Due to the absence of the Markov property in general time series, conditioning
on the entire past history or its embedded representation is often required for effective generation
and forecasting. Although these studies report promising empirical results, they often fall short of

20n p. 22 of Chen et al. (2025), it is stated that “This result reflects improvements in both the mean and covariance
estimation from diffusion-generated data, but most of the improvements come from the improved covariance estimation,
which is not surprising given the very design of our diffusion factor model." However, the authors have not offered an
intuitive explanation as to why generated data provide more information than the observed ones leading to better
estimation.



rigorous theoretical analyses of the associated errors. By contrast, our work provides a distinctive
contribution by focusing on the generation of sample paths from Markovian SDEs with theoretical
guarantees. Furthermore, we showcase the application of our results to RL for dynamic portfolio
optimization, an important problem in finance where it is standard to use Markovian SDEs to model
dynamic asset prices.

The remainder of the paper is organized as follows. Section 2 formulates the problem, outlines the
diffusion-based methodology for SDE path generation, and presents the related algorithms. Section 3
is devoted to numerical experiments on four different types of SDEs, including a high-dimensional
equation, to compare the performances between our method and two benchmark ones. Section 4
focuses on a theoretical error analysis of our SDE generative approach. In Section 5, we present
application to continuous-time mean—variance portfolio selection and conduct both simulated and
empirical experiments. Finally, Section 6 concludes. Proofs and other supplementary materials are
placed in the appendices.

2 Problem Formulation and Methodology

Notation. We adopt the following notation throughout this paper. The identity matrix in R is
denoted by Ij, where d is the dimension. We use N (u,X) to denote the multivariate Gaussian
distribution with mean vector g and covariance matrix 3, and N (-; u,X) the corresponding
Gaussian density function. We denote by || - || the Ly norm/spectral norm of vectors/matrices,
and by | - ||z the Frobenius norm of matrices. A function f is called L-Lipschitz, where L > 0, if
[|f(x) — f(x')]]2 < L||x — x||2 for any x,x’. We employ the notation x < y to indicate that z < Cy
for some positive constant C' > 0, and define 2 y analogously. Furthermore, we write z < y if
there exist constants C, Cy > 0 such that Chy < & < Cyy. For a random variable X its distribution

is denoted by Px. We write X 2 Y if X and Y have the same distribution, and Px < Py if Px
is absolutely continuous with respect to (w.r.t.) Py. Two distributions Px and Py are said to be
mutually absolutely continuous, or equivalent, if Px < Py and Py < Px. The Kullback-Leibler
(KL) between probability distributions Px and Py is KL(Px||Py) := [ log(%)dPx it Px < Py,
and is defined to be +oo otherwise.

2.1 Problem Formulation

Consider a d-dimensional target SDE defined on a filtered probability space (Q, F,P, {ft}ogtST)l
AX (1) = pu(t, X (0)dt + o(t, X(1)) AW (1), t € [0, ], 1)

where g1 : [0, 7] x R? — R? is the drift coefficient, o : [0, T] x R? — R?*™ is the diffusion coefficient,
and W is a standard m-dimensional Brownian motion. We assume that the equation starts from
a fixed, known initial state X(0) = x(0) € R? and has a unique strong solution. However, both
functions p and o are unknown, and we have access only to a set of i.i.d. sample paths of the SDE



(1) on [0,T]. Our goal, in mathematical terms, is to generate additional sample paths that exhibit
the same distributional properties as those of the unknown SDE (1).

In practice, one only observes or generates discrete-time states of (1). Without loss of generality,
we consider a uniform grid T := {t,, : t, = nAt for n = 0,1, ..., Ny} with a fixed time step At > 0
and assume that the number of discrete epochs Ny = T/At is an integer.® The dataset available to
us, therefore, consists of H > 1 sample paths of {X(¢) : ¢t € [0, T]} observed at grid points in T (i.e.
time series), denoted by

{xOt0),xO (), xOtny), i= 1o H @

Our aim is to generate more time series at the same grid points of the sample paths of (1) that are
distributionally as close to those of (2) as possible.* To do so, we leverage on the Markov property
of the SDE (1) and train conditional diffusion models to simulate the stochastic increments of (1).
Note that At is not necessarily small in many applications, in which case the resulting stochastic
increments of the SDE are generally non-Gaussian. This rules out the method of directly sampling
Gaussian increments, a generally easy endeavor even in high dimensions. On the other hand, in
high-dimensional settings where d is large, classical density estimation methods such as kernel density
estimation become impractical, begging for alternative generative models like ours.

2.2 Review of Conditional Diffusion Models

For reader’s convenience we now give a brief review of the conditional diffusion models, based on
the continuous-time score-based diffusion models in Song et al. (2021). Consider a d.-dimensional
condition ¢ ~ C and an unknown (conditional) target distribution piarget(:|c) := go(-|c) on Réarset,
Given a set of independent training data {(c;,y:(0)) : ¢; ~ C,y;(0) ~ qo(-|c),i = 1,--- N}, the
conditional diffusion model first noises the training data with a (non-homogeneous) Ornstein—
Uhlenbeck (OU) process:

dY (1) = —f(1)Y (7)dr + g(7)dB(7), Y(0) ~ qo(-|c), 7 € [0,T], (3)

where B is a standard Brownian motion in R%arzet that is independent of Y (0), and T}, is a fixed
horizon length. Throughout this paper, we consider the popular choice of f(7) := % B(7), g(7) :=

VB(7), B(T) := at + b, where a and b are pre-specified positive constants (Ho et al., 2020; Song

30ur approach applies to the case when the initial condition X (0) follows an unknown distribution and the time
grid 7 is non-uniform. In particular, in Example 2 of the numerical study (Section 3), we consider a non-uniform time
grid 7. However, for ease of presentation, we will focus mainly on the uniform time grid throughout the paper.

“While the original goal was to generate paths following the same distributions of the solution to (1), the only
data available to us are the collection of series in (2). Hence to generate new series close to (2) is the best we could
do. This is analogous to generating more cat pictures based on a set of existing cat pictures, a typical generative Al
(GenAlI) task.



et al., 2021). The noising process (3) is called the forward process which admits an analytical solution

.
Y(7) = e Jo Fdvy (o) + / e~ Ji 10 () dB ().
0

Given a condition ¢, we let the marginal density of Y (7) be ¢,(+|c), which is unknown due to the
unknown pearget (-|c). For suitable choices of Ty, a and b, the distribution g7, (-|c) is close to Gaussian
by the convergence property of the OU process. When Y (0) = y(0) is given, the conditional
distribution of Y (7) is clearly Gaussian and known, which we denote by ¢,|o(-|y(0), c).

Consider the reverse (in time) denoising process {Y (1) := Y(T, — 7),7 € [0,T,]}. Under mild
assumptions (Anderson, 1982; Cattiaux et al., 2023; Haussmann and Pardoux, 1986), Y satisfies the
reverse SDE starting from Y (0) ~ qr,(-|c):

dY (1) = [f(Ty — 7)Y (1) + ¢*(Ty — 7)Vlog qr,—- (Y (7)|c)]dr + g(T, — 7)dB(7), (4)

where Vlog ¢ (-|c) is called the (conditional) score function and is unknown. Note that Y(T}) =
Y (0) ~ prarget(-|c), which is the target conditional distribution we want to sample from. Hence, the
conditional diffusion model generates new samples by simulating the reverse SDE (4). This requires
(a) replacing the unknown gr, (-|c) by its approximation, which is Gaussian and hence easy to sample
from; (b) learning the score function Vlog ¢, (-|c); and (3) discretizing (4) for sample generations.

To learn the unknown conditional score, one can consider training a neural network sy parame-
terized by 6 to minimize fng E|[so(T,Y(7),c) — Vlog ¢, (Y (7)|c)||?d7. This optimization problem is
intractable because the objective involves the unknown score. In this paper we apply the following
denoising score matching procedure (Song et al., 2021; Vincent, 2011):

min Be~cBr i, 7,1 By 0By (r)| (¥ (0).0) A(T)||s6(7, Y (7), ¢) = Vlog g;10 (Y ( ol*l, )

where Unif[0, Tg] is the uniform distribution on [0, 7y}, Y(0) ~ ptarget(-|c), Y (7)[(Y(0),¢) ~ g /o(:|c)
which is Gaussian, and X : [0, Ty] — R is some positive weighting function (e.g. A(7) = g?(7)). The
stochastic gradient descent algorithm and its variants can be applied to solve the empirical version
of (5) given samples from (Y (0),c).’

With the conditional score function trained and learned, the sampling process is to simulate
(4) in K steps, using the Euler—-Maruyama discretization scheme with a uniform time step size of

AT =T,/K. Specifically, let 7, = kAT and Z(O) ~N(0,1). For k=0,1,--- | K — 1, set
Z(is1) = Z(1) + [f (1) Z(7i) + 3% (k) 50(Ty — i, Z(7k)), ©)] AT + §(7k) VAT - Gk, (6)

where f(1) = (T, —7),9(1) = g(Ty — 7), and (}’s are i.i.d. standard Gaussian random vectors.
The terminal state Z(7x ) is a generated, desired sample.

5We do not employ other popular training techniques for conditional diffusion models, such as the classifier-free
guidance (Ho and Salimans, 2021) commonly used for image generation tasks. This is because the data distribution in
our SDE path generation task is fundamentally different from images, and applying classifier-free guidance does not
yield performance gains in our experiments.



2.3 Generation of SDE Paths via Conditional Diffusion Models

We now apply the general conditional diffusion model to generate sample paths of an unknown
SDE. Due to the Markov property of the SDE (1), we construct the desired generative model in an
autoregressive manner. Specifically, we generate samples of the stochastic increment AX(¢;x) :=
XUX(t + At) — x defined by the solution to (1) conditional on X**(t) = x. For each t,, we set
condition ¢, = (ty,x(t,)) sampled from C,, = (¢,,X(t,)) and train a conditional diffusion model
G(tn,x;0y,) where x(t,) = x, such that G(t,,x;0,) consists of a score network sp, trained via (5)
and generates new samples Z, (1) distributed as AX(t,;x) by running (6), i.e.,

d tn+AL tn+AL
Zn (i) = AX(t; %) 1= X(tn + At) — x = / p(t, X (8))dt + / o(t, X(£)AW(t). (7)

The entire training process is stipulated in Algorithm 1, where Np score networks {sg, : n =
0,---, Ny — 1} are trained in parallel. Next, to generate new sample paths (time series) from the
unknown SDE, we start from X(tp) = x(0) and recursively produce

X(tns1) = %(tn) + Zn (1), forn=0,...,Np—1. (8)
The detailed generation process of SDE paths is summarized in Algorithm 2.

Remark 1. Instead of using conditional diffusion models to generate SDE paths in a sequential and
autoregressive fashion, an alternative approach is to train a single diffusion model to generate samples
of the entire trajectory (X(t1), -+ ,X(tny)) directly. In such a case, the dimension of the target
distribution is d X Np, which becomes large with a high-dimensional SDE (large d) and/or a large
number of observation slots (large Ny ). While diffusion models can indeed deal with high-dimensional
distributions, they nonetheless require more complex network architectures to train the score functions
and longer training times. The autoregressive approach we choose instead reduces the dimension and
complezity of the generation task, which allows us to use a simple neural network such as a multilayer
perceptron (MLP) for training the conditional score function leading to a more efficient solution.



Algorithm 1 Training process of the SDE generative model {G(tn,;0,) :n=0,--- ,Np — 1}

Require: Training data {(x®(t,), Ax (t,;x9(t,))) i = 1,--- ,H,n = 0,--- , Ny — 1}, score
networks {sen}fj:TO_ ! batch size m < H, learning rate function a(-), noise schedulers f(r) and
g(7), diffusion horizon T}, number of diffusion steps K, diffusion time step A7 =T,/K
for episode j =1,...,J do

for SDE slot t,, = 0, At, 2At, ..., NpAt do
1. Randomly sample a batch of data at t,:

{(C(il)’y(iz)(o)) - ((tn,x(“)(tn)),Ax(”)(tn;x(”)(tn))) =1, ,m}
2. Randomly sample a diffusion step k ~ Unif[l, K| and set 7, = kAT

3. Generate noised samples {y™ (1) : 1 =1,--- ,m}, where

. T . Tk T 1/2
y(”)(Tk) — 67 fOk f(’U)d'Uyll (0) + (/ 67 fuk 2f(v)dv92(u)du> Cl7 Cl ~ _/\/‘(07 Id)
0

4. Compute the denosing score matching loss
1 " i i i ) i 2
L(n) = — > g @) |56, (7, (1), €)= Vog 4z, o (v (1) [y ) (0), ™) |
I=1

5. Update 6, < 6, + a(j)Vg, L(6,)
end for
end for
return score network sy, of G(t,,;6y) forn=0,--- ,Np —1

Algorithm 2 Generation of synthetic SDE paths

Require: network {sp, nNio_ ! initial position X(to) = x(0), noise schedulers f(r) and g(r), diffusion
horizon Ty, number of diffusion steps K, diffusion time step A7 =T,/K
for SDE slot t, = 0, At, 2At, ..., NpAt do
1. Set the condition ¢, = (t,,%X(tn))
2. Simulate y(79) ~ N (0, 1)
3. Simulate the reverse process of the conditional diffusion model:
for diffusion step 7. = 0, A7,2A7,--- | KA7T do

V(Tit1) = (k) + [F(Ty — 76)¥ (k) + 6*(Ty — )56, (k, § (1), €0)]AT + g(Ty — 7)) VAT,

where ¢, ~ N(0, 1)
end for
4. Set and store the next state X(t,+1) = X(tn) + ¥(7x)
end for
return generated path (X(to),%(t1), -+ ,%x(tny))




3 Numerical Study For Path Generation

In this section, we numerically evaluate our generative model using training sample paths that are
simulated from the underlying SDEs (Glasserman, 2004). We test our method on four classical
examples, three of which are one-dimensional SDEs including a time-homogeneous OU process, a time-
inhomogeneous geometric Brownian motion (GBM) and a time-homogeneous Cox—Ingersoll-Ross
(CIR) process, and the last a 100-dimensional time-homogeneous GBM. We choose these SDEs
because, for the purpose of generating training data, the solutions to these SDEs can be simulated
exactly in the sense that the joint distribution of simulated values coincides with that of the
continuous-time SDE on the simulation time grid (Glasserman, 2004, Chapter 3).

We benchmark our approach against two alternative methods. The first one (termed as SDM-
MC), proposed in Liu et al. (2025), is also an autoregressive generative model built on diffusion
models but with a Monte Carlo score function estimator (so that score training is not required). The
second method is based on Neural SDE proposed in Kidger et al. (2021). We compare the three
approaches with metrics including the KL-divergences between the distribution of the training path
and that of the generated synthetic SDE path.

For this numerical study, we display the network structure and other configurations of our
diffusion models {G(ty, -; en)}ggoz Uin Appendix E. For the two benchmarks, we directly follow their

hyperparameter settings in Liu et al. (2025) and Kidger et al. (2021), respectively.

Example 1. A (one-dimensional) time-homogeneous OU process is governed by
dX(t) =60(p— X (t))dt + cdW(t), X(0) = z(0). 9)

Set z(0) =1.5,u=12,0 =1,0 =0.3, and T = 1, At = 0.05, resulting in Ny = 20 observation slots
in total. We collect H = 100 “real” OU trajectories in the training dataset (2), each simulated from
(9) via Monte Carlo. Then in each experiment we generate 100 synthetic OU paths with each of
the three methods, and compute the corresponding KL divergences between the joint distributions
of the (discrete observations of) 100 real and synthetic paths using the method from Wang et al.
(2009). We repeat 5,000 such experiments.

Table 1 presents the 95% confidence intervals of the resulting KL-divergence values for the three
methods. The results show that our model produces paths with distributions much closer to those of
the target OU process, significantly outperforming both benchmarks.

Method | Ours SDM-MC Neural SDE
KL divergence | | 0.1811 + 0.009 0.2932 & 0.010 0.9592 & 0.014

Table 1: The 95% confidence intervals of KL-divergences between 100 real and synthetic OU paths
on time grid 7.
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Neural SDE
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Figure 1: One-dimensional OU process: comparison of mean and standard deviation (std) of solutions
obtained by three generative models with 100 synthetic paths. Theoretical and training mean and
std are also plotted.

Next, following Liu et al. (2025), we evaluate the performance of the three generative models
by comparing the mean and standard deviation (std) of the solutions obtained using 100 synthetic
paths. The results are presented in Figure 1, which also includes the theoretical (i.e. oracle) mean
and std of the OU process X (t) from (9) for references. As shown, both SDM-MC and our method
effectively capture the evolution trend of the training paths, although the latter seems to fit better
both the theoretical /training mean and std. By contrast, the Neural SDE method performs poorly.

Finally, a maximum likelihood estimation (MLE) method can be applied to estimate the param-
eters u, 0 and o of the target OU process (9) based on a given set of solution paths, as described
in Tang and Chen (2009). We apply it to compare the performance (in terms of the estimation
accuracy) of the three methods based on 1,000 repeated experiments each on 100 synthetic paths
from the corresponding generative models. We also include the parameter estimations based on the
given 100 real OU paths for training as reference points, and report the comparison results in Figure
2.

There are two notable observations from Figure 2. First, none of the four can estimate the
drift parameters 1 and 6 as good as the diffusion parameter ¢. This nevertheless is consistent
with the common knowledge that “volatility" can be estimated reasonably well using standard
statistical method whereas “mean" is inherently hard to estimate. Moreover, none of the three
generative methods can improve the estimation of drift parameters obtained using the 100 OU training
trajectories. The reason is because generated paths do not give any more probabilistic/statistical
information than those already contained in the original sample/training paths, not to mention that
the former inherently contain bias and deviations from the latter. This, in turn, has a significant

11



implication: generative methods do not really generate new information. However, for decision
making, generative synthetic data provide more scenarios to train and improve action strategies.
More on this in Section 5 where we present a concrete application of our method. The other
observation is that our method consistently yields more accurate estimates than those from the
two benchmark models, with large margins in some cases. For the drift parameters, even though
estimation accuracy is not good in general, our method still significantly outperforms the other two
and is the closest to the ones obtained by the training paths.

Estimated [ Estimated 8 Estimated &
1.2
14 - u=12 ---- =1 035 | -==- 0=0.3
12 | --gaa-=mmoo-mmmmmmmmooe 1.0 | mmmmmmmmmmmm oo I -
1.0 0.8 0.25
< 08 © og 6 0.20
0.6 0.15
0.4
0.4 0.10
0.2 0.2 0.05
0.0 0.0 0.00
Train Ours SDM Neural Train Ours SDM Neural Train Ours SDM Neural

-MC SDE -MC SDE -MC SDE

Figure 2: Parameters estimated from 100 training OU paths and 100 synthetic paths obtained from
three generative methods.

Example 2. A (one-dimensional) time-inhomogeneous GBM is driven by the following SDE:
dX(t) = pu(t) X (t)dt + o(t) X (t)dW(t), X(0) = x(0), (10)

where we choose pu(t) = 4t,0(t) = V4t and z(0) = 1. In this example, we set T = 3 and consider
a non-uniform time grid 7 to demonstrate the flexibility and generalizability of our approach.
Specifically, we generate Np = 126 observation time points at random on [0, T], and simulate H = 40
trajectories of (10) on 7 to construct the training dataset.

Method ‘ Ours SDM-MC  Neural SDE
KL divergence | ‘ 1.2265 + 0.059 N.A. 6.0490 £ 0.174

Table 2: The 95% confidence intervals of KL-divergences between 40 real and synthetic OU paths on
time grid 7.

Since the SDM-MC method is designed for time-homogeneous SDEs, we compare our approach
with Neural SDE only in this example. As shown in Table 2, the KL divergence between the joint
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distribution of the real GBM paths and that of our synthetically generated paths is significantly
smaller than the Neural SDE counterpart.® Furthermore, Figure 3 illustrates the various means and
standard deviations of the solutions generated by the two approaches, revealing that our method
accurately captures the evolution trend of the training paths, whereas Neural SDE fails to do so.
These results further demonstrate the superiority of our approach over Neural SDE.

Ours Neural SDE

3.0

2.5

2.0

1.5

1.0

0.5

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
Time Time
Theoretical mean —— Training mean —— Generated mean
---- Theoretical mean £ std —— Training mean =* std Generated std

Figure 3: One-dimensional time-inhomogeneous GBM: comparison of mean and standard deviation
(std) of solutions obtained by three generative models with 40 synthetic paths. Theoretical and
training mean and std are also plotted.

Example 3. A (one-dimensional) time-homogeneous Cox-Ingersoll-Ross (CIR) process is
dX(t) = a(b— X(t))dt + o/ X (t)dW (t), X(0) = z(0).

We take z(0) = 0.5, = 0.2,b = 0.05,0 = 0.1 and the training data are H = 50 real CIR paths with
T =0.5 and At = 0.01.

Table 3 presents a comparison of the KL divergences between the real CIR paths and the synthetic
ones generated by the three different models. Again, the Neural SDE method exhibits considerably
poorer performance, whereas our model beats (if slightly) SDM-MC.

Example 4. A multivariate GBM in R? with d = 100 is defined as:

de(t) = Mij(t)dt + O'ij(t)de(t), XJ(O) = .Tj(O), j=1,---,100,

5The method in Wang et al. (2009) for computing the KL-divergence between (generally multidimensional)
continuous densities uses the distance to the nearest neighbor to represent the likelihood at a given point; hence it
works even if the supports of the two datasets concerned are different.
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Method ‘ Ours SDM-MC Neural SDE
KL divergence | ‘ 0.1588 + 0.012 0.1641 £ 0.011 1.8196 & 0.040

Table 3: The 95% confidence intervals of KL-divergences between 50 real and synthetic OU paths on
time grid 7.

where W is a one-dimensional standard Brownian motion, and W;(t) and W;(t) have a correlation
pji € [—1,1] for j,1 =1,...,100. We randomly generate p, o, p, the corresponding vector or matrices
consisting of those model parameters. Set T'=7 and At = 1 so that the time step is “large”. We use
H = 10,000 real paths to train our diffusion models.

Method ‘ Ours SDM-MC Neural SDE
KL divergence | ‘ 38.73 £+ 4.51 1221.54 4+ 25.35 1580.06 & 17.13

Table 4: The 95% confidence intervals of KL-divergences between 10,000 real and synthetic OU
paths on time grid T ..

Table 4 reports the KL divergence results. This time our method outperforms the other two
massively. Indeed, both SDM-MC and Neural SDE fail to even maintain the theoretical positivity in
over 90% of the generated trajectories. On the other hand, Figure 4 illustrates that our synthetic
paths closely track the training trajectories in terms of mean and standard deviation at multiple
dimensions.

Dimension 10 Dimension 40 Dimension 70 Dimension 100
30

20

10

ol=

Time Time Time Time

Theoretical mean —— Training mean —— Generated mean
----- Theoretical mean + std —— Training mean * std Generated std

Figure 4: 100-dimensional time-homogeneous GBM: the mean and the standard deviation (std) of
solutions (across 4 different dimensions) obtained by our generative method (10,000 synthetic paths)
and the ground truth. The mean and std of the 10,000 training paths are also plotted.

Concluding, our approach consistently outperforms the two benchmarks across nearly all experi-
ments in generating synthetic SDE paths. The SDM-MC method requires an extensive amount of
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data to construct an accurate Monte-Carlo score estimator for a high-quality generative model. By
contrast, our model excels even with limited training trajectories (relative to the dimension) and
is applicable to time-inhomogeneous SDEs, offering greater flexibility. Moreover, our model scales
effectively to high-dimensional generation tasks, whereas SDM-MC struggles to do so. Meanwhile,
the Neural SDE method is often plagued by unstable training dynamics and exhibits high sensitivity
to hyperparameter choices, a phenomenon also observed in other studies (Issa et al., 2023; Liao et al.,
2024). This inherent instability ultimately contributes to its poor performance in our experiments.

4 Error Analysis

In this section, we provide a theoretical error analysis of our SDE generative model. Specifically, con-
sider the time series corresponding to the target unknown SDE (1) on grid 7: (X(to), -+, X(tng))-
Given a fixed X(tg) = x(0), we denote by Pj.y,o the joint distribution of the target path
(X(t1),--- ,X(tn,)), and by Pl:NTIO that of the generated path (X(t1),---,X(tn,)). Our goal
is to derive an explicit bound in the KL-divergence between Py, o and 151: Nr|0> SO as to quantify
the aggregated error of our generative model. In the following, we discuss the well-posedness and
decomposition of the KL error in Section 4.1, the error bound for conditional diffusion models in

Section 4.2, and the overall error bound for the SDE generative model in Section 4.3.

4.1 Decomposition of the KL Error

The very existence of the KL-divergence KL (Plz NT|0H151: NT‘O) requires Pp.y, |0 to be absolutely
continuous with w.r.t. PI:NTIU' To guarantee such a condition is met and thereby KL (PI:NT|0 | |p1:NT\0)
well defined, we make the following assumption on the target SDE.

Assumption 1. (a) The coefficients p and o of the target SDE (1) satisfy the global Lipschitz and
linear growth conditions:

[t x) = u(t, X))z + [lo(t,x) — o (t,x)||l2 < Crl|x = x'||2,
[t x)[[2 + [lo (£, )]z < CL(1 + [[x][2),

for every t € [0,T],x € R% x' € R, where Cp, is a positive constant independent of (t,x,x’).

(b) For any 0 < s <t < T, the conditional distribution of X(t) given X(s) = x(s) is absolutely
continuous w.r.t. the Lebesgue measure, and it admits a probability density function that is positive
almost everywhere on RY.

Assumption 1(a) is the classical (sufficient) condition for a general SDE to have a unique strong
solution (Karatzas and Shreve, 2014). Moreover, under this assumption the solution to (1) admits
the following moment bounds (Kloeden and Platen, 1999, Theorem 4.5.4): there exists a positive
constant Cjs depending only on Cp, such that

E[X(@)]* < (1+E[X(0)])e'™
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for any t € [0,77], and
B[ X (tns1) — X(t)||? < My (tn; T) - 31M At (11)
for any t, € T, where

My (tn;T) := D1 - (T — t + 1)(1 + E[|X(t)]%)
< Dy (T —ty + 1) (1 + E[[X(0)[|?)e ™,

and D1 and Dy are some positive constants depending only on Cy. These moment bounds will be
useful for the subsequent error analysis.

Assumption 1(b) is imposed to ensure that the joint distributions P;. Nrjo and PL Nr|o share the
same support and the absolute continuity condition holds. Drifted Brownian motions, OU processes,
and Langevin SDEs are classical examples satisfying Assumption 1(b). General sufficient conditions
for Assumption 1(b) to hold have also been extensively studied in Malliavian calculus and support
theorem of SDE; see, e.g. Gyongy and Prohle (1990); Michel and Pardoux (1990); Nualart (2006);
Stroock and Varadhan (1972). Some SDEs, such as GBMs, do not satisfy Assumption 1(b) because
the marginal distribution is not supported on the entire space R%. For such SDEs, one may conduct
some transformations (e.g. the logarithmic one) on their states so that the transformed SDEs have
transition densities supported on R,

We now introduce a few more notations to facilitate exposition. For any ¢, € 7, denote by
PAX (t,.:x(t,,)) the conditional distribution of the increment AX(t,;%(t,)) of the target SDE given

X(t,) = x(t,) € R%. Let AX(t,;x(t,)) be the corresponding generated increment (i.e. Z,(7x) in

A

(7)), with PAX(tn-X(tn)) its distribution. Under Assumption 1, we have the following useful result,
the proof of which is deferred to Appendix A.

Proposition 1. Suppose that Assumption 1 holds. Then

1. Both Pax(t,:x(t,)) and PAX(tn-X(tn)) are equivalent to the Lebesque measure and admit density

functions that are strictly positive everywhere on RY.

2. Both Py.ny 0 and Pl:NTIO are equivalent to the Lebesgue measure and admit density functions
that are strictly positive everywhere on R¥™>NT  Moreover, we have

Np—1

KL(Prng ol Prvego) = D BX(ta)~Puo [KL(PAxm;xun))
n=0

Pagoxen) | (12)

where Py|q is the marginal distribution of the SDE solution X(t,) conditional on X(to) = x(to).

The decomposition in (12) arises from the chain rule for KL divergence (Wainwright, 2019, Exercise
3.2) together with the Markovian nature of the target and generated paths. This fundamental
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property of chain rule is the primary technical motivation for us to use KL divergence for the error
analysis. As a direct consequence of (12), we can simplify the task of bounding the KL-divergence
between the target and generated paths. Specifically, it suffices to derive an error bound for each
conditional diffusion model of producing the increment AX(t,; X(t,)). We will delve into this crucial
step in the next section.

4.2 Error Bound for Conditional Diffusion Models

In this section, we establish a KL error bound for the general conditional diffusion model discussed
in Section 2.2, providing a theoretical guarantee on its performance. The result actually goes beyond
the specific application of SDE path generation. While its proof is similar in spirit to the general
error results for the unconditional diffusion model, there are certain subtle differences which is the
reason why we present it for reader’s convenience.

Recall that prarget(-|c) denotes the unknown target conditional distribution. We denote by
ﬁﬁK(-]c) the marginal distribution of the generated sample Z(7x) in (6) given condition c.

The following result provides the desired KL error bound for the conditional diffusion model. Its
proof is lengthy, which is delayed to Appendix B.

Proposition 2. Suppose the following conditions hold:

1. For any given condition c, the target conditional distribution admits a twice continuously
differentiable density function piarget(-|c), where the score function V10g piarget(-|c) is L(c)-
Lipschitz continuous with

Ecwc[L(C)] =11 < 0. (13)

2. The target distribution has a finite second moment, i.e.

EcnC[EY (0)~prargerle) [ Y (0)[[P] < M2 (14)
for some positive constant M.

8. There exists a small constant €geore > 0 such that

K 1/2
1 2
[7d > [max{g4(7k)a 1} - Eenc [Ey (r)mar, (10| V108 4 (Y (75) €) = s0(7k, Y (12,), )| ]
=1
< Escore- (15>
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Then, we have

Eevc [KL(purgee(-10)] 17, (-10))]

5 6_%T92_ng [M2 + de_%TngTg] + \/m “ Kegeore + TQKEEC(JT@ + AT(M2 + d) (Tg - 1)5

(i) (i) (i) (16)
+ MoAT(Ty + 1) + dAT[Ly + (Ty + 1)*] + d(AT)? (L1 + Ty + 1)
(iv) v

In the following, we provide interpretations of the error bound components in (16), and discuss
the conditions imposed in Proposition 2:

1. The term (i) of (16) is the initialization error, caused by sampling the reverse SDE (4) from a
Gaussian noise rather than the terminal state of the forward SDE (3). This error will be small
if e=575 %75 is small. For image generation tasks, one typical choice is to set Ty = 1, a = 19.9
and b = 0.1 (Song et al., 2021, Appendix C), resulting in a very small value of e~ 57575 This
is also the setting we take in this paper, and it is different from the one in the prior theoretical
studies (Benton et al., 2024; Chen et al., 2023a) where a = 0 and b = 1, in which case one

needs to choose a large T, to make the initialization error small.

2. The term (ii) of (16) is the score matching error, which measures the quality of the neural

network sy for approximating the unknown score function Vlog ¢, at each 7 = 7. This term
will be small, if €2, in (15) is small. Meanwhile, the condition (15) quantifies the score
matching error averaged over K steps of the generation process. This condition is standard
and used in most convergence analysis of diffusion models; see e.g. Chen et al. (2023b); Benton

et al. (2024); Chen et al. (2023a); Gao et al. (2025).

3. The terms (iii), (iv) and (v) represent the discretization error of simulating the reverse SDE
(4) by the Euler-Maruyama scheme in (6). In particular, for 7 € [7g, Tk+1),

3(a) the term (iii) corresponds to the state discretization error induced by approximating
J(O)Y () with f(7) Y (7k),

3(b) the term (iv) is the score function discretization error caused by using g(7%)V log ¢-, (Y (7%)|c)
to replace g(7)Vlogq-(Y(7)|c), and

3(c) the term (v) captures the approximation error of simulating the diffusion term g(7, —

T)dB(7) by g(Ty — ) VAT

Clearly, the discretization error can be made small if A7 is small, i.e., if the number of sampling
steps K in the generation process is large, so that the Euler—-Maruyama scheme approximates
the reverse SDE (4) well. Because the drift of (4) involves the score function, we impose the
first (Lipschitz score) condition in Proposition 2 to control the discretization error.
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Our proof of Proposition 2 builds on two recent papers on KL error analysis of unconditional
diffusion models (Benton et al., 2024; Chen et al., 2023a), which focus on a simplified case with f = %
and g = 1 in the forward process (3). We consider conditional diffusion models with time-dependent
functions f and g, where the error characteristics of the (discretized) sample generation process are
different. It is worth noting that Benton et al. (2024) and Chen et al. (2023a) do not require the
Lipschitz score condition owing to an early-stopping technique: the reverse process (6) is terminated
at time T; — A7 instead of T,. By doing so, they can bound the KL error between the distribution
of generated samples and the forward process distribution at time A7, which corresponds to a small
noise perturbation of the original data distribution. We do not pursue the early stopping in this
paper for two main reasons. First, we prefer a simpler and cleaner presentation. Second, applying
early stopping to our autoregressive SDE generation raises subtle technical issues when we apply
conditional diffusion models sequentially over the time grid. This will be discussed in more details in
Section 4.3.

We also note that a recent working paper (Fu et al., 2024) presents an error analysis of condi-
tional diffusion models with classifier-free guidance, focusing on the total variation (TV) distance.
Proposition 2 in the present paper offers a complementary result, exploring the error bound in KL
divergence (which is stronger than TV by Pinsker’s inequality) for conditional diffusion models
without classifier-free guidance.

4.3 Error Bound for Our SDE Generative Model

In this section, we derive the error bound for our SDE generative model, which is the main theoretical
result of the paper. According to Proposition 1, we only need to apply Proposition 2 to bound the
KL-error for each conditional diffusion model G(¢,,x(ty); 0,). The following two assumptions ensure
the conditions of Proposition 2 hold.

Assumption 2 (Lipschitz SDE increment). For any t, € T, the increment AX(t,;x(ty)) of the
target SDE (1) conditional on X(t,) = x(t,) admits a twice continuously differentiable density
function PAx (t,:x(tn)), @1d V108 PAX (t,:x(tn)) 15 Ln(x(tn))-Lipschitz continuous with

Ex(tn)NPn\o[Ln(X(tn))] = Li(ty) < oc.

Assumption 3 (Score matching error). There exists €score > 0 such that for each t, in T, the
corresponding learned score function sg, (k, -, tn,x(tn)) of G(tn,x(t,);0p) satisfies
Kn

1
1 2 | Mg 1)1} B, (B i 7 108 0 (Y () = 50, (7 Y ()2 )
" k=1

g 68607‘87

1/2

where Cp, = (tn, X(tn)) with X(tn) ~ Py as in Proposition 1, the score function Vlog g, (-|c,) is
defined based on the forward process (3) for which the target distribution is that of AX(tn;x(t,)) in
(7), and K, is the number of the diffusion steps of G(tn,%x(tn);6n).
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In the context of generating SDE paths, Assumption 2 can be verified to hold for certain special
equations such as OU processes. For a more general target SDE, if it is observed at a high frequency,
i.e., the time intervals t,+1 — ¢, are small, then the increment AX(¢,;x(t,)) is approximately
Gaussian by virtue of the Euler-Maruyama method. In this case, Assumption 2 is also likely to hold.
As mentioned earlier, applying the early stopping technique to relax Assumption 2 is particularly
challenging for autoregressive SDE path generation. Specifically, if each increment AX(¢,;x(t,))
is perturbed by a small amount of noise due to the early stopping, these noises will propagate
and accumulate over time along the SDE path, making it difficult to establish a bound on the
KL-divergence between the perturbed target SDE paths and generated paths. Hence, we opt out of
this approach.

We now state our main theoretical result, which provides an explicit bound on the KL-divergence
between the distributions of Py.x,o and ]51: Nrlo-

Theorem 1. Consider a target SDE (1) satisfying Assumption 1 and 2. If Assumption 3 holds for
the conditional diffusion model G(t,,-;0,) at each t,, € T, then

KL(Py.np ol | Prng o)
Nr—1
<y { =3T3 ) =VT5 () [ £y (8, T)eAOM At + de= 375 (tn)~HTa(tn)]

n=0

initialization error

+ [(My(t; T)eAOM AL+ d]) ' - Ko seore + Ty(tn) K

82
n<score

score matching error

+ Ki(Mg(tn; T)eAOM AL 4 d) (Ty(t,) + 1) + dTy(tn) L1 (tn) },

discretization error

where At is the time step of observing (1), Ma(t,;T) and Cyr are defined in (11), and Ty(t,) =
K, AT, is the diffusion time horizon of G(ty,X;0y).

The proof of Theorem 1 directly follows from Proposition 1, Proposition 2 and the moment
bound of the SDE increment in (11). We can also immediately infer from Theorem 1 and Pinsker’s
inequality to obtain an error bound in the total variation (TV) distance between Py.n,. o and Py, |o:

. 1 N
TV (Pr.nppol [Prnglo) < \/QKL(PLNTOHPLNTO)-

These obtained bounds quantify the accuracy of our method.

5 Application to Mean—Variance Portfolio Selection

In this section, we conduct both a simulation study (Section 5.1) and an empirical one (Section 5.2)
to demonstrate how our generative approach can be useful in financial portfolio optimization.
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5.1 Simulation Study

We first briefly review the continuous-time mean—variance portfolio selection problem where SDE
modeling is essential; see e.g. Wang and Zhou (2020); Zhou and Li (2000). An agent invests in a
risk-free asset (e.g., a saving account) whose interest rate is r and a risky asset (e.g., a stock), the
price of which is governed by an SDE {S(¢) : ¢ > 0}, which is a geometric Brownian motion with
drift p and volatility o > 0. The agent has a fixed investment horizon 7" and an initial endowment
xo. She rebalances her portfolio with a strategy a = {a(t),t € [0,T]} in a self-financing fashion,
where a(t) is the discounted dollar value invested in the risky asset at time ¢. Then her discounted
wealth process satisfies (Jia and Zhou, 2023, Section 7.1):

d(e_TtS(t))
e TS (t)

The problem is to find a strategy a that minimizes the variance of the terminal wealth for a given
target mean wealth level z, i.e.,

min Var(X*(T)), s.t. E[X*(T)] = =. (18)

a

dX(t) = a , X*(0) = z(0). (17)

Recently, Jia and Zhou (2023) apply a general model-free continuous-time reinforcement learning
(RL) approach, termed as g—learning, to solve the above problem when the dynamic of the risky
asset S(-) is unknown (hence following an unknown SDE). We now show how synthetic asset price
paths can help improve their ¢g—learning algorithm by enriching the policy training.

In our simulation study, we take X?(0) = 1, r = 2%, T = 0.5, S(0) = 1, and z = 1.2.
We consider different parameter configurations with drift x4 € {0,£0.1,£0.3,£0.5} and volatility
o € {0.2,0.3,0.4} for simulating the market environment. For each pair of (u, o), we are given only
H = 40 “real” GBM paths simulated via Monte Carlo with a time step At = 1/252 representing
one trading day. These 40 GBM paths consistute the training dataset to train our SDE generative
model, whose specific settings are shown in Appendix E. We implement the ¢—learning algorithm in
Jia and Zhou (2023) with various choices of Hg, the number of synthetic GBM paths generated by
our model at each episode to augment the original 40 training paths. This includes Hs = 0, 1, 10,40
and 360. The details of the RL algorithm we implement are given as Algorithm 3 in Appendix D,
which is a direct extension of Algorithm 5 in Jia and Zhou (2023) by including synthetic price paths.
After training the RL policies with Algorithm 3, we perform out-of-sample tests on 100,000 GBM
paths (simulated from the oracle model via Monte Carlo) to empirically estimate E[X*(7T")] and
Var(X*(T')) and calculate the corresponding Sharpe ratio, which is (E[X*(T)] — 1)/+/Var(X(T)).

The results are presented in Tables 5 and 6, which compare the performances of the RL algorithm,
Algorithm 3, with various numbers of additional synthetic price paths (Hs = 1,10,40, and 360)
together with the case where no synthetic paths are used (Hs = 0). We summarize the key findings
as follows:

e Incorporating synthetic paths into the RL training dataset substantially enhances the Sharpe
ratio of the resulting RL policies across nearly all parameter configurations (21 in total).

21



¢ WILI0ITY Jo
opostde Surures] yoeoa ut posn oxe syjed ootrd orjeyjuds ry pue syjed ooud josse [eol, O = H ‘©I0H -orpel adieyg
pUR 90URLIRA ‘URAUI JO SULID) UI (¢ WILIOF[Y ) WLIoS[e Sutures]—h o) Jo soueuriojrad ajdures-Jo-n(Q :G a[qr],

0%0L4°T (L00°0) TST'T |0F0L'T (L00°0) TST'T [2969°T (600°0) TOT'T | 1889°T (0T0°0) GLT'T |#229° T (L20°0) 0.8 ||2°0 G°0-
2I¥0'T (120°0) FST'T |29%0°T (120°0) #ST'T |0FFO'T (€20°0) 6ST°T [89€0°'T (820°0) SLT'T [9L00°T (650°0) SFE'T ||2°0 €0~
G6ST°0 (¥92°0) 9221 |L6€F°0 (S6T°0) 2TT'T | 96E7°0 (L62°0) €281 | €687°0 (S¥20) L12°1 | 19270 (121°0) SPT'T ||20 T°0-
1€20°0 (266°6) T€Z'T |T€40°0 (190°0T) Z€Z'1|T€L0°0 (290°0T) Z€Z'T|T€L0°0 (0¥S'0T) LET'T|LEL0'0 (S€9°€T) 89Z°T(|2°0 0
2062°0 (£87°0) T0Z'T |2062°0 (82S°0) OTZ'T | 00620 (925°0) 0TZ'T [ 86820 (0¥S°0) €151 |#88¢°0 (LL2°0) IST'T (|20 T°0
6221 (920°0) 80T'T [62LZ°T (920°0) 9021 | T19%°T (920°0) 9021 | L&¥&' T (Lg00) 905°T |SGLT T (0€0°0) 905°T |[5°0 €0
8826°¢ (200°0) 06T°T [8826°€ (200°0) T6T'T | €218'€ (200°0) T6T'T | 2I8S'E (200°0) T6T'T |200F€ (£00°0) 68T'T ||2°0 €0
92ZT°T (820°0) 8ST'T [92ZT'T (820°0) 681°T |¥61T'T (1€0°0) S6T'T | 090T°T (¥#0°0) €€2°T |¥980°T (£90°0) ¥25°T ||€°0 S0
9289°0 (0L0°0) 8T'T [9489°0 (0L0°0) Z8T°T |9589°0 (GL0°0) 8ST'T | 04290 (20T°0) 9T&'T |1#99°0 (8F1°0) GST'T |[€°0 £°0-
0€€Z°0 (T09°0) 0ST'T |0€€Z°0 (8€9°0) 98T°T | 65€5°0 (L89°0) €6T'T | S0€Z'0 (88L°0) S0’ |¥¥5c0 (L0OOT) GTo'T |[€°0 T°0-
L£€0°0 (T2€T) 6€0°T [8€€0°0 (0T9°T) €F0°T | S€€0°0 (6T0°2) 8701 |20€0°0 (2S€'€) SS0°T |6120°0 (90L°TT) GLOT||€0 O
0%8T°0 (£86°0) GST'T |0FST 0 (ZOT'T) €6T°T | LEST'0 (£LT°T) 2021 | €&81°0 (GT¥' 1) L1E'T [L6L1°0 (122°0) ¥60°T ||€0 T°0
8699°0 (S70°0) €F1°T [9699°0 (L¥0°0) 9FT'T | 0699°0 (670°0) SPT'T | €L99°0 (050°0) 0ST'T |¥659°0 (F¥0°0) 6€T°T ||€°0 €0
2687’ T (810°0) 20T'T | 26871 (8T0°0) 20Z'T |6€6%°T (810°0) T0Z'T | SEFF'T (610°0) 66T°T |6€L£°T (610°0) T6T'T ||€0 G0
6S¥8°0 (820°0) GOT'T |6SF8°0 (8£0°0) SOT'T | 9€F8°0 (TF0°0) TLT'T | 0¥€8°0 (550°0) S6T°T |8508°0 (E£1T°0) 128 ||7°0 G°0-
L2160 (990°0) €€T°T [241S°0 (060°0) 9GT'T | 9LTIG0 Qﬁ 0) ¥8T'T | 99160 GS 0) LTIZ'T |261¢°0 (19€°0) 60€°T |[F°0 £0-
6S9T°0 (PAT'T) 0ST'T [6S9T°0 (£92°T) 981°T | LF9T°0 (60%'T) 96T°T | 0091°0 (SOLT) 60T |1GST°0 (£22°2) 65T |[7°0 T°0-
8.20°0 (216°61) ¥2T'T| 84500 (206°61) T T|8L20°0 (S¥6°62) TSI 1| 8L20°0 (£66°6T) TST°T|8L20°0 (0¥S'€E) TOT'TI||F0 O
IPPT°0 ($22°0) 890°T |TFFT'0 (£72°0) TLO'T |TFFT0 (GL2°0) 920°'T [TFFT 0 (362°0) 8L0°T |262T°0 (LEZ°0) €90°T |70 1°0
€6zs'0 (670°0) 9TT'T | 620 (650°0) €2T°T | 69250 (650°0) 8ZI'T |062S°0 (S50°0) ¥T'T [T106°0 (030°0) 0L0°T |[F°0 €0
$5€6°0 (£00°0) #S0°'T |$S€6°0 (£00°0) ¥S0°T | 87€6°0 (£00°0) 3S0'T | $ST6°0 (200°0) S¥O'T |6868°0 (¥£0°0) FIT'T |[F°0 S0
odreyg (rep)ure]y |odreyg (r1ep)ueo]y |odreyg (1ep)ueoly |odreyg (1ep)uwealy |odreyg (rep)uesly || o 1

(09€)°H + (0V)H (0v)*H + (o) H (01)°H + (0v)H (1) + (ov)H (0)°H + (00 H dnyos

22



Improvement (%) ‘H 0=1|Hs:0=10| H;:0=40 | H; : 0= 360

Maximum 37. 8995 52.9680 54.3378 53.8812

Minimum 0 0 0
Median 2. 9979 3.7002 3.8316 3.8316
Average 4.9482 6.7627 7.2161 7.1945

Table 6: Sharpe ratio improvement for g—learning policy trained by Algorithm 3 when different
numbers of synthetic price paths are added in each learning episode.

e Even adding one single synthetic path per learning episode (Hs = 1) yields a notable improve-
ment, with an average Sharpe ratio increase of approximately 5% across the 21 parameter
settings.

e The most significant performance gain is observed when Hg = 40, with an average Sharpe
ratio improvement of around 7.21% over the case of pure “real" paths. As indicated in Table
5, this improvement is largely attributed to reduced variance of terminal wealth with similar
mean return when synthetic paths are included in training.

e Increasing H; to 360 does not provide additional benefits, while doubling the training time
compared to the case of Hy = 40. This suggests that, in practice, a moderate number of
synthetic paths (e.g. on the same order of the number of training paths) is sufficient to train
effective investment policies using Algorithm 3.

5.2 Empirical Study

We now conduct an empirical study to demonstrate how our generative approach can be useful
practically in portfolio optimization, despite the fact that real financial time series may not be
discrete observations of SDEs and may not even be Markovian.

We still consider the mean—variance portfolio selection problem in (18), with S&P 500 index
as the risky asset and a riskless asset with interest rate r = 2%. The investment horizon is set to
be half a year in the empirical study. A classical model-based solution to (18) is to use historical
data of S&P 500 to estimate a GBM model and then plug the estimated model parameters in the
analytical expression of the optimal deterministic policy of (18), which is known from Zhou and Li
(2000). The resulting policy (called plug-in policy) has been shown to be inferior compared with the
model-free RL policy proposed by Jia and Zhou (2023).

We now describe the setup of our empirical study. We split daily observations of S&P 500 data
from 1990-2009 into 40 half-year trajectories (henceforth called split paths), and normalize each split
path to start from 1. These paths are used to train our generative model. As in the SDE setting,
we simulate the daily increment of S&P 500, and autoregressively generate a synthetic index path
for half a year. These synthetic paths can be pooled together with the original 40 split paths to
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either estimate the GBM coefficients (for plug-in policies) or train RL policies (similar to that in
Section 5.1). We than test the resulting policies on S&P 500 data out-of-sample from 2010 to 2019.

More specifically, we test the plug-in policy when only the 40 split paths are used and when the
40 split and 40 synthetic paths are combined to estimate the parameters of GBM. For the RL policy
trained via Algorithm 3, we apply the block bootstrap method (Lahiri, 2013, Chapter 2.6) with a
block size of 21 trading days to derive 5,000 resulting portfolio wealth trajectories. Moreover, we
consider three different training sets in each learning episode: the first one consists of the 40 split
paths only, the second one has 40 bootstrap paths as in Jia and Zhou (2023),” and the last one is
based on the 40 split and 40 synthetic paths.®

Target Level | Policy | SDE Paths Mean Variance Sharpe Ratio 1
.| Split 1.1610  0.3501 0.2722
Plug-in . .
Split + Synthetic || 1.1652  0.3704 0.2715
z=1.10 Split 1.0857  0.0264 0.5273
RL Bootstrap 1.0884  0.0264 0.5438
Split + Synthetic || 1.0860  0.0225 0.5729
.| Split 1.3221  1.4004 0.2722
Plug-in i .
Split + Synthetic || 1.3371  1.4385 0.2810
z=1.20 Split 1.1745  0.1120 0.5215
RL Bootstrap 1.1768  0.1061 0.5427
Split + Synthetic || 1.1704  0.0892 0.5707

Table 7: Performances of different portfolio strategies with and without synthetic paths.

We present the results in Table 7, covering two cases of targeted mean terminal wealth levels,
z =1.10 and z = 1.20. The two cases exhibit qualitatively similar results, so here we discuss only
the former case. First, including synthetic paths fails to improve the plug-in policy in terms of the
Sharpe ratio. This is consistent with the earlier observation (see Example 1) that generated paths are
not helpful in improving the accuracy of the model parameters. Second, RL strategies significantly
outperform the plug-in ones by nearly doubling the Sharpe ratio due to massively reduced variances.
Finally, adding synthetic paths to the training dataset provides a further boost in performance to the
original RL method with an approximately 8% increase in the Sharpe ratio. The grand conclusion is
that Al generated data cannot be employed to better understand the unknown environment, but
provide more training “playgrounds" to train better decision policies with more robust performances.

"Precisely, we construct 40 bootstrap paths by randomly sampling 40 starting points from the 1990-2009 S&P 500
price trajectory, appending six months of subsequent index data to each starting point and normalizing the starting
point to 1.

8The finding from Section 5.1 suggests that we take the same number of synthetic paths.
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6 Conclusions

In this paper we provide a model-free, data-driven approach for generating sample paths of unknown
Markovian SDEs via conditional diffusion models. Numerical experiments demonstrate the superiority
of our method over two benchmark approaches. Moreover, we establish a KL error bound for our path
generation approach, giving a theoretical guarantee on its accuracy. As a concrete application, we
make use of the generated sample paths to enhance the performance of RL algorithms in model-free
continuous-time mean—variance portfolio selection, illustrating the potential of synthetic paths in
creating more diverse scenarios for training decision-making strategies. A key insight from the
study is that Al-generated paths do not help model parameter estimation, but enhance decision
capabilities.

This work opens the gate for several avenues of future research. First and foremost, it will
be important to remove the Markovian assumption for both theoretical and practical reasons. In
this case, the conditioning variables will be all the historical time—state pairs, resulting in a much
higher dimensional problem. The theoretical error analysis will need to involve functional (or
path-dependent) SDEs. Next, it will be interesting to study path generations for SDEs with jumps
or those driven by fractional Brownian motions, the latter being an instance of non-Markovian
equations. Moreover, relaxing the assumptions on the target SDE and establishing error bounds
for alternative metrics such as the Wasserstein distance, will further strengthen the theoretical
foundation of our method. Another intriguing direction is to investigate the potential of diffusion
models in what-if simulation analysis (e.g. what if the volatility increases by 10%) and counterfactual
generations. Finally, exploring the use of synthetic data or paths in other decision-making problems
may yield more valuable insights. In sum, the application of diffusion models to strategic data
generations represents a largely uncharted territory where most exciting research awaits.
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A Proof of Proposition 1

Proof of Proposition 1. Throughout this proof, if a probability distribution is absolutely continuous
w.r.t. the Lebesgue measure and admits a probability density function that is strictly positive
everywhere on R?, we simply say this distribution is ACL and strictly positive on R

We first consider the target paths. For any ¢, € T, denote by P, p,(:[x(t,)) the conditional
distribution of X(t,41) given X(t,) = x(t,), which is ACL and strictly positive on R? according to
Assumption 1(b). It follows that the conditional distribution PAX (tn:x(t,)) Of the increment is also
ACL and strictly positive on R?. Therefore, for any A C R¢,

dP
/ 1dx =0 if and only if / . VPaXxtt) ) 0, (19)
x€A x€A dx

where %}W is the Radon-Nikodym derivative (i.e., the density function) of Pax(t,,:x(t,))(X)
w.r.t. the Lebesgue measure. This implies that Pax (4, x(t,)) and the Lebesgue measure are equivalent.
Next, consider Py.y,jo- For any 0 <m < n < Np, let X(m :n) = (X(tm), X(tm+1), - X(tn)),
and denote by P, mn|0 the joint distribution of X(m : n) conditional on X(¢y) = x(ty). Let
x(m :n) = (x(tm), - ,x(t,)) be a realization of X(m : n). Due to the Markov property of the
Target SDE (1), we have

demm(x(m:n)):d[ ol HP (t41) = x(tj0) X (m : ) = x(m - m]
= a[Ptx HP (1) = x(60) X(t7) = x(0)|

= dPpj0(x Hd i)y (x(t41)[x(25)), (20)

where we recall that Py,jo(x(tm)) and Pjiq);(x(tj41)[x(t;)) are ACL and strictly positive on RY for
any m and j because of Assumption 1(b). Hence, P,,.,|o is ACL and strictly positive on Rdx (n—m-+1)
for any m < n. In particular, Py, o is ACL and strictly positive on RI*NT - Using a similar
argument as in (19), we deduce that P;. Nrjo 18 equivalent to the Lebesgue measure.

On the other hand, consider the distribution of the generated increment PAX(tn x(tn) for a given
t, and x(t,). Note that AX(t,;x(t,)) is the terminal state (i.e. Z(7x)) at the last step of the
generation process (6), which means it is the sum of a random variable determined by the state

of the second last step of (6) (i.e. Z(7x_1)) and an independent Gaussian variable (with mean 0
and variance g*(Ty, — Tr—1)AT - I;). It follows that Prg (trix(tn)) 18 ACL and strictly positive on

R by Corollary 2.2 of Bhattacharya and Waymire (2016), and consequently also equivalent to the
Lebesgue measure for each n.
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By the autoregressive generation (8), the conditional distribution ]5”+1|n(-]§<(tn)) of X(tni1)
conditional on X(t,) = %(t,,) is ACL and strictly positive on R? for each n. Using similar arguments
leading to (19) and (20), we conclude that the distribution P Nplo of the entire generated path
(X(tl, e ,X(tNT)) is equivalent to the Lebesgue measure and strictly positive on R4&*NT,

Finally, we establish the decomposition result (12) for the KL-divergence between the target and
generated paths. Note that given X(tg) = x(to), the Markov property holds for both X (1 : Np) and
X(l : N7). Then, the chain rule of KL-divergence (Wainwright, 2019, Exercise 3.2) implies that”

Np—1

KL(PinpollPrvrio) = D Ex(om)mX(0m)|X to) [KL(PX<tn+1>X<o:n>:x(o:n>\\15x(tn+l)x(o;m:x(o;n)}

e

= D Exom)~X(0m)X(to) [KL(qunH)xun):x(tn) | |pf((tn+1)|f((tn)x(tn)]
e

= D Ex()X () X(to) [KL(PAx(tn;xan)) | ‘pAX(tn;x(tn))]
o

= Z% Ex(ty)~ 10 [KL(PAX(tn;X(tn)) PAX(%;X(%)))}

This completes the proof. O

B Proof of Proposition 2

We first define some constants that will be used throughout the proof. The forward equation (3)
admits an analytical solution

Y(s) = e~ 2 10dvy (1) 4 / e~ I 10 () AB ()

T

a

o -y (1) \/1 8T bem) (21)

for any 0 < 7 < s < Ty, where ¢ ~ N (0, 1) is independent of Y (7). Let

2

. —a(s2 72y _b(s—7 . 2
)\T,S = i )=3( )7 Ar = )\O,Ta Ors

Pgh. (@)

=1- 6_%(82_72)_b(5_7—), and o
We then have Y (s)|Y (1) ~ N(A+Y(7),02 13), and we denote by gy (-ly,c) the corresponding
Gaussian density when Y (7) =y under the conditional c.

The proof of Proposition 2 is long, accomplished through several lemmas. For reader’s convenience,
Figure 5 provides the relations and logical flows of various lemmas in proving Proposition 2.

9A proof of the chain rule can be found in this note.
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Figure 5: Roadmap of Proving Proposition 2

. Given a fixed condition ¢, we first state Lemma 1 below, which decomposes KL (ptarget (-|€)[|5%,. (|c))
and identifies various sources of approximation errors.

Lemma 1. For a given condition ¢, denote by ﬁﬁK(-\c) the marginal density of the generated Z ()
of the reverse process (6). Under the conditions of Proposition 2, we have

KL(ptarget('|c) | ‘p?—K (|C))

K
< KL(an, (OINO.10) + Y [
k=1"T

k

Tk

E (r)gr (16),Y ()~ 1 (1Y () [IF ()Y (7) = f (1) Y (7)) d

+Z/ EY (1) ~gr (10),Y (7)ot 1 (1Y (7)sc o [llg*(T)Vlog ¢ (Y (7)|c) — g*(74) V log 4z, (Y (7i)[c)|[*] dr
Tn—1

K .
+ Z/ [92(7—]6) - 92(7—)]2EY(T)N(17—('|C) [HV log QT(Y(T)‘C)HQ] dr

k=1"Tk-1

K REC
+) [(EY(O)NqO(.|c)[||Y(0)|!2] +d) - By (r)mgr, (10| V108 47, (Y (1) |€) = s6(7k, Y (72), ©)
k=1
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K

+ATY By, (o) [19°(76)V10g 41, (Y (1) [€) — g7 (1) s (7h, Y (72), ©) ] (23)
k=1

The proof of Lemma 1 can be found in Appendix B.1. We next discuss how to bound each term
on the right-hand-side of (23).

The first term of (23) is the initialization error arising from the use of the Gaussian noise, instead
of the terminal state of the forward process, as the initialization of the generation process (6). We
bound this initialization error in Lemma 2, leveraging on the exponential convergence property of
the forward OU process (3). The proof of Lemma 2 is given in Appendix B.2.

Lemma 2. For the terminal marginal density qr,(-|c) induced by the forward process defined in (3),
if the moment condition (14) is satisfied, then we have:

Ec~c | KL(qr, (-|c)|[|[N(0, I4)) < e 5Tty [MQ_i_def%Tgbeg]'

Next, we bound the second term of (23), which accounts for the state discretization error of
using f (7)Y (7%) to approximate f(7)Y(7) for 7 € [74_1, 7%]. Lemma 3 shows that this error can be
controlled under the finite moment condition (14). The proof, deferred to Appendix B.3, is based on
applying 1to’s formula to f(7)Y (7).

Lemma 3. For the forward process Y in (3), if the moment condition (14) is satisfied, then we
have:

Eevo [Z | Bvoratiox o vmo I OYE) = )Y (m)|Fdr
S AT(My +d) (T, + 1)°.

The third error term in (23) represents the time and space discretization error for approximating
the score function ¢*(7)V log ¢, (Y (7)|c) by ¢*(7%)V log g, (Y (7%)|c) when T € [14_1,7%]. We bound
this error in Lemma 4. Our proof is inspired by that of Theorem 5 of Chen et al. (2023a), but we
improve their dependence on the data dimension d by applying the stochastic localization technique
introduced in Benton et al. (2024); see Appendix B.4 for the complete proof.

Lemma 4. Suppose the first condition of Proposition 2 holds. Then for the forward process
{Y(7r):7€[0,T,]} in (3) and the corresponding score function {Vloggq,(-|c) : 7 € [0,T,]}, we have

C~C{Z/ e (1), Y (ri)~a, 1 (1Y (7.0 |92 (T) V 10g 47 (Y (7)) — ¢%(73:) V log 4, (Y (7)) ||
Tk—1

< MoAT(Ty +1)? + dAT[Ly + (T, + 1)*].
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The fourth term of (23) is the discretization error of simulating the Brownian motion g(7)dB(7)

n (4) by g(m) VAT 4 9(7%)dB(7) from 7 to 7¢41 in (6). We provide a bound on this error in
Lemma 5, whose proof is given in Appendix B.5.

Lemma 5. Under the same condition as in Lemma /4, we have

o3 [ 0 B0 [ b (X Pl
< d(ATV[Ly + T, +1].

The last two terms of (23) capture the score matching error out of the neural network approxi-
mation of the true score function. Given conditions (14) and (15), we have

1/2
S Eeec {(EY<0)NQO(.|C>[||Y<o>||2] +d) By (10| V108 4 (Y (m)l6) = s(mi, Y(70), )] }
k=1
K
+ AT Eenc[Byng,, (o) 197 (7)) V 10g r, (Y (1) [€) — 6% (70) 50 (7, Y (72), ©)| ]
k=1

K 1/2
2
< Z [ECNC (Ex ©0)~ao (1) [IY O] + d) - Een By (ry)mgs, (1) |V 108 42, (Y (1) |€) = s0(7, Y (72), )| ]
=1

+ATZg (T6)Eenc [Ey g, (o) [V 10g ar, (Y (i) |€) — so (i, Y (72), €)I°]]

\/ 2 + Kfscore + T, Kgscorea (24>

where, in the last step, we use the fact that Zszl cr < (Eszl Ver)? for any c1,--- ¢ > 0.
Finally, by combining the results of Lemma 1 through Lemma 5, along with the bound (24) on
the score matching error, we obtain the error bound in (16), proving Proposition 2. O

In the following five subsections, we present the proofs of Lemmas 1 through 5

B.1 Proof of Lemma 1

To prove Lemma 1, we first consider the reverse SDE (4) and the discrete simulation (6) when
T € (Tg, Thy1]. Given Y (73) = Z € R, rewrite (4) as

dY(7) = [f(1)Y(7) + §*(r)Vlog gz, (Y (7)|c)ldT + §(7)dB(7), (25)
where f(7) := f(T, — ) and §(7) := g(T, — 7). On

(Tkv TI€+1]
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, write (6) starting from Z(7,) = z as

dZ(r) = [f () Z (k) + 3 (1) s6(Ty — 7, Z(7), ©))d7 + §(7)dB(7), (26)

where, for notational simplicity, we use the same Brownian motion B as we only care about
distributions. To facilitate presentation, we introduce additional notations summarized in Table &:

Marginal Conditional

Dynamics State Distribution (7) Distribution (7 < s) Comument
Forward SDE (3)  Y(7) q-(-|c) qs)-(|c) QO(q"(E)-|C:)ZEa§;t(‘|C);
T = g—T
- - - - omit ¢ for simplicity;
Reverse SDE (25)  Y(7) Dr Ds|r b = gz, ()
T — g~ T
Simulated SDE (26)  Z(7) 4 ﬁng omit ¢ for simplicity

Table 8: Notations for the proof of Lemma 1.

The key ingredient of the proof is the following Lemma 6, which characterizes the KL-divergence
between conditional densities of the two It6 processes, (25) and (26), with different drift and diffusion
coefficients. Note that (Chen et al., 2023a, Lemma 6, Lemma 7(2)) provide also KL-divergence
characterizations, which however are for the case where two processes share the same diffusion
coefficients and not applicable to our setting. For the same reason, we cannot apply the Girsanov
theorem to characterize the KL-divergence between two path measures as in Benton et al. (2024).
The proof of Lemma 6 is provided in Appendix C.1.

Lemma 6. Given a condition c, consider the conditional densities pr,, (-|2) and ﬁﬁlTk(ﬁ) induced
by (25) and (26), respectively. We have the following results.

(a) If Y (1) follows the marginal density py, of the reverse SDE (4), then

Ew[ lim KL (Brpmy (1Ym0, (1Y (7))

T—TE+
B B 9 1/2
<2 [(EY<0)~%<.|C>wY<o>u21 +d) By V10807, 7, (Y (m0)le) = 50(Ty — 7, Y (7))

(b) For any given initial z and T € (Tk, Tk+1),

KL (B, (1), (12)
< CLEY(T) |F(T)Y(7) = f(r)Z + §*(7)VIog ar,—- (Y (7)|c) — §°(7k)s0(Ty — Tk, %, C)H2
KL
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7201 — 52(+ )12
L0 PO 191065, X ()]

4Ck 1L Y(r
1 N Prirn, (Y(7)[2) ||?
+ = |Cxr, — §* ][E} Hw LA S 27
g [0 B %, (X)) 0

f~0r any fized constant C'xr, > 0, where the expectation is taken w.r.t. the conditional density
Y(7) ~ Prir, (:|2) of the reverse SDE (25) .

Now, we are ready to prove Lemma 1.

Proof of Lemma 1. We apply the result of Lemma 6(b) and set Cxy = b. Note that §2(r) =
(T, —7)=a(Ty — 1)+ b>bfor any 7 € [0,T,]. Then, integrating on both sides of (27) from 7
to Tg+1, we have

KL (Bry y o 2B, 17, (12) = Lim KL (3, (-[2)[|50),, (-12)

T—TE+

< ll;/ h B (1) ~irimy (1) IF()Y () = f(m)z + §*(1)VIog ar,—- (Y (7)[c) — §* (1) so(K — k., c)| dr

1 Tk+1

s () = 3 (O By (e, 1o [V 108 5-(Y ()] dr

Since the above result holds when Y (73) = Z(7,) = 7 for any fixed z € R%, we can integrate on both
sides of the above inequality w.r.t. Z =Y (1) ~ pr,. Then, by Lemma 6(a), we have

EY(Tk)NﬁTk [KL(ﬁTkJ,-ﬂTk(|Y(7-k’))||252k+1|7k(|?(Tk’))]

1/2
o 5 2

<2 [(EY(O)NQO('IC)[HY(O)”Q] + d) : E{{(Tk)HVIOg a1, -, (Y (1) |c) — s(Ty — 7o, Y (T1), c)H

+2/T:k+l e e [Hg T)V1og g1, (Y (7)|c) — §° (&) s0(Ty — 7, Y (78), €)
+ MY () = fE)Y (@) |dr
—l—ﬁ Tht1 [5°(Tk) _§2<T)]2EY(T)[HVIOgﬁT(?(T))HﬁdT’ o

where the expectation is taken w.r.t. Y (i) ~ pr, and Y(7) ~ ]5T|Tk(-\Y(Tk)).

On the other hand, consider the reverse SDE (25) starting from Y (73,) ~ pr,, and the simulated
SDE (26) starting from Z(7) ~ ﬁfk. Using the chain rule of KL divergence, we have the following
result:

KL(ﬁTk+1 ’ ‘ﬁ?—k_,_l) <KL (ﬁm”ﬁf—;c) + EY(Tk)NZ}'Tk [KL (ﬁTIH—llTk (|?(Tk))"ﬁ7€-k+1\rk (|Yv(7—k))] : (29>

36



With (28) and (29), we have

KL (prarget (-|0) 5%, (-€)) = KL(ao(-|€) /5%, (-]€)) = KL(pr, |[57,.) = KL (pr |I57,,)

(29) ~ ~ K_]. _ ~ ~ ~
<" KL(pol|p0) + B (ro)mipn, (KL (Bryy o (Y @Y, (1Y (7))
k=0
(28) e ) 2
< KL (gr, (1) [IN(0, I) Z/ PP g ), [|V log - (X (7)|*)dr
1521 e . , .
+ g 2 /k E?(Tk)NﬁTku?(T)NﬁﬂTk( |:Hg VIOgQTg (Y(T)|C) -9 (Tk)SH(K - k‘,Y(Tk),C)
=0 77
+ FOYE) - fro Y| ]dr
K—1 . } L1172
+2 [(E 0rao (o) [IY (O 2]+ ) - By, ||V 108 a1, -, (Y (1) [€) — 50(Ty — 7 Y (1), ©)|
k=0
2
< KL(gr, (-¢)| NV (0, 1)) bZ/ (TPEy ()~ (o) [| V108 ¢- (Y (7)[c) || ] dr
Tk—1
Lo [T
bZ/ P)tr (1) Y (r) ety 1 (1Y () c>[H9 )V log g (Y(1)le) — ¢ (mi)so(k, Y (73), )
o

Y () f(m)Ym)Hz] ar

K 1/2
+2) [(EY( Jeao (1) Y O]+ d) - By (r)may, (| HVIOgQTk(Y(Tk)|C)_SG(Tk»Y(Tk)aC)HQ
=1
K ,
S KL (g1, () [V (0, 14)) +Z/ Y (r)~gr (16).Y (m) iy 2 ¥ ()0 | F (7)Y (78) = F() Y (7)[[T] dr
k=1"Tk-1

+Z/ B (r)gr (1e) ¥ (i)t 1 (1Y (r)0) |97 (1) V 108 4 (Y (7)) = ¢ (74) V T0g =, (Y () ) || *d

K
3 / [62() — () By () (1) [[| Y Tog 4 (Y (7)) ] dr

k=1"Tk—1
K REV
+ Z [(EY(0)~q0(~|c)[HY(O)HQ] +d) - Ey(r)mg,, (10)]| V108 47, (Y (1) [€) — s0(7k, Y (73), )
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K

+ AT By(n)mgr, (10|67 (T6)V10g 4 (Y (1)) — (1) s0(k, Y (1), ©) [
k=1

where the last step is obtained by adding and subtracting a term of ¢%(7x)V log ¢, (Y (7x)|c), and
using the fact that [|x +y + z||* < 9||x|> + 9||y > + 9]|z/|*>. The proof is hence completed. O

B.2 Proof of Lemma 2

Proof. We adapt the proof of Proposition 4 of Benton et al. (2024) to our setting where the forward
OU process is time-inhomogeneous. Recall that g;o(:|y(0),c) is the conditional distribution of Y(7)
given Y (0) = y(0) under condition ¢, and ¢,1o(-[y(0),¢) ~ N(A-Y(0),021y) from (21) and (22).
Then, one can directly compute that

KL(g7/0(-[y(0), €)[[N(0, L)) =  (dlog o7? — d + do? + || Ay (0)[]?).

| =

By the convexity of the KL divergence and Jensen’s inequality, we have

KL(ar, (10N (0. 1)) = KL ( [ a1 0Ny O
y(0)e

‘N(o, zd)>

< / KL (gz,(0(-[y(0), &) [ [N(0, Iz)) dgo(y(0) <)
y(0)eRd

1 _
=3 <d log aTj — d+ doF, + A, By (0)~go(lc) ||Y(0)H2>

< de™ 570 1 3T By (0)oprangen (o) 1Y (0)]2)

where we use (22) and the approximation that —In(1 — z) < x + ‘%2 for z € (—=1,1). Applying
condition (14), we immediately obtain

Ec~c [KL(ng(-\c)HN(O,Id))] < o515 —bT, (M, + deng;beg].
This completes the proof of Lemma 2. -

B.3 Proof of Lemma 3

Proof of Lemma 3. By 1to’s formula, with Y (7) following the the forward SDE (3), we have

d(f(1)Y (7)) = f ()Y (r)dr + f(r)dY (1) = [; — i(m‘ + b)z] Y (r)dr + %(GT + b)%dB(T).
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Let u(r) := % — L(a7 +b)? and v(7) := (a7 + b)% Then

E (r)gr (16), Y ()~ (1Y (r),0) [IF ()Y (7) = f (7)Y (7))
Tk Tk 2
/ u(s)Y(s)ds+/ v(s)dBg ]

Tk 2 Tk 2
,S EY(T)Nq-,—(-\c),(B) |:H/T u\s Y(S ds + H/T v(s)dB :|

sa [ i ([Teas) ([T BvigmuolYeIRas)

where the last inequality follows from the Cauchy Schwarz inequality. Note that Y (s)|Y(0) ~
N(AsY(0),021,) for Y(0) ~ prarget(-|c). Since A2, 02 < 1 for any s € [0,T,], it follows that

= Ev(r)~g: (Jo),(B) [

Ev(s) ~qs( INY S)P] < Ex0)mprarger (1o Y O] +d
Meanwhile, given that [™ u?(s)ds < [T (s + 1)*ds S (A7) (7 +1)* and [T v?(s)ds < (AT)(7 +1)%,

we derive

ECNC[Z / ¥ et ¥ (00 (LY () = £ Y ()| dr

K
< Z/ [d(AT)(T +1)° + Ar(My +d)(r + 1)*|dr
k=1"Tk-1

2

Ty
S AT(My +d) / (1 + 1)4d7'
0
S AT(My +d)(Ty + 1)

which completes the proof. O

B.4 Proof of Lemma 4

Lemma 4 bounds the (cumulative) time and space discretization error from approximating the
score function ¢%(7)Vlog ¢, (Y (7)|c) by ¢*(7)V log ¢, (Y (7%)|c) for 7 € [rx_1, 7k]. To establish this
bound, we consider the case when 7 is small and when 7 is large separately.

Define an index threshold:

ki :=min{0 <k < K : 7, > min{1,T,/2}}. (30)
With k1, we adopt the following approximation for o2 throughout the proof in this subsection,

at?/2 +br, for T <7y,

02 =1—exp(—ar?/2 —br) < { ) (31)

, otherwise.
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The following result bounds the discretization error when 7 is small, based on the Lipschitz
property of Vlogqo(-|c). In particular, it can be shown that the score Vlog ¢, (-|c) is still Lipschitz
for small 7, an important property that will be used in the proof. The proof of Lemma 7 is inspired
by Chen et al. (2023a) and is deferred to Appendix B.4.1.

Lemma 7. Assume V108 Diarget(|c) is L(c)- Lz’pschz’tz continuous for a given condition c. If for
some 1 < k < ki, there exists s € [Tx_1, k] satisfying o2 < 2L( y, then

/ EY (r)ar (10),¥ (m) sty - (¥ (7)) (197 () V10g 4 (Y (7)[€) — g% (74) V 1og ¢, (Y (7)) |*] dT

Tk—1

< d(AT)?L(e)(L(c) + 1) (1 + 1),

However, the condition 02 < \,/(2L(c)) may not hold for large 7, and the score function is no
longer Lipschitz continuous. To get around, we apply the stochastic localization technique introduced
in Benton et al. (2024) to control the error (which improves the technique in Chen et al., 2023a). In
particular, we have the following result, whose proof is given in Appendix B.4.2.

Lemma 8. Given a condition c, for any 1 < ko < ki and any s € (Tx,—1, Tk, ), we have

Tko
/ EY (r)ngr (1):¥ (g )t (1Y () 10 19% (1) V1og g7 (Y (7)|c) — g% (7hy) V108 ¢, (Y (7 )[€)[|*] dT
+ Z / s ()Y (1), - (1Y (7)) 197 (T)V 108 47 (Y (7)[€) — 6% (10)V log g, (Y (7)) [|*] d
k=ko+1 Tk—1

1
S AT(Ty + 1)Ey )Npmet(.‘c)[||Y(o)|| |+ dAT[ln( ) + =+ (T, +1)*

Now, we are ready to prove Lemma 4.

Proof of Lemma /. From (22), we note that Ao~ is decreasing in 7, with lim, ,o; A;o-2 = —|—o<> and
m, o0 Ay 0_2 = 0. Hence, for the given condition c, there must exist 7y such that A, o TO =2L(c).
This allows us to apply Lemma 7 for 7 < min{r, Tkl}. However, when L(c) is small, 7y can be large.
To control the magnitude of (the sum of) (7 + 1)° in Lemma 7, we introduce a larger Lipschitz
constant

La(c) := L(c) + )\min{l,Tg/z}U;iQn{LTg/g}~ (32)
It is clear that Vloggo(-|c) is also La(c)-Lipschitz continuous. We can then define
Tip=(€) = max {0 < 7 < Ty : Ao-2 > 2La(c)}.

Note that Aping, Tg/Q}amm{l T,/2} < 2Ls(c) and \,;0;2 is decreasing in 7. Thus, for any given and
fixed condition ¢, 7;,,(c) < mln{l Ty/2} < 73, Let ko(c) =min{l <k < K : 7, > mip.(c)} < k.
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We can now apply Lemma 7 with settings of s = 71, , Ty (c)—1 and s = 7. (c). Then, for
Y(7) ~ ¢-(-|c), Y (7k) ~ 7, (-] Y (7), ©),

k’()(c) 1

/ Ny g (1) Vlog ¢ (Y (7)|e) — ¢ (1) V log ¢z, (Y (1) |c)||*] d7
k=1 “Tk-1
lepz(c) 9 2 2
+/ E(y(r),¥ (ri o)) 197 (1) V 10g 4= (Y (7)]€) = 9% (Thy (¢)) V108 iy o) (Y (T ) ) |F] d
Tko(c)—1
ko(c)
S AATP L) Lale) + 1) Y- (0 + 1Y

k
5 d(AT)QLQ(C)(LQ(C) + l)k‘o(c

where we use the fact that 75,y < 7%, <1+ Ar. Note that when 7 = 7. (c) < 1, we can apply
(31) to obtain

2Ls(c) Ar e T 1—ar?/4—br/2 1 1 1 1
c) < =& = = = —-x=—Z
2 02 ] _ e oTiobT at?/2 + bt ar?/2+br 2 1 2
yielding
2 2
; = — -k = 33
lepz(c) 4L2(C) + 17 O(C) (4L2(C) + I)AT ( )
Therefore,

ko(c)—1

> / Ev(r) v (n [192()V log a: (Y <T>|c>—g%mvloquk<Y<Tk>|c>||2]dT}

CNC |:

lepz( )
+ Ecnc [/ E(y (1), ¥ (ri ) 19 (T)V 108 67 (Y (7)[€) = 9% (Thy () )V 108 iy o) (Y (T ) [€) ] dT]

kg(c)—1
S Eenc [d(AT)?La(c)(La(c) + 1)ko(c)]
(33)
< dATEcc [LQ(C) + 1]
= dATE¢C [L(c) + )\min{1,Tg/2}0;12n{1,Tq/2} + 1]
SdAAT(Ly + 1), (34)

where L; is defined in (13), and the last step follows from the approximation that

1 1
- =1 (35)

_ -2 - _
)‘mm{l,Tg/Q}Umin{LTg/Q} - a(min{l, Tg/2})2/2 + bmin{l, Tg/2} 2
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On the other hand, for those k > ko(c), Lemma 8 implies that

Tko(c)
Ec~c {/ E(Y(T),Y(Tko(c))) [l (T)V 10g g (Y (T)]€) = 6*(Tko(e)) V 108 dr, o) (Y (ko)) [€) 1] dT]

lipz(
+ ECNC[ 7 oo 1907 s (Y )e) )V 0 (Y 0 P
k=ko(c)+1" k-1
1

<A 1)’Ec~c [Ey (o)~ 10 [IY (0)[*]] + dATEe | 1 T, +1)*
(33)

< MyAT(Ty+ 1)% + dATEc ¢ [In(2La(c) +1/2) + La(c) + (Ty + 1)*]

< MoAT(Ty 4+ 1)? + dAT[Ly + (T, + 1)*], (36)
where in the last step we use the fact that In(z+1/2) < x+1/2 for any = > 0 and the approximation
n (35). The proof is complete by combining (34) and (36). O

B.4.1 Proof of Lemma 7

Proof of Lemma 7. Given a condition ¢, we can compute, for 7 < 74, Y(7) ~ ¢,(:|c) and Y (1) ~
QTk|T('|Y(T)7C)7
Ev (r)ge (10)¥ (ri) a1, (1Y (),0) [19°(T)V Log 4 (Y (7)]€) — g*(73,) V log 4, (Y () [€) |°]
< 2By [[[(g°() — ¢° (7)) V log 4 (Y () c) |’
+2E(y(r),¥ () [9" () [V 1og 4- (Y (7)[€) = V 10g g7, (Y (7)) |?]

2a(P(r) — ()’ + 2007L, — 1) By sy [V log - (Y(r) <) ]
4By v (o [0V o 4 (Y e )~ Vlogar (AL Y(r)le)]1]

(i)
< (e = 7)2 (T + 1By () [V I0g ¢- (Y (7)[0)]1?]
+ (T + DBy (n),v(r)) IV 08 ¢- (Y (7)|€) = Vog g (A7 1, Y (72:)[c)]|?] (37)

where the inequality (i) is from Lemma 11 of Chen et al. (2023a), and the inequality (ii) employs
the approximation that for small 74, — 7

a b
Aok~ 1= AT 1 g Gy

Next, from the condition that o2 < ch) and the fact that A\,o0-? is decreasing in 7, we know
that 02 < 2£‘(Tc) for all 7 < s, indicating that Lemma 14 of Chen et al. (2023a) holds and V log ¢, (-|c)
is (2L(c)A\!)-Lipschitz on R? for all 7 < s. Then,

% —7) S (e —7) (7 + 1).

EY (1)~g: (10),Y (m)~ar, 1 (1Y (1), 0) [V 108 42 (Y (T) [€) = Vog gr (A7 2. Y (7)[e) 1]
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<AL ()M By YY) Y (1) = ALY (m))17]

T, Tk
= 4dL2()A\2A72 02 = 4dL(c)edTi T[] — e 8 () —b(mmm)]

T, Tk T 3Tk
6By )
S dL(e)(1 + ati; /2 + bry) - (1, — T)(aTk + D)
< dL*(c)(ry — 7) (1 + 1)3,

where we use the condition that k& < k; so that we can apply (31) to approximate (A;Arr, )~ 2. Next,

the Lipschitz continuity of Vlog ¢, (-|c) implies that Ey (;)q. (.|o)[|V 108 ¢- (Y (7)[c)[|* < 2dL(c)A;!
as in Lemma 21 of Chen et al. (2023a). Hence, we can infer from (37) that

/ B (r)ar (10),¥ (r)~ar, 1 (1Y (r),) (19 (1) VI0g 4 (Y (7)) — g% (74) V 1og ¢, (Y (7)) | *] dT

Tk—1

S /s (7 = 7)*(mk + 1)?dL(c)AT" + dL?(c) (i — 7) (7 + 1)°d7

< ) (1) — )% (1 + 1)*dL(c) + dL?(c)(r, — 7) (3 + 1)%dr

Tk—1

< d(AT)2L(e)(L(e) + 1) (m +1)°,

where the second inequality is obtained by applying (31) to approximate A7!. The proof is
complete. ]

B.4.2 Proof of Lemma 8
The following Lemma 9 follows immediately from Lemmas 20 and 21 in Chen et al. (2023a).

Lemma 9. For any given condition ¢ and T € (0,Ty|, and the marginal density ¢-(-|c) defined by
the forward process (3), we have

d

Ey (r)mgr (o) |V log ¢ (Y (7)[€) | < —,

where o2

2 is the conditional variance defined in (22).

We next apply the stochastic localization technique in Benton et al. (2024) (see Lemmas 3 to 6
therein) to derive a bound on the space and time discretization error of the score function in Lemma
10 below. This result is the key to the proof of Lemma 8, whose proof is placed at the end of this
subsection due to its length.

Lemma 10. For any given condition ¢ and 1 € (0,T,], let qo\-(-|y(7), ) be the conditional distribution
0of Y(0) given ¢ and Y (1) = y(7), and X7(y(7), €) = Covy (0)~gy, (1y(r).c) (Y(0)) be the corresponding
conditional covariance matriz. Then we have for any T € [Tg_1, Tk

EY (r)~gr (16),Y (i)~ (1Y (7),0) [V 108 4 (Y (7)|€) — Vlog ¢, (Y () [€) ][]
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Tk
< / f(s)dofk2 + ¢%(s)do;1ds

+ 02 By () (o) [trace( B, (Y (71), €))] = 07 By (r) g, (o) [trace(S- (Y (1), €))].

Now, we prove Lemma 8.

Proof of Lemma 8. For notational simplicity, we introduce

/ /
Tho—1 = S, Tk = Tk, for k =ko, -+, K,

which means that 7, — 7/ _; < At for any k = ko, --- , K.
Now, given the condition ¢, note that for Y(7) ~ ¢,(-|c) and Y(T];) ~ QT;|T('|Y(T)7 c),

Exy(n),y (=) 197 (1) V1og ¢ (Y (7)[e) — ¢°(m7) V1og ¢ (Y (7)) 1]
< 2By () [[I(6°(7) — ¢°(17.))V log ¢+ (Y (7)) ]
+ 2By (n),v () [¢" () [V 10g ¢- (Y () c) = Vlog ¢, (Y (73)[c)|?]
S A(AT)?0% + Ery(r)y(my [9" ()l V log ¢ (Y (7)[e) = Vog ¢ (Y (7)[c)|I?],

where the last inequality is from Lemma 9. Then, since 7, = 74, for k > ko, by Lemma 10 we have

The
/s BV (r)nar (10),¥ iy )t (1Y (7).0) [lg*(7)V log ¢- (Y (7)|c) — g (k) V 10g ¢z, (Y (7o) [€) 1] d7
K

Tk
+ ) / Ecy(n),y(m) [197(1)V10g ¢ (Y (1) |c) — ¢* (k) V log 4, (Y (i) [c) | *] d7
k=ko+1Y k-1

K
=> / Ecy(n)x () 9% (1) V1og - (Y (7)[e) — g°(m)V log ¢ (Y (7)) [e) [ *] d7
k=ko Th—1
K pnf "
<> [d(Aﬂ?aT% | G510 + g r)g? e s ar (39)
k=ko ¥ Th—1 T g
K
+ Z // g4(7’]/€)(U%4Ey(T];)[traC6(ZTI/€)] — 0';4Ey(7-) [trace(X,)])dr, (39)
k=ko Tk—1

where we omit the dependency of ¥, on Y (7) and ¢ for simplicity since the context is clear.

We first bound (38). Recall that f(7) = 2(ar+b), g(7) = var + b. In addition, o2 is decreasing
in 7 from (22) and we have its approximation based on (31). Then

K ! -

E / * l:d(AT)ZO'TZ +/ ’ g4(7',2)f(s)da;,2 + g4 (1) g (s)do;Ads | dr
/ k
k—1

k=ko ” T T
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K /
< 2 _—2 4/ 1 / _9 N T, 4
S Z/T [d(Ar) o +/T g () f()do” + g (mh)g (Tk)dO‘T],Clds] dr

K K
d(AT)3 d(AT)2(at] + b)? d(AT)2(at! + b)?
< [ : (2 7) : (, T)Q(GTkJF /) (/ 7)2(a7k+/) 2] i Z d(Ar)Q(aT,’C—l—b)S
= a(r]_)?/24+br_,  alri_y)?/2+0br,_y  [a(7]_1)%/2+ b7 _,] )
Tllel 1 Ty 3
,SdAT/ 1—|—7‘+ —|— d7‘+dA7‘/ (1 +1)°dr
7120—1 Tl/cl
1 1
5dAT[ln< ) >+ ) +(Tg+1)4}
T T
ko—1 ko—1
1 1
= dAT [m <S> +o (T 1)4} . (40)

We next bound (39). Noting that both o2 and Ey (,[trace(X;)] are increasing in 7 (see (61) and
the discussion thereafter), we rearrange the summation to have

Z / Tk, o ” Ey(T yltrace(X7, )] — U;4EY(T) [trace(X;)])dr
k= k()

< Z g () AT (o Ey(T yl[trace(X )] — UZ&EWTI/{A)[trace(ET;cfl)])

k=ko

k1

> ATEY(Té)[trace(ZTI/C)](94(7',2)0Tk4 g (1) Tk4+l)
k=ko—1

+ 94(Tg)0';l/§ ATEy(TI;1+1) [trace(ZT];lH)]

K
+g4(Tg)aT_],€4AT[ Z (Ey(r r[trace(3.,)] — Ey(ry )[trace(ETél)])}
! k=k1+2
(31) )
S AT(TQ + 1) Ey(Tg)[trace(ETg)]
k1 2 / 2
(ati, +b) (atpq +0)
+ 3 BBl o s e

k=ko—1
1 1
SAT(T, + 1) Ey (1, [trace(Zr,)] Z ATEy (1) [trace(%,)] - [( ERC )2}
k=ko—1 Tk Tk+1
- (A7)
SAT(T, +1)? Ey (1, [trace(Er,)] + Z T By () [trace(3,,)]. (41)
k=ko—1 ‘'K
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Recall that ¥, = 3.(Y(7), c) is the conditional variance of Y (0) given Y (7) and c. Then
Ev (r,)[trace(21,)] < Ey 1) By o)y @) Y (O] = Ev(0)mprargec o) 1Y (O)]1%] (42)
On the other hand, Y (7)[Y (0) ~ N (A-Y(0),0714) from (21). Then, for 7 < 7}, = 74, in (30), using
a similar approximation as in (31) we have
Ey (r[trace(E;)] = Ey ;) [trace(Covy o)y () [Y (0)]) ]
= )\;zEy(T) [trace(Con(O)‘Y(T) [)\TY(O) - Y(T)])]
< A Eqy(0),y(r) A Y (0) = Y ()]
— )\;Qdo_g — d(eaT2/2+b’T _ 1)

= d(at?/2 4 br). (43)

Substituting (42) and (43) into (41), we have

Y —4
Z /, g (Tk)(O'TI,C By () ltrace(E,/)] — o "By (r) [trace(X,)])dr
k=ko ¥ Tk—1

ul )2da(1])? 7!
S AT(T, + 1By [V )] + 3 BT del) /24 bri
k=ko—1 (7%)

/

Tk 1 1
SAT(T, + I)QEy(o) [||Y(0)H2] + dAT/ ' [T + 72} dr

Tro—1

< AT(Ty + 1) Ey o) (1Y (0[] +dAT[ln< 3 >+ 1 ]

/
Tho—1 Thko—1

1 1
= AT(Tg + 1>2EY(O)Nptarget('|c) [HY(O)”Q] + dAT |:1I1 <8) + S:| . (44)
The proof is complete by combining (40) and (44). O

It remains to prove Lemma 10. To this end, we need a bound on the expectation of || V2 log ¢, (Y |c)|/%,
which is provided in Lemma 11 below. Its proof, deferred to Appendix C.2, is based on the stochastic
localization technique.

Recall that g~ (-|y(7),c) is the conditional distribution of Y (0) given ¢ and Y (7) = y(7), and
3 (y(7), €) = Covy (0)mgy), (1y(7).c) (Y(0)]y(r)) is the corresponding conditional covariance matrix.

Lemma 11. For any given condition ¢ and any T € (0,1,], we have

_ 1 d [/ _
Ex 10 [V 080V ] < dort 4+ s o7 By g0 tmce(Z (Y (1), )] )
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Proof of Lemma 10. Following Benton et al. (2024), we first consider the stochastic dynamic of the
score function {Vlog g7, (Y (7)|c) : 7 € [0,T,]} under a given condition c. Recall that the reverse
SDE (4) of diffusion models is

dY (1) = [f(N)Y(7) + §*(1)V1og g1, (Y (7)|c)]dr + §(7)dB(),

where f(7) := f(T, — 7) and §(r) := g(T, — 7). According to Lemma 7(1) of Chen et al. (2023a)
and Proposition 1 of Conforti et al. (2025), ¢-(-|c) is twice continuously differentiable for 7 € [0, Tj].
Hence we can apply It6’s formula to Vlog gr,—-(-|c) to obtain

d[Viogar,—-(Y(r)|c)] = {V2 log q1,—- (Y (7)[e) - [f(7)Y (7) + §°(7)Vlog qr,— (Y (7)|c)]

+ %§2(T) - A(Vlog ng_T(?(T)’C» }dr n d[Vlog (JngTT(Y(T)|c)] &
+ §(r)V?log ng_T(Y(T)‘C)dB(T)' (45)

To further simplify (45), consider the Fokker—Planck equation for the forward process (3):

a-(y1e) = (= V- [(FyIey] + AP (ylo)] ) o

leading to

Atogrlyle) = s (= 9 [(=F0)anvloly] + 5 Al v1o)] Jar

¢-(ylc)
1 1
= (f(T)d + f(r)y'Viog ¢, (ylc) + QQZ(T)A log ¢-(y|c) + 592(7) |V log g-(y]c) H2> dr.
It follows that
d[Vlog gz, —-(y|c)] o d(log ar,—+(v]c))

dr dr
=~ () ¥ tokar, - (v1) + F()V g ar, (1) 5 (46)
+ 5T (Aogan, - (v10)) + ()7 Iogar, - (310) - VIogaz, - (y1e) ).
Substituting (46) into (45) and simplifying, we obtain
A[Vioggr, -(Y()le)] = —f(1)Vlog gr, (Y (T)le)dr + §(7)V*log gr, - (¥ (7)[e)dB(r).  (47)
Now, we establish the desired bound. First, for fixed s € (0,7), we have

d[(V1ogar,—s(Y(s)|c))" Viog gr, (Y (7)|c)]
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= —F()(VIog ar,—s(Y(s)le) " Vlog az, (Y (7)|e)dr
+§(7)(V1og ar,—s(Y (s)[€)) "V log g7, (Y (7)|e)dB(7).
By Lemma 11, ITE [HVQ log g7, —u( Y ()2 2]du < oo where Y (u) ~ a1, (-|c), implying that

the final term in the above equation is a square-integrable martingale. Integrating on both sides and
taking expectations w.r.t. the joint distribution of (Y(7), Y (s)) induced by (4), we get

d
T ()Y (s)) [(V1og g1, (Y ()[c))" Vlog g1, (Y (7)|c)]

y 3 (48)
= By 3 [F (1) (Viogar,—s(Y(s)|e)" Vioggr, - (Y(r)|c)].

Next, if setting A (fo ) and applying 1t6’s formula to (47), we obtain
d[IN\(TW log g1, (Y (7)[¢)] = A(7)g(r)V*log g1, (Y (7)|c)dB(T).

We know from Lemma 11 that [T AQ(u)EY(u) [[[V?log ng_u(i’(u))H%] du < oo for any fixed s > 0.
By Ité’s isometry and chain rule, we obtain

A (1)§*(T)Eg [V log gz, (Y (7) <) [|7]

d

= T Ewm (5))[HA(T)VIOgQTg—T(Y(T)]c) — A(s)Viogqr,—s(Y(s)[c)|?]

— R%(7)- diE IV 1og gz, (Y (7)[e)|? + 2f (1) A* (1) B [V log gz, - (Y (7)) |

~2R(PIA(E) L gy v [(TIozar,— (¥ (7)]e) "V log gz, (¥ (s)le)]

(
- Qf(T)A(T)A(S)E(?(T)j{(s)) [(V1og QTgfr(?(T)‘c))Tv log QTg—s(?(S) lc)]
D Rr)- By [V logar, (Y ([ + 27(1)R2(1)Ey [V log gz, (¥ (7)[c)]
It follows that

Eg IV 10g g7, (Y (7)[€)|1> + 2f (1) B [V log gz, (Y (7)[c) |

5 (49)
= 2 (1)Eq ) [IV* log gz, - (Y (7)[e) [ ]

For any fixed s > 0 and 7 > s, (48) and (49) lead to

B d

d - -
T ()Y () [IV10g 41, (Y (7)[c) — Viog gr,—s(Y (5) c) ]
d ~ - -
= v IV log gz, (Y (7)[0)[|*] — 2B () %) [(Vloggr, (Y (7)[e)" Vioggr, s(Y(s)|c)]
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= 7 (MEy() [ V? log a7, (Y (D)|e)|7] — 2f (1) Eg, [IIV log a7, - (Y ()¢}
+2E 5 (), %o [F (1) (VIog a7, -5 (Y (s)[e)) Vloqug_T( Y (7)e)]

= P(1)Egr, [IV2 log az,— (Y (7)[c) 3]
— 2 (D)E gy 3 [V 108 41, - (Y (7)]€) — VIog gz, (¥ (s)[)] ]
+2f(r)E B (), %)) [(V1ogar,— S(Y(s )‘C)_V10gQTgfr(Y(7')|c))TvIOgQTg—s(Y(S)‘C)}-

However, by Young’s inequality,
E 5 o) 310 [(V 081, - (Y (7)) — Vlogar, (¥ ()|e))V log ar, (¥ (s)]o)]
1 ~ ~ .
< ) E(?(T)j{(s)) [HVlog ar,—(Y(7)|c) — Vlog QTgfs(Y(5)|C)||2] +EY(S) [||V10gQTg—s(Y(5)|C)||2] :

Therefore, we have

%E(Y(T),?(s)) [IVlog gz, - (Y (7)|e) = Vlog ar,—s(Y (s)[c) ]
< F(NEg( [IV10g a7, (Y (5)|0)IIP] + §°(T)Eg ) [IV log gz, (Y (7)[€) | ]

Let s = 73 and 7 € [7k, Tk+1]. Integrate both sides of the above equation from 7 to 7 and use
Lemma 9 and Lemma 11 to obtain

1% o LIV Log 1, (Y () [€) = V1og g7, (Y (1)) |°]

(T
/ FWEg ;) [IV108 47, (Y (7)[€)[17] + 72(w)Exg ) (V2 10 g7, —u (¥ (w)]e) 3] du

T _ _ _ d
< / f(u)dJTgQ_Tk +g2(u)d0Tq4_u % (UT4TEY(T)NqT (o) [trace(Z7,—,)]) ’r:udu

< [ flwdor? , + 3 (wdoy! ,du
+ U;iTkEY(Tg_Tk) [trace(ETg,.rk)] — U;iTEY(Tg—T) [trace(ZTg,T)],

where we omit to write out the dependency of 37 on Y (7) and c for simplicity.
Finally, for the forward process Y in (3), since Y (7) = Y (T, — 7) for any 7 € [0, T], we have for
TE [Tk—l) Tk])

Eey (v (m) IV 10g - (Y (7)[€) — V1og ¢, (Y (74)[c)||]

Tk
< / !}"(s)alcr;k2 + g2(s)do;ds + (07_164Ey(7k) [trace(X,,)] — 0;4Ey(7) [trace(X,)]).

This completes our proof. O
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B.5 Proof of Lemma 5

Proof of Lemma 5. For a given condition ¢, recall the definition of 7;,,(c), ko(c) and ki in the proof

of Lemma 4 in Appendlx B.4. By Lemma 14 and Lemma 21 of Chen et al. (2023a) and our Lemma
9, we can derive

Z / OBy (r)g, (1o |V 108 05 (Y (7)) ] dr

< Z/Tkkl(AT) ]EY(T)NqT(~|C) [HVIOgQT(Y(T)’C)HQ]dT

k=1
ko(c)—1 T Tlipz(c)
< > U (AT)Z-dL(c))\T_ldT] +/ (AT)Q-dL(c)/\T_ldT
k=1 Tk—1 Tko(c)—
Tko(e) _o 9
+ (AT)? - do2dr + Z ~do;°dr
Tlipz(c) ko(c)+1 -1
(31) Ty

lepz(c)
< AT)?L(c)(1 2/4 2 / / AT)
S [ dan2Le -+ art i b/ + m2/2+de [ dgan)

S AATPLE) mpele) + d(ar)? [ <1+12>d7+d(A7)2T

Tlipz (C) T T

Tk

(3,<j) d(AT)? <L2(C) +1In (2La(c) +1/2) + T, + 1)

(32)
< d(AT)? ( (c )—l—Tg—l-l).
Taking expectation on both sides w.r.t. ¢ ~ C, we obtain
2
Ee~c {Z / P ()PEY (mge () [V 10g 4 (Y (1) [e) || ] d7
Tk—1

< d(AT)* Fenc [L(c) +T, + 1}
S dA(AT)HLy + T, + 1).

The proof is therefore complete. O
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C Additional Proofs

In this section, we prove Lemmas 6 and 11 that are used in Appendix B for the proof of Proposition
2.

C.1 Proof of Lemma 6
Proof of Lemma 6. Denote the following drift functions of (25) and (26) for simplicity:

F(y,7) = f(r)y + *(7)Viog ar,—-(ylc), Fy(2) = f(1i)Z + §°(7k)s0(Ty — i, 2, ).

We first prove Lemma 6(a). Consider an auxiliary process {Y%(7) : 7 € (7%, Thy1]}, which also
starts from Y%(7) = z, with the dynamic

dY“(7) = [f(1%)Z + §*(7)V log qr,—r, (Z]C)|d7 + §(7)dB(7) := F,(2)dr + §(7)dB(7). (50)

Denote by ﬁilm("i) the conditional density of Y%(7) given Y%(;) = z. Then, P, (+]z) is a Gaussian
density with mean (7 — 73)F,(z) and covariance f;; G*(s)ds - I,.
Note that, for any 7 € (7%, 744 1] and z € RY,

~ i ~0 i o ~ o |’Tk(Y| )
KL, (0, (1) = [ i 512)1 o
i P, (v12)
= KL (G ()7, () + [ Prin 318108 5 Cnav. (6

Using a similar argument as in the proof of Lemma 7(2) in Chen et al. (2023a), we can obtain
that, for almost every z € R?,

lim KL(pTITk( | )Hﬁgh’k(‘i)) =0.

T—T+

It follows that

B o | 0, KL (VDI (10| = 0. )

T—Tk+

On the other hand, both pT|T (-|z) and pT|T (-|z) are Gaussian densities, and [ " 3% (s)ds =
[3%(1k) — a(T — 71)/2](T — &) < §*(7%)(T — 7). Then, for almost every z € RY,

P (yl2)

—dy
107-|.,-,C ylz

lim pT\Tk (y’Z> log

T—Tk+

o1



ly — (7 — ) Fu(2)||? Il Gl 7:) Fp(2) |

= Tli}rg};_ dpr\rk (y|z) [ - fer gQ(T)dT (1) (T — T) &y
[ Fy(z) Fu(2) !
< lim [ 2P, (y]2) |:§29(Tk)  P(mk) —alr — i) /2 Yy
. Fy(z) Fy(2) ik
<2 lm, *(m)  §*(7k) —al(T — Tk)/2H( YOt eI

2 _ ~ -
- mHFg(z) — Fu(2)]| - ||2].-

The Cauchy-Schwarz inequality gives

- 721, (V1Y (7))
EY ri)tn, [TEEQ . /R  Prin, (Y (73,)) log Wdy]
) - - - - -
S G0 E¥ 1 E6 (Y (72)) = Fa(Y (7))]| - 1Y (7) ]

2 -~ . 9 1/2
4mﬁ%mwﬂﬁwmndmwmwymmwmw<mﬂ

IN

1 o , 1/2
[ i ) Y () ~iir, | Fo(Y (7)) — Fol(Y (7)) | '(EY(O)NqO(.|c)[||Y(0)HQ]+d)] , (53)
where the last inequality is from the solution (21) of the forward SDE (3) and

Eg s, IV TOI] = Bty g, ., (YT = 1)I%] < By (oI O] +d

Combining (51), (52) and (53) yields Lemma 6(a).
Next, we consider bounding - LKL (Brir, (|21

T|Tk(-|i) for Lemma 6(b). For any given z € R?,
we use the following notations for simplicity,

~ ~ 9 -6 ~
br = pT\Tk("Z)7 pr = p7'|7'k("z>'
Using the same argument as in the proof of Lemma 6 in Chen et al. (2023a), we have

d — 110 aﬁﬂ' / Pr 6]59
— KL(p, — ] dy — T 207 (v dy. 4
I (p-11P%) /y . og 7 7 or (y)dy na B 07 (y)dy (54)

Applying the Fokker-Planck equation to (25) and (26), we get the evolutions of p, and p¢ as

W) =V | = Fenpely) + 5700500
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0
T =V |- Bl ) + 5P ETE)|

It again follows from the Fokker-Planck equation that the first term of (54) can be expressed as

D 8_7' _ d _T §° T _ _T
/ log 27 %P7 (p)ay = / B F(y, 1)V log 22 (y)dy — T / ¥ (9)]'V log 2 (y)dy.
yERd 7 or yERd pr 2 yERd 24

and the second term of (54) as

~2

pr Ot / 0\ (o P g (Tk)/ 0 T Pr
=7 dy = Fy(z)" V dy — \% v dy.
/y = (y)dy yedeT(.V) 0(2) Vg (V)dy = =5 yeRd[ pr(y)]" Vo (y)dy

T

We compute

| P s iy [ sl Fae) )y

N /yeRd Pr(¥)[F(y, 7]V log Z(Y)dy - / pr(y) Fp(2)7V log 27 (y)dy

yERd pT

=/ Pr(Y)[F(y,7) — Fy(2)]" Vlog %(y)dy
yER? pr

e (y) | —— || TN [P AN
S/yedeT(y){%HF(y’T) @+ =" Vios 5 (v) ]dy
1 (Y C Y(r 2
= G B IF(Y (1), 7) — By 2| )]+ = Ex )NﬁTHVIngﬁEYET;; ] (55)

where the inequality is from the fact that xTy <
fixed constant Cky, > O.
In addition, we have

CKL x> + CﬁfL |y||? for any x,y € R? and any

72 (7 (T p
T [ IRV may - [ 9 vis Ky

yeRd 7' 2
G (7x) 9 9, \1TPr g2(7) _ _ T Dr
= / P (¥)[V1ogpl(y)]" V= (y)dy — / pr(y)[Viegp-(y)]" Viog = (v)dy
2 yERY pr 2 yeRd s
G2 (T pr G (T _ _ pr
Sy (Qk) / p-(v)[V log p.(y)] TV log 2 (y)dy — g;)/ p-(v)[V log - () 7V log 27 (y)dy
y€ERd pr yERd pr

- / POV 108 -(y) — () V log ()] V1o 75 )y

2
dy

= ;/}'ERd pT(y)[QQ(Tk) - §2(7—)”V long(Y)]Tv logié(y)dy — % /yeRd ﬁT(Y)gz(Tk)

Dr
Vlog = (y
p?-( )

o3



1 pe P —
= 10 /yeRd P[5 () = 3 ()| og p- (v)|*dy

N [CZL _ ;g%k)} /yeRd My)HVlog 2

[P ) — PO

Ex(r)p. [| V1o - (¥ (7))

Ckr 9 p-(Y () ||”

+ 5 |:2 —4g (Tk) EY(T)N]; VIOg H(Y( )) (56)
where the inequality is due to x’y < QCKL lIx|1? + C—||y||2 for any x,y € R? and any fixed constant
Ck1, > 0.

Finally, by combining (55) and (56), we can infer from (54) that (27) holds. This completes the
proof of Lemma 6. O

C.2 Proof of Lemma 11 via Stochastic Localization

In this section, we briefly introduce the technique of stochastic localization, based on which we prove
Lemma 11. The main idea of the proof follows Benton et al. (2024), but we consider diffusion models
with time-inhomogeneous forward processes. Throughout this section, we consider a given condition
c and the target distribution prarget(:|c).

We first discuss stochastic localization; for details, see e.g. Benton et al. (2024); Montanari (2023).
Give a random variable & ~ prarget(-|€), the stochastic localization considers a process (U(s))
defined by

s>0

U(s) = s¢ + B(s), for s > 0, (57)

where B is a d-dimensional standard Brownian motion independent of £&. Denote the posterior
covariance of § given U(s) and ¢ by As(U(s),c) = Covg|u(s),c)(§)- Then, we have the following
characterization (Benton et al., 2024, Proposition 2):

d
ds
where the expectation is taken w.r.t. the marginal distribution of U(s) given ¢, and we omit the
dependence of A on U(s) and c for notational simplicity.
We then have the following result, which shows that the forward OU process Y can be viewed as
a stochastic localization under a time change. The proof of this lemma is deferred to the end of this
section.

Ey(s) [As] = —Eu(s)[AZ], for s >0, (58)

Lemma 12. Under condition c, if we define the process Y and U according to (3) and (57),
respectively, and consider a time change

7(s) = inf {u : exp(au®/2 + bu) — 1 > s '}, (59)
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then {U(s) : s > 0} and {S)\;é)Y(T(S)) 15 > 0} have the same law, where \; is defined in (22).

Denote by qq|,(:|y(7), c) the posterior distribution of Y (0) given ¢ and Y (7) = y(7). Let the
posterior covariance matrix be X, (y(7),c¢) := Covy (0) o, (-ly(r)rc) [Y(0)], for which we may omit its
dependence on y(7) and ¢ when the context is clear. Then, for any s > 0, when 7 = 7(s), it follows
from Lemma 12 that

By [82] = [ [Co(YO¥() =3, € a Py
= / y [Cov(Y (0)[sA71Y (1) = s\ y, c)}2dPS>\:1Y(T)(8)\T—1y)
ye
N / [Cov(¢[U(s) = SA;IYa C)]2dPU(S)(5)‘T_IY)
yERd

B /ERd [Cov(¢[U(s) = u, C)]QdPU(S)(u)
= By [AZ],

and similarly Eyy ) [As] =Evy(n [ET], where the expectations involving ¥, = (Y (7), ¢) are taken
w.r.t. Y(7) ~ ¢-(+|c) of the forward process (3), and Py is the distribution function of a general
random variable M. Equation (58) yields

d d

Ey(r)[37] = Bu( [AS] = — L Bu [As] = =By o) [Brio)] = =

dgf) %Eym [=.]. (60)

Note that 02 = 1 — exp(—a7?/2 — br), and %ﬁ') = 20}% .= 20,6, = (a7 + b)e 97 /27T Hence,

for 7 = 7(s),

1 o2
5 — 1=

-1 2
s =exp(at®/2+br)—1= =
2 1-0

27
l1-0 g

which indicates that g—f_ = [—2670; 0% —26:0-(1 —02)] Jo} = =26, /03. Then, by taking the trace

of both sides of (60), we obtain
dr(s) d o2 d

1o EEY(T) [trace(2;)] = 2(,7: EEY(T) [trace(X;)], (61)

Evy(r) [trace(EZ)] =—

which also implies that Evy () [trace(ZT)] is increasing in 7 since o,¢, > 0 for all 7 > 0.
Now we are ready to prove Lemma 11.

Proof of Lemma 11. Recall that Y (7)Y (0) ~ N(\;Y(0),021;). Using a similar argument as in the
proof of Lemma 5 of Benton et al. (2024), we obtain

V2log ¢, (y-|c) = —o, 21 + U;4covq0|f(-\y(f)70) (y(7) = A\ Y(0) = —0;7 2y + 0. 'A%,
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Noting that ||A]|% = trace(AT A) for a matrix A and that 1 > A2 = exp(—ar?/2—b7) = 20,6,/ (aT +
b), we can directly compute
EY(r)~r (o) [V I0g ¢ (Y- |0) [ 7]
=do t — 207 GATEy(T) [trace(3,)] + o, S\ Ey(r
<do - QU;GAiEy(T) [trace(X,)] + o, S\ Ev(r

trace(X2)]
trace(X2)]

)
)|

(61) 40;5('77 2076, o2 d
do- pr—— Ey (7 [trace(2,)] + ar b 2. EEy( y[trace(3,)]
4075 o=t d

—4 T YT T

=do " — D Ey () [trace(X;)] + pr—— dTEY(T))[trace(E )]
1 d

—4 —4

=do; "+ e <UT Evy (7)~g. (-|c) [trace(ET)]>.
The proof is complete by virtue of g?(7) = ar + b. O

Proof of Lemma 12. Letting A(T) = exp ( fo ds) and applying It6’s formula to the forward SDE
(3) under the condition ¢, we have

dA(N)Y (7)] = f(N)A(T)Y (7)dT + A7) [ — f(M)Y(r)dr + g(T)dB(T)] = A(7)g(7)dB(7).

By the Dambis-Dubins-Schwarz theorem (Karatzas and Shreve, 2014, Theorem 3.4.6), there is a
process (B(s))s>0 such that under the time change

() = inf{T : / A2(u)g(u)du > s} — inf {T oxp (ar2/2 4 br) — 1> s},

0

we have
B/ 1) = [ A(ug(w)dB(u),
0

where (B(s))s>0 is a standard Brownian motion w.r.t. the filtration (Futs)) while (F7);>0 is the

s>07
natural filtration generated by (B(7)),>0. Then, for any s > 0, we have

K(s)
A(s(3))Y ((5)) = Y(0) + /0 Au)g(u)dB () = Y(0) + B(s).
Now, if we set U(0) = 0 and
U(s) := sA(k(s )Y (k(s™)) = sY(0) + sB(s7}), for s > 0,

then we find that U satisfies the definition of the stochastic localization in (57), because Y (0) ~
Prarget (-|c) and the law of (sB(s‘l))S>0 is the same as the law of (B(s))s>0. The proof is complete
by noting that x(s~!) = 7(s) in (59). O
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D The g—Learning Algorithm for Continuous-Time Mean-Variance
Portfolio Selection

In this section, we present the RL algorithm, Algorithm 3, inplemeted for the continuous-time
mean-variance portfolio selection problem discussed in Section 5. Of the actor-critic type, it is a
direct extension of Algorithm 5 in Jia and Zhou (2023) by taking into account of synthetic price
paths. We refer to Jia and Zhou (2023) for further details about the theoretical foundation and the
design principle of this so-called g—learning algorithm.

E Experiment Settings

In this section we outline the settings of our experiments. We first introduce the neural network
structure we use for the score network sy(7x,x,c), where the Multilayer Perceptron (MLP) is
employed as the base model. To utilize the temporal information 73 better, we apply the idea of
Feature-wise Linear Modulation (FiLM) introduced in Perez et al. (2018). We use the conditional
linear layer L(z, ), which is an element-wise scaling of a linear transformation, to replace the
standard linear layer in MLP. Specifically, let z € R%» be the input vector and k € {1,...,T,} be a
discrete diffusion step. The output of L(z,7) € R%u¢ is given by:

L(z, ) =~(k) © (Wz+b),

where W € R%utXdin and b € R%ut are respectively the learnable weight and bias of the linear

projection, v : {1,..., Ty} — Rut ig a learnable time-step embedding vector, and ® denotes the
Hadamard (element-wise) product. The neural network sg(7x, X, ¢) is constructed by the composition
of m conditional linear layers Lq,- -+ Ly,, and m activation functions Aq,---, A;:

S@(Tk,X,C) =A,o0 Lm('aTk) 0oApy_10 mel('aTk) o---0A;o0 Ll((X,C),Tk).

Next, Tables 9 and 10 present the hyperparameters used to define the network structure for the
1-dimensional and 100-dimensional examples, respectively. In addition, Table 11 and Table 12 display
the hyperparameter settings of the diffusion models for the 1-dimensional and 100-dimensional
examples, respectively.
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Algorithm 3 Offline g-Learning Mean—Variance Algorithm with Synthetic Wealth Simulator

Inputs: initial state x(0), horizon T, time step At, number of steps Np = T'/At, number of episodes
M, number of real asset price paths H, number of synthetic paths (generated at each episode) Hg,
parameterized value function J,(-,-;w) and policy my (-, -; w), initial Lagrange multiplier w, learning
rate functions a,(-), ay(+), v (-)
Required program: a real wealth simulator 2’ = Wealtha(t,z,a) that takes current time-state
pair (t,z) and action a as inputs and generates state ' at time ¢ + At according to (17), a synthetic
wealth simulator ' = Wealtha:(t, z,a; G(0)) based on synthetic paths from a generative model
G(0), g-function gy (t, z, a;w) = log my (¢, x, a; w).
Learning procedure:
for episode m =1 to M do
Generate H, synthetic asset price paths by G(0).
Initialize 7 = 0 and store 29 (t,,) < x(0) for j = 1,..., H 4+ H,.
while n < N do
for path j =1 to H + H, do
Generate action al) (t,) ~ 7y (:|tn, 29 (t,); w).
Compute and store the test functions

€0(t) = S tma ta)sw), C(t) = P10, 20(0), 2 (1))
if j < H then
In the real wealth simulator: ) (t,,1) = Wealthay(tn, 29 (t,), a9 (t,)).
else
In the synthetic wealth simulator: 29 (t, 1) = Wealthas(t,, 29 (t,), a9 (t,,); G(H)).
end if
end for
Update n < n + 1.
end while

Store the terminal wealth 20)(T;m) < 2U)(tn,.) for j =1,..., H + H,.
For path j =1,.--- H + Hg, compute

Npr—1
= 3 (b2 t2) ) = ol 2 1)) = {2 1), 0 ) )
NT 1
= X (Ot Ut 2 s )iw) = Tyt )i 0) = (b2 ), a1 )s00) M)

Update ¢ and 9: ¢ < ¢ + H+(H) EH+HS AW h ) +- Z/jr(gs) ZH+H5 Aypl)
Update w (Lagrange multiplier) every L episodes:
if m =0 mod L then
W W = QT g 1 T S ) (T 4)
end if
end for
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Activation

dout )
ou function

Layer 1D din
1 (Input) 1+1
2 (Hidden) | 32
3 (Hidden) | 32
4 (Hidden) | 16
5 (Output) | 16

32 Softplus

32 Softplus

16 Softplus

16 Softplus
1 i,

Table 9: Neural network structure for the 1-
dimensional examples in Sections 3 and 5

Hyperparameters Values
Drift coef. f(1) 3(19.97 +0.1)
Diffusion coef. g(7) | v/19.97 + 0.1
Diffusion horizon Ty | 1
Time step AT 1072
Number of Episodes | 6000
Batch Size m H

73 . .
Learning Rate a(}) 18_5 :)f.gv.< 4000,

Table 11: Hyperparameters of diffusion mod-
els for the 1-dimensional examples, where H
is the number of training paths.

29

Layer ID din dout Actlva.t o

function
1 (Input) 100 +100 256  Softplus
2 (Hidden) 256 512 Softplus
3 (Hidden) 512 512 Softplus
4 (Hidden) 512 128  Softplus
5 (Output) 128 100 -

Table 10: Neural network structure for the
100-dimensional example in Section 3

Hyperparameters Values

Drift coef. f(1) 3(19.97 +0.1)
Diffusion coef. g(7) | v/19.97 4+ 0.1
Diffusion horizon T} | 1

Time step AT 1073

Number of Episodes | 120,000

Batch Size m H

Learning Rate a(j)

1073 if j < 100, 000,
107° o.w.

Table 12: Hyperparameters of diffusion mod-
els for the 100-dimensional example, where
H is the number of training paths.
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